Rubi 4.16.0.4 Integration Test Results

on the problems in the test-suite directory "7 Inverse hyperbolic
functions”

Test results for the 156 problemsin "7.1.2 (d x)*m (a+b arcsinh(c x))*n.m"
Test results for the 663 problems in "7.1.4 (f x)*m (d+e x"2)"p (a+b arcsinh(c x))*n.m"
Problem 45: Result valid but suboptimal antiderivative.

Ja +bArcSinh[c x]

x4 <d+c2dx2>2

X

Optimal (type 4, 239 leaves, 19 steps):

bc3 bc a+bArcSinh[c x]

- - +
3d2V1:2x2 6d2x2V1rcEx2 3% (1+c?x?)

5c? (a+bArcSinh[cx]) 5c*x (a+bArcSinh[cx]) 5c (a+bArcSinh[cx]) ArcTan|eAresinhicx] ]
+ + +

3d2x(1+c2x2) 2 d? <1+c2x2) d?

13bc3 ArcTanh[V1+c?x? | 51ibc?Polylog|2, -iefresimhicx]| 5 pc3 Polylog|2, i efresinhicx] |
- +

6 d? 2d? 2d?

Result (type 4, 264 leaves, 19 steps):
5bc3 bc bcvV1l+c?2x? a+bArcSinh[cx]

+ - - +
6d2V1scZx?  3d2x@V1:c2x2 2d*x? 3d2%3 (1+c?x?)

5c? (a+bArcSinh[cx]) 5c*x (a+bArcSinh[cx]) 5c (a+bArcSinh[cx]) ArcTan|eAresinhicx] ]
+

3d2x(1+c2x2) 2 d? (1+c2x2) d?

+

13bc3 ArcTanh[v1+c2x? | 51ibc?Polylog|2, -iefresimhicx]] 5 pc3 Polylog|2, i efresinhicx] |
- +

6 d? 2d? 2d?
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Problem 54: Result valid but suboptimal antiderivative.
Ja +b ArcSinh[c x]

x4 (d+c2dx2>3

dx

Optimal (type 4, 295 leaves, 23 steps):

bc3 bc 29bc3 a+bArcSinh[cx] 7c? (a+bArcSinh[cx])
1 <1+c2x2)3/276d3xz (1+c2x2)3/2+24d3m73d3x3 (1+c2x2)2+ 3d3x (1+c2x2)? '
35c*x (a+bArcSinh[cx]) 35c*x (a+bArcSinh[cx]) 35c? (a+bArcSinh[cx]) ArcTan|eAresinhicx] |
12 d3 (1+c2x2)2 : 8d? <1+c2x2) : 443 ’

19b c? ArcTanh[V1+c2x? | 35ibc3Polylog|2, -i erresinhicxl | 353 b c3 Polylog|2, i efresinhicx] |
- +

6d3 8d? 8d3

Result (type 4, 345leaves, 23 steps):

7bc3 bc 49bc3 5bc 5bcv/1+c2x2  a+bArcSinh[c x]

36 d3 (1+c2x2>3/2+9d3x2 (1+c2X2)3/2+24d3m+9d3x2m7 6 d3 x? 73d3x3 (1+c2x2>2+

7c2 (a+bArcSinh[cx]) 35c*x (a+bArcSinh[cx]) 35c*x (a+bArcSinh[cx]) 35c? (a+bArcSinhcx]) ArcTan|eArcsinhicx] ]
3d3x (1+c2x?)? ' 12d® (1+c2x2)? ' 8d® (1+c2x?) ' 4 d3 :

19b c3 ArcTanh[V1+c?x? | 35ibc3Polylog|2, -i erresinhiex]| 353 b c3 Polylog|2, i efresinhicx] |
- +

6d? 8d3 8d3

Problem 56: Result valid but suboptimal antiderivative.
JXZ \/7m+c?nx* (a+bArcSinh[cx]) dx

Optimal (type 3, 119leaves, 5steps):

b x2 1 Vo xA/1+c2x2 (a+bArcSinhicx 1 7 (a+bArcSinhicx])?
fL—fbcﬁx‘H ( [ ])+7x3\/n+c2nx2 (a+bAr‘cSinh[cx})— ( J H

16 c 16 8 c? 4 16bc3
Result (type 3, 181 leaves, 5steps):
bx2v/rm+c2nx? bextVrn+c2ax? xm(a+bAr‘cSinh[cx})
6cvi-dx  16VirIR 8 c?

1 o+ c2 rx2 (aerAr‘cSinh[cx])2
=x> i+ c?nx? (a+bArcSinh[cx]) -
4 16bc3/1+c2x?

+




Problem 57: Result valid but suboptimal antiderivative.
Jx \J 7+ 2 nx* (a+bArcSinh[cx]) dx

Optimal (type 3, 61leaves, 2steps):
b x 1 (7T+C27TX2>3/2 (a+bAr‘cSinh[cx])

- =bcvr X3+

3¢ 9 3¢

Result (type 3, 105leaves, 2 steps):
bxVr+c2naxt bex3Vm+c2nx? (7r+c27rx2)3/2 (a+bArcsinh[cx])
- +

3cvV1+c2x? 9+/1+c?x? 3c¢?n

Problem 58: Result valid but suboptimal antiderivative.
J\/ﬂ+CZ7TX2 (a+bArcsinh[cx]) dx

Optimal (type 3, 67 leaves, 3 steps):
+bArcSinh 2
L peyis L fra i (asbarcsinhicx]| » (2 PAresinn(cx]]
4 2

4bc

Result (type 3, 111 leaves, 3 steps):

bcx?Vr+c2nx? 1 " ) Vr+c2nx? (a+bArcSinh[cx])?
- XA+ c?nx® (a+bArcSinh[cx]) +

4122 ) abc\1+c2x?
Problem 59: Result valid but suboptimal antiderivative.
J\\/JT+C27TX2 (a+bArcsinh[cx])

X

dx

Optimal (type 4, 89leaves, 8steps):

b/t x+a/m+ 2 x? (a+bArcSinh[cx]) -

2+/n (a+bArcSinh[cx]) ArcTanh[ef™esinhlex]] _ b/t Polylog[2, -eresimhicx ] b+/;r Polylog[2, etresinhicx] ]

Result (type 4, 177 leaves, 8steps):
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bexVm+c2ax? 2+/n+c?nx? (a+bArcSinh[cx]) ArcTanh[eAresinhicx] |
- ++f7+?nx? (a+bArcSinh[cx]) -

1+ c?x? V1+c?x?
b+ c2nx? Polylog[2, —eAresinhicxI | p/;r+ c2 1x? Polylog|2, eAresinhicx] ]
+
V1 +c?x? V1+c?x?

Problem 60: Result valid but suboptimal antiderivative.
J\/n +c?nx? (a+bArcSinh[cx])

2

dx
X

Optimal (type 3, 61leaves, 3steps):

Vr+c?2nx? (a+bArcSinh[cx ¢/t (a+bArcSinh[cx])?
_ < [ ]> + ( : ]> +bc+/t Log[x]
X 2b

Result (type 3, 105 leaves, 3 steps):
Vot + ¢ x? (a+bArcSinh[cx]) cVr+c?ax? (aerAr‘cSinh[cx})2 bcr+c2nx? Log[x]
N

- +

X 2bv1+c?x? V1+c?x?

Problem 61: Result valid but suboptimal antiderivative.

dx
3

Vr+c2x? (a+bArcSinh[cx])
J X
Optimal (type 4, 113 leaves, 8 steps):
bcvrn  Nr+c2nx? (a+bArcSinhcx])
2 x 2 x2

1 . 1 .
=~ b2/ PolylLog|2, -etresithlcx ] 4 = p 2/ PolyLog[2, erresinhicx]]
2 2

NG (a+bArcsinh[cx]) ArcTanh |eAresinhiex] | —

Result (type 4, 201 leaves, 8 steps):
bevrrciax? Vm+ctax? (a+bArcsinh[cx]) c? et ax? (a+bArcsinh[cx]) ArcTanh |eAresinhicx |
2xV1scx 2% Virex
bc2+/7+c2nx? PolylLog [2, —eAresinhlex] ] p ¢2 i+ ¢ x2 Polylog [2, ehresinhicx] ]

+

21+ c?x? 21+ c?x?




Problem 62: Result valid but suboptimal antiderivative.

Vr+c?x? (a+bArcSinh[cx])
J i dx
Optimal (type 3, 62leaves, 3 steps):

bcA/ m+c2nx2)?? (a+bArcSinh[c x 1
_ a _( i [ ])+—bc3\/ﬂ Log [X]
37x3 3

6 x?2

Result (type 3, 106 leaves, 3 steps):

bevr+cZaxt  (m+c2nx?)?? (a+bArcSinhicx]) b2+ cZax? Log(x]
— +
373 3vV1+c?2x?

6 x2V1+c?x?

Problem 64: Result valid but suboptimal antiderivative.

sz (7T+c27rx2)3/2 (a+bArcsinh[cx]) dx

Optimal (type 3, 165leaves, 8 steps):

7/2x/1+c?x? (a+bArcSinh[cx])

br32x2 7 1
_ 3/244 T 3 3/2 46,

32c 96 36 16 c?

1

Result (type 3, 254 leaves, 8 steps):

brx®Vrn+cZnx®  7bcax*Vn+c2axd b3 axdVr+c2ax?t  axVr+cax? (a+bArcSinh[cx])
- - +

73/2 (a+bArcSinh[cx])

1
—x? [+ 2 x® (a+bArcSinhcx]) + =X (71+c27rx2)3/2 (a+bArcSinh[cx]) -
8 6

32cV/1+c2x? 961+ c2 x? 36 \V1+c2x2

1 1
=+ c?nx? (a+bArcSinh[cx]) + =X (71+c27rx2)3/2 (a+bArcsinh[cx]) -
6

8

Problem 65: Result valid but suboptimal antiderivative.

jx (7r+c27rx2)3/2 (a+bArcSinh[cx]) dx

Optimal (type 3, 77 leaves, 3 steps):

7 Inverse hyperbolic functions.nb | 5
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32bc3vV1+c?x?
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5/2
br32x 2 1 (7r+c27rx2)

2 e 2y, (a+bArcSinh[cx])

5c¢ 15 25 5c¢27

Result (type 3, 146 leaves, 3 steps):
brxvVrn+c2nax? 2bcax®vVr+c?ax? bEax®Vn+c?nax? <7T+C27TX2>5/2 (a+bArcsinh[cx])
- - +

5cV/1+c2x2 151+ 2 x2 251+ 2 x2 5cr

Problem 66: Result valid but suboptimal antiderivative.

J(]T+ c27rx2)3/2 (a+bArcsinh[cx]) dx

Optimal (type 3, 111 leaves, 6 steps):

5 1 3 1 3732 (a+bArcSinh[cx])?
- —bca¥?x?- =bA3 Ay T axA n+ 2 X (aerAr‘cSinh[cx])Jrfx(7r+c27rx2)3/2 (a+bArcSinh[cx]) + ( )
16 16 8 4 16bc

Result (type 3, 180 leaves, 6 steps):

Sbcrax2Vr+c?2nax? bcEaxtVn+cdnax: 3 P .
- + = rnxA/n+cnx* (a+bArcSinhcx]) +
16V1+c*x? 16V1+c*x? 8
1 3+ c2nx? (a+bArcSinh[cx])?
=x (m+c2nx?)*? (a+bArcSinh[cx]) + ( )

4 16bc/1+c2x?

Problem 67: Result valid but suboptimal antiderivative.

(r+ c271x2)3/2 (a+bArcsinh[cx])
J dx

X

Optimal (type 4, 134 leaves, 10 steps):

—gbcnyzx—ébc3ﬂ3/2x3+7ﬁ/ﬁ+c2nx2 (a+bArcSinh[cx]) +§ (7r+c27rx2)3/2 (a+bArcSinh[cx]) -

27°/% (a+bArcSinh[cx]) ArcTanh [eAresinhlcx] ] _ b 73/2 polyLog[2, -eresiMiex]] 4 p3/2 polylog|2, eAresinhlicx] ]

Result (type 4, 249 leaves, 10 steps):

3/2

4bcnxVrn+c2ax? bcEaxdVn+c?ax? P .
- - + AT+ 2 X (a+bAr~c51nh
31+ c?x? 9+/1+c2x?

[CXJ>+1<7T+C27TX2> (a+bArcSinh[cx]) -
3

2n/n+c?rx? (a+bArcSinh[cx]) ArcTanh|eAresinhiex] | br~/yr+ c2 mx? Polylog|2, —efresimlex] ] pr~/;r+ c2 mx? Polylog|2, eAresinhlcx] |
- +
V1+c?x? V1+c?x? V1+c?x?
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Problem 68: Result valid but suboptimal antiderivative.

*'% (a+bArcSinh[cx])

<7T+ C27TX2)
J x2

Optimal (type 3, 108 leaves, 6 steps):

1 3 7+ c2nx2)?? (a+bArcSinh[cx] 3¢3/2 (a+bArcSinh[cx])?
e N S GRS L SV b R Ll e (aerAr‘cSinh[cx])—< ) >+ ( ) +bcm? Log[x]
4 2 X 4b

dx

Result (type 3, 177 leaves, 6 steps):
3 2 4/ 2 2
bl e x +ic27rx\/7(+c27rx2 (a+bArcSinh[cx]) -

4+/1+c?x? 2
(7r+c27rx2)3/2 (a+bArcSinh[cx]) 3crVr+c?nx? (a+bAr‘cSinh[cx])2 bcrnVr+c2nx? Log[x]
+ +
X 4b+/1+c?x? V1 +c?x?

Problem 69: Result valid but suboptimal antiderivative.

*'% (a+bArcSinh[cx])

dx

J<7T+C27TX2)

x3

Optimal (type 4, 155leaves, 11 steps):

b c 73/2 3 m+c2nx2)?? (a+bArcSinh[c x]
- b2 x+ =2+ 2 x? (a+bAr‘cSinh[cx])—( ) >—
2 X 2 2 x?

. 3 . 3 .
3¢**2 (a+bArcSinh[cx]) ArcTanh [eAresinhlex] ] = p c2 53/2 polylog |2, - eAesimhicxl ] 4 = b c? 732 PolyLog|2, efresinhicx |

Result (type 4, 270 leaves, 11 steps):

bcram+c?nax? bc®nxm+c?nx? 3, 2 5 .
- - + =+ c?nx? (a+bArcSinh[cx]) -

2xV1+c2x? 1+ c?x2 2
(7r+c27rx2)3/2 (a+bArcSinh[cx]) 3c2nvr+c?nx® (a+bArcSinh[cx]) ArcTanh[eAresinhicx] ]
2x? 1+

3bc?/ i+ c?x? Polylog [2, — gArcsinhcx] ] 3bc2n/m+c?2nx? PolylLog [2, ehresinhlcx] }
+
2V1+c2x? 21+ c?x?
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Problem 70: Result valid but suboptimal antiderivative.

*'% (a+bArcSinh[cx])

4

dx

<7T +c2r Xz)
J X
Optimal (type 3, 115leaves, 6 steps):

bcr32 cnvr+c?nx? (a+bArcSinh[cx]) (71+c27rx2)3/2 (a+bArcSinh[cx]) 32 (a+bAr*cSinh[cx])2 4

_ _ - + + —bc3732 Log[x)]
6 X2 x 353 2b 3
Result (type 3, 184 leaves, 6 steps):
bcrnvVrn+cinax? cAnvr+c?nx? (a+bArcSinhcx])
PN erral x )
(r+c2nx?)*? (a+bArcSinh[cx]) AErVrn+ec2nx® (a+bArcSinh[cx])? abc -+ cZax? Log[x]
350 ) e ’ 3V1. K

Problem 72: Result valid but suboptimal antiderivative.

sz (7T+C27TX2>5/2 (a+bArcsinh[cx]) dx

Optimal (type 3, 213 leaves, 12 steps):

5h5/2x2 59 17 1 5m°/2xV1+c2x? (a+bArcSinh[cx] 5
S b x - — b3 2x - — b2 xE ( )+—7'(2X3\/7T+C27TX2 (a+bArcSinh[cx]) +
256 ¢ 768 288 64 128 c? 64

5 2

— 3 (n+ 2 nx?)?'% (a+bArcSinh[cx]) + 1x3 (71+c271x2>5/2 (a+bArcSinh[cx]) -
48 8 256 b c3

32 57°/2 (a+bArcSinh[cx] )

Result (type 3, 337 leaves, 12 steps):
S5bm?x?2Vm+c2nax? 59bcmxtVa+clax?  17bcE a2 xéAr+c?ax?

256 ¢/ 1+c?x? 768 /1 + c? x? 2881+ c?x?
bc®m2x8Vrn+c2nx®  S5mixVr+c?nx? (a+bArcSinh[cx]) 5
+ + — XA+ 2 nx® (a+bArcSinh[cx] ) +
64/1+c?x? 128 c2 64
5 3/ 52 572+ c2nx? (a+bArcSinh[cx])?

— 3 (n+ 2 nx?)?'% (a+bArcSinh[cx]) + lx3 (m+c?nx?)?'% (a+bArcSinh[cx]) -

48 8 256bc3V/1+c2x2
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Problem 73: Result valid but suboptimal antiderivative.

Jx (7r+c27rx2)5/2 (a+bArcSinh[cx]) dx

Optimal (type 3, 93 leaves, 3 steps):

5/2 2 2\7/2 .
b X—leH5/2x3-ibc3n5/2x5-ibc5n5/2x7+ (m+c2nx?)”? (a+bArcSinh[cx])

7c 7 35 49 7cn

Result (type 3, 193 leaves, 3 steps):
brexvVrn+c2nax? bemx3Vrn+c2ax? 3bcEa2xPVn+ciax?t bl x A+ c2nx? <7T+C27TX2>7/2 (a+bArcsinh[cx])
- - - - +
7cV1+c2x2 7V1+c2x2 35/1 1 2 x2 491+ 2 x? 7¢*rn

Problem 74: Result valid but suboptimal antiderivative.

J(]T+ c27rx2)5/2 (a+bArcsinh[cx]) dx

Optimal (type 3, 165leaves, 8 steps):

25 5 bro/2 (1+c2x2)® 5
— b2 —b3 XA - ( ) +— i xyrm+c?nx® (a+bArcSinh[cx]) +
96 96 36 C 16

3/2

5 5/2 b ArcSinh 2
—x [ c?x?)” {2+ bArcSinh[cx] ) S ix (r+c2nx?)*? (a+bArcSinhcx]) + 7% (a+bArcsinh[cx])
2 6 32bc

Result (type 3, 254 leaves, 8 steps):
25bc2x2Vrn+c2nax?t  s5bc3mxtn+ciax?  br? (1+C2X2>5/2\/7T+C27TX2 5
- - \J7+c®nx* (a+bArcSinh[cx]) +

2
_ + — X
961+ c2x?2 961+ c2x? 36¢ 16
1 572+ c2nx? (a+bArcSinh[cx])?
—7TX<7T+C27TX2)3/2 (a+bAr‘cSinh[cx])+—x(7r+c27rx2)5/2 (a+bArcSinh[cx]) + ( )
24 6 32bcV1+c?x?

Problem 75: Result valid but suboptimal antiderivative.

(m+c2nx2)*? (a+bArcSinh[cx])
J dx

X

Optimal (type 4, 179leaves, 13 steps):
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23 11 1
Px-=bc 2} - — b2 xP [+ 2 rx® (a+bArcSinh[cx]) +

- —~bc
15 45 25

3/2 (a+bArcSinh[cx]) + 1 (JT+C27TX2>5/2 (a+bArcSinh[cx]) -
5

1

— JT (7( + CZ Jt XZ)

3

27°/% (a+bArcSinh[cx]) ArcTanh[efresinhiex) ] _ b 55/2 polylog[2, -etresinhiex) | 4 b n%/2 polylog[2, efresinhicx]]

Result (type 4, 329 leaves, 13 steps):
23bcm?xVr+c?ax?t 11bAE a3 Vn+c?axt b a?xPVn+c2nax? 5 S .
- + %[+ x® (a+bArcSinh[cx]) +

272w+ c2nx? (a+bArcSinh[cx]) ArcTanh |eAresinhicx] |

151+ c? x? 45/1 + c?x? 251+ c? x?

1 1
— 7 (7T+C27TX2)3/2 (a+bArcSinh[cx]) + = (n+c27rx2)5/2 (a+bArcsinh[cx]) -
3 5 V1+e2x?
b2~/ +c?x? Polylog|2, —efresinhiex] | b2/t + c2 1x? Polylog|2, eAresinhicx] ]
+
V1+c?x? V1+c?x?

Problem 76: Result valid but suboptimal antiderivative.

J(Jwr C27TX2>5/2 (a+bArcSinh[cx])
2

Optimal (type 3, 157 leaves, 10 steps):

9 1 15
-—b X —b P2 xt s = P xa e 2 ix? (a+bArcSinh[cx]) +
8

16 16

221572 b ArcSinh
Eczyrx(ywrczﬁxz)yz (a+bArcsinh[cx]) - [+ c?nx?) 7" (a+bArcsinhicx])
4

Result (type 3, 257 leaves, 10 steps):

9bc3m®x?\n+c?nx? b mx*Nr+c2nax? 15 5
- + — 2 xAfm+ e x? <a+bAr‘cSinh[cx})+7c27rx(n+c271x2)3/2 (a+bArcsinh[cx]) -
4

dx

15 c 7°/2 (a+ b ArcSinh[c x] )2

+
16 b

+bc 2 Log[x]

X

16V 1+ c?x? 16 V1 +c?x? 3
becm®m+c?nx? Log[x]

(7T+C27TX2)5/2 (a+bArcsinh[cx]) 15c®Vr+c?nx? (a+bArcSinh[c x})z
+

+
16 b1+ c? x? V1+c?x?

X

Problem 77: Result valid but suboptimal antiderivative.

(+ C27TX2>5/2 (a+bArcsinh[cx])
J N dx
X

Optimal (type 4, 205 leaves, 13 steps):
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bcr2 7 1 5
- -—bc P Px-=bcP 23+ =P+ 2 ix? (a+bArcSinh[cx]) +

2 X 3 9 2

2 2\5/2 b ArcSinh
Ec27r(7r+c2nx2)3/2 (a+bArcSinh[cx]) - (m+c?nx?)?? (a+bArcSinh[cx])

2 x2
. 5 . 5 .
5c?°/2 (a+bArcSinh[cx]) ArcTanh [eAresinhlex] ] = p ¢ 55/2 polylog |2, - eAesimhicx] ] 4 = b c? 1°/2 PolyLog|2, efresinhicx |
2 2

Result (type 4, 355leaves, 13 steps):
bcm?m+c?nx? 7bc3mx/m+c?ax? bc®m®x3Vn+c?nax? 5,5 > 3 X
+ = COt A/ T+ CTTTX (a+bAr‘c51nh[CX]) +

2xV/1+c2x? 3vV1+c2x2 9+/1+c2x2 2

5 ( 2 2>3/z (a+bArcsinh > (r+c2nx?)*? (a+bArcSinh[cx]) 5c2n2~/m+c2nx? (a+bArcSinh[cx]) ArcTanh[eAresinhicx ]
—C T (m+CcoTX a+ rcSinh[cx] ) - - _
6 2x? Vi+c2x?

5bc2n?/n+c2nx? Polylog[2, —efresimhicx] | 5pc2n2+/m+ c2rx? Polylog[2, eAresinhicx] |

+

2V 1+ c?x? 21+ c?x?

Problem 78: Result valid but suboptimal antiderivative.

dx

J(ﬂ+c2ﬂx2)5/2 (a+bArcsinh[cx])

x4

Optimal (type 3, 166 leaves, 10 steps):
% (a+bArcSinh[cx])

bcr/2 1 5 5¢2 (m+c?nx?

- -=bcP 2 =t x [+ 2 rx? (a+bArcSinh[cx]) - ( ) -
6 x? 4 2 3x

2

(7r+c27rx2)5/2 (a+bArcSinh[cx]) 5c*n°2 (a+bArcSinh[cx]) 7
n +—bc3 % Log[x]

3 x3 4b 3

Result (type 3, 266 leaves, 10 steps):
2 2 2 522 2 2 5 c2 2 1 x2)3/2 b ArcSinh
bcr?/m+c?mx bcSmx2vm+c?nx 5 m(a+bAr‘cSinh[cx])— 2 (m+ 2 nx?) ¥ (a+bArcSin [cx])_

- - + = c*x
2 3 X

6x2\V1+c2x? 41 +c?x?
5¢c3 2w+ c? X3 (aerAr'cSinh[c:x])2 7bc3 2+ c2nx® Log[x]
+

(+ c27rxz)5/2 (a+bArcsinh[cx])
.

3x° 4b+/1+c2x? 3vV1+c2x2

Problem 80: Result valid but suboptimal antiderivative.

dx

st (a+bArcsinh[cx])

V7t + €2t x?
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Optimal (type 3, 149leaves, 6 steps):

8 b x 4bx3 b x5 8Vr+c2rx? (a+bArcSinhlcx])
15c5\/?+45c3ﬁ 25c\5+ 15¢c®r
4x2m(a+bAr‘cSinh[cx]) x4m(a+bAr‘cSinh[cx})

15 ¢4 : 5c2

Result (type 3, 215leaves, 6 steps):
8bxV1+c?x? 4bx3+1+c?x? bx>vV1+c?x?

+

- - +
15ccVrn+c?2nax? 453 n+c?2ax? 25cVm+c?ax?
8\r+c?nx? (a+bArcSinh[cx]) 4x2Vr+c?nx? (a+bArcSinh[cx]) x*Vr+c?nx? (a+bArcSinh[cx])

+

15 cb 15 c* 5c2
Problem 81: Result valid but suboptimal antiderivative.
Jx“ (a+bArcSinh[cx]) x
Vs nx?
Optimal (type 3, 126 leaves, 5steps):
3 b x2 b x4 3x/r+c2rx? (a+bArcSinhcx]) x*\m+c?nx? (a+bArcSinh[cx]) 3 (a+bArcSinh[cx])?
163 Vr 16 8ctor ' 4cn ' 16b ¢S~/

Result (type 3, 170leaves, 5 steps):
3bx2V1+c2x? bx*v/1+c2x? 3xVr+c2nx? (a+bArcSinhcx]) x*Vr+c?nx? (a+bArcSinh[cx]) 3<a+bAr‘cSinh[cx])2

- + +

16 c3 /7t + c? T x? 16 ¢ V7t + c? ;T x? 8ctr 4c’n 16bc>

Problem 82: Result valid but suboptimal antiderivative.

Jx3 (a+bArcsinh[cx]) 5
X

Vot + c? tx?
Optimal (type 3, 98 leaves, 4 steps):
2bx b x3 2vVn+c?nx? (a+bArcSinh[cx]] x2Vr+c?nx? (a+bArcSinh[cx])
- +

3eVr 9cn 3¢t 3cn
Result (type 3, 142leaves, 4 steps):




2bxV1+c2x? bx3V1+c2x2  2Vrm+c?nx? (a+bArcSinh[cx]) x2Vr+c?nx? (a+bArcSinh[cx])

+

4 2
3c3Vrn+c2ax:t 9cm+ctax? 3ctn 3¢t

Problem 83: Result valid but suboptimal antiderivative.

sz (a+bArcSinh[cx]) 5
X

Vot + c? rx?
Optimal (type 3, 75leaves, 3 steps):
b x2 xVr+c?nx? (a+bArcSinh[cx]) (aerAr‘cSinh[cx])2

- +

4cm 2¢%n 4bc3/n
Result (type 3, 97 leaves, 3 steps):

bx2V1+c2x2  xVr+c2nx? (a+bArcSinh[cx]) (aerAr‘cSinh[cx])2
- +

4co+c?nx? 2c¢?n 4bc3/n

Problem 84: Result valid but suboptimal antiderivative.

Jx (a+bArcsinh[cx]) 4
X

Ve nx?
Optimal (type 3, 42 leaves, 2 steps):
bx Vr+c2rx? (a+bArcSinh[cx])
eV c? o
Result (type 3, 64 leaves, 2 steps):
bxV1+c2x2 ~m+c2nx? (a+bArcSinhlcx])
7 cVn+2nx® ’ 2

Problem 87: Result valid but suboptimal antiderivative.

Ja +b ArcSinh[c x]
X

X2+ nx?
Optimal (type 3, 41leaves, 2steps):

7 Inverse hyperbolic functions.nb | 13
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Vr+c2nx? (a+bArcSinh[cx]) bcLlog[x]
+
7T X NES
Result (type 3, 63 leaves, 2steps):
V7t + €2t x? (a+bArcSinh[cx]) bcv1l+c2x? Log[x]
+
TTX Vs 2 x?

Problem 88: Result valid but suboptimal antiderivative.
a+bArcSinh[cx]
J X3+ x?
Optimal (type 4, 115leaves, 8steps):
bc rra (a+bArcSinh[cx])
27 x 2 X2

c? (a+bArcSinh[cx]) ArcTanh|efresinhiex] | b c2 polylog|2, -erresinhicx]| b2 Polylog|2, eAresinhicx] |

Nea 2/ 7 2
Result (type 4, 137 leaves, 8 steps):

bcv1l+c?x? Vr+c?nx? (a+bArcSinh[cx])

dx

+

+

2xVrn+c?ax? 27 x?
c? (a+bArcSinh[cx]) ArcTanh [eAresinhex] ] b c2 polylog[2, —eAresinhiex] | b c2 polyLog[2, eAresinhicx] ]
N _
VT 2/t 2\

Problem 89: Result valid but suboptimal antiderivative.
a+bArcSinh[c x]
J x4+ cax?
Optimal (type 3, 97 leaves, 4 steps):
bc v+ nax? (a+bArcSinh[cx]) 2c? e ax? (a+bArcSinh[cx]] 2bc3Log[x]

+

6/ x2 37t x3 37X 3/

dx

Result (type 3, 141 leaves, 4 steps):
bc1+c2x2 Vr+c2nx? (a+bArcSinh[cx]) 2c2Vr+c?nx? (a+bArcSinhcx]) 2bc3v/1+c2x? Log[x]
_ + _

3
6 X2/t +c2x? 37X 31X 3711 2 A x2
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Problem 91: Result valid but suboptimal antiderivative.

dx

x* (a+bArcSinh[cx])
J 3/2

(7T+C27TX2)

Optimal (type 3, 131 leaves, 7 steps):

b x2 x> (a+bArcSinh[cx]) 3xVn+c?nx?* (a+bArcSinh[cx]) 3 (a+bArcSinh[cx])? blog[1l+c2x?]

— — + —

4¢3 S 2¢4 2 4b 52 2 ¢5 302

Result (type 3, 181 leaves, 7 steps):
bx2+/1+c2x2 x> (a+bArcSinhcx]) 3xVm+c2nx? (a+bArcSinh[cx]) 3 (a+bArcSinh[cx])® b+/1+c?x? Log[1+c?x?]

+ —

4 2 5.3/2
4c3 A+ c?ax? c2 v+ 2 tx? 2ct 4bc’ 2 v+ 2 ux?

Problem 93: Result valid but suboptimal antiderivative.

sz (a+bArcsinh[cx])
dx

(r+c2x2)??
Optimal (type 3, 80leaves, 3 steps):

X (a+bArcSinh[cx]) (aerAr‘cSinh[cx])2

blLog[1+c?x?]
+ +

v+ c2ax? 2bc3 /2 23032
Result (type 3, 105leaves, 3 steps):

x (a+bArcSinh[cx]) (a+bArcSinh[cx])? b+1+c2x? Log[1+c?x?]
- +

+

3 .3/2
2+ nx? 2bcir 23 Vs 2 ax?

Problem 94: Result valid but suboptimal antiderivative.

Jx (a+bArcsinh[cx]) ;
X

<7T+C27TX2>3/2

Optimal (type 3, 45leaves, 2 steps):

a+bArcSinh[cx] bArcTan[cx]
+

c2 i+ e x? c? /2

Result (type 3, 70leaves, 2 steps):
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a+bArcSinh[cx] b+1+c?2x? ArcTan[c x]
- +
2+ ax? c2 A+ e x?

Problem 95: Result valid but suboptimal antiderivative.
Ja +bArcSinh[c x]

X

(7T+C27TX2>3/2

Optimal (type 3, 51leaves, 2steps):
X (a+bArcSinh[cx]) blog[1+c?x?]
A+ €2 X2 2cm?

Result (type 3, 76 leaves, 2 steps):
x (a+bArcSinh[cx]) b~1+c?x? Log[l+c?x?]
7N T+ €2 x? 2cam+c?ax?

Problem 96: Result valid but suboptimal antiderivative.
ja +bArcSinh[c x]

dx

X (7T+C27TX2)3/2

Optimal (type 4, 94 leaves, 8 steps):

a+bArcSinh[cx] bArcTan[cx] 2 (a+bArcSinh[cx]) ArcTanh[efresinhiex] ] pPpolylog|2, - ehresinhiex] ]

b PolyLog [2, eAr‘cSinh[c x] }

+
3/2 3/2 3/2 3/2
N T+ €2t X2 T T 7

s

Result (type 4, 119leaves, 8steps):
a+bArcSinh[cx] b+1+c?x? ArcTan[c x]

7TV7(+C27TX2 7(\/7T+C27(X2
2 (a+bArcSinh[cx]) ArcTanh[eAresinhlcx] ] b polylog|2, -eArcsinhicx]] b polylog|2, efresinhicx] |
- +
372 3/2 3/2

Problem 98: Result valid but suboptimal antiderivative.
Ja +b ArcSinh[c x] dx

x3 (n+c2nx2>3/2

Optimal (type 4, 162 leaves, 11 steps):



bc 3¢ (a+bAr‘cSinh[C X]) a+bArcSinh[cx] bc?ArcTan[c x]
- - - + +
2732 x 2+ 2 x? 27 x2 7+ €2t x? n3/2

3¢? (a+bArcSinh[cx]) ArcTanh[efresinhlex] | 3p 2 Polylog|2, —efresinhicx] | 3p 2 Polylog|2, eAresinhicx] |
. _

/2 2 73/2 2 3/2

Result (type 4, 212leaves, 11 steps):
bcvV1+c?x? 3¢? (a+bAr‘cSinh[c X]) a+bArcSinh[cx] bc2+/1+c?x? ArcTan[c Xx]
- - +
2axVm+c?ax? 27+ c?x? 2ax2 e+ c? rx? N T+ €2 T x?

3¢? (a+bArcSinh[cx]) ArcTanh[efresinhicx] | 3 c2 Polylog|2, —efresinhicx] | 3p 2 Polylog|2, eAresinhicx] |
N _

+

ﬂ3/2 27T3/2 27T3/2

Problem 100: Result valid but suboptimal antiderivative.

st (a+bArcsinh[cx]) 5
X

(7T+ C27TX2)5/2

Optimal (type 3, 192 leaves, 11 steps):

b x2 b x> (a+bArcSinh[cx]) 5% (a+bArcSinh[cx])
- - - - +
4c>n%/2 672 (1+c?x?) 3c2n(7r+c27rxz)3/2 3¢t A+ e x?
5xVr+c?nx? (a+bArcSinh[cx]) 5 (a+bAr‘cSinh[cx}>2 7bLog[1l+c?x?]
2.¢6 73 ) 4b 7 52 e

Result (type 3, 256 leaves, 11 steps):
b bx2v1+c2x2 x® (a+bArcSinh[cx])

3/2
6c’m2V1+c2x2 Vr+c2naxt A4S+ ciax? 3¢ (s c?nx?)

7 Inverse hyperbolic functions.nb

5x> (a+bArcSinh[cx]) 5x+r+c2nx? (a+bArcSinh[cx]) 5 (a+bArcSinh[cx])? 7b~/1+c?x? Log[l+c?x?]

+ —

6.3 7 .5/2
3ct 2+ 2t x? 2cb 4bc’ 6c7 72\t CZax2

Problem 102: Result valid but suboptimal antiderivative.

Jx“ (a+bArcsinh[cx]) 5
X

(7r+ C27TX2)5/2

Optimal (type 3, 139leaves, 7 steps):

| 17
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b x> (a+bArcSinh[cx]) x (a+bArcSinh[cx]) (a+bArcSinh[c x])2 2bLlog[1+c?x?]
- - + +
6 c® /2 (1+C2X2) 3cin (7T+C27TX2)3/2 A nsctnx? 2bc® /2 3¢ 2

Result (type 3, 178 leaves, 7 steps):

b x> (a+bArcSinh[cx]) x (a+bArcSinh[cx]) (a+bArcSinh[cx])? 2b+1+c2x? Log[1l+c?x?]
- - + +
6c5m2V1+c2x2 Vm+ c2nx? 3C27T<7T+C27TX2)3/2 A2 1 2 X2 2bc® /2 3¢5 72 s 2 x2

Problem 104: Result valid but suboptimal antiderivative.

sz (a+bArcsinh[cx]) 5
X

(7T+ CZJTXZ)S/Z

Optimal (type 3, 80leaves, 4 steps):

b x> (a+bArcSinh[cx]) bLog|[l+c?x?]

- 63 75/2 <1+c2 Xz) 3 (ﬁ+ C27TX2>3/2 6 c3 75/2

Result (type 3, 119leaves, 4 steps):

b x> (a+bArcSinh[cx]) bV1+c2x?® Log[l+c?x?]
_ N _
6c3m2V1+c2x2 A+ c2nx? 37T(7T+C27TX2)3/2 632+ c?ax?

Problem 105: Result valid but suboptimal antiderivative.

jx (a+bArcsinh[cx])

dx

<7T+C27TX2>5/2

Optimal (type 3, 75leaves, 3 steps):

b x a+bArcSinh[c x] b ArcTan[c X]
+

6 c 7572 <1+C2X2> 3C27T(7T+C27TX2>3/2 6 c2 75/2

Result (type 3, 114 leaves, 3 steps):

b x a+bArcSinh[c x] b/1+c?x? ArcTan[c X]
+

3/2
6cm2\V1+cix? Vrn+cinax? 3¢ (n+c?nx?) 622+ X2
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Problem 106: Result valid but suboptimal antiderivative.
Ja +b ArcSinh[c x]

dx

(7T+ C27TX2)5/2

Optimal (type 3, 108 leaves, 4 steps):

b X (a+bArcSinh[cx]) 2x (a+bArcSinh[cx]) blLog[1+c?x?]
+ + -
6 c 1°/2 (1+c2x2) 37T(7T+C27TX2)3/2 322 ax? 3cn?

Result (type 3, 147 leaves, 4 steps):

b x (a+bArcSinh[cx]) 2x (a+bArcSinh[cx]) b+v1+c2x?® Log|[l+c?x?]
+ + -
6cm2V1+c2x? V2 nx? 37 (e c2x?)?? 372+ 2 x? 3cm? i+ e x?

Problem 107: Result valid but suboptimal antiderivative.
Ja +bArcSinh[c x]

dx

X (7r+c27rx2)5/2

Optimal (type 4, 148leaves, 11 steps):

bcx a+bArcSinh[cx] a+bArcSinh[cx] 7bArcTan[cx]
6 5/2 (1+c2x) ' 3n(7r+c27rx2)3/2+ O s B 6 75/2 B
2 (a+bArcSinh[cx]) ArcTanh[eAresinhlex] | b polylog|2, -eAresinhlcx] ] bpolylog|2, efresinhicx] |
- +
7T5/2 7T5/2 7T5/2

Result (type 4, 187 leaves, 11 steps):

bcx +a+bAr‘cSinh[cx] +a+bAr‘cSinh[cx} 7b+1+c?x? ArcTan[c x]
62V1+c2x2 Vm+c2nx? 37T(7T+C27TX2)3/2 72 7t + ¢ X2 6 712\ + €2t x?
2 (a+bArcSinh[cx]) ArcTanh[eAresinhlcx] | b polylog|2, -eArcsinhicx]| b polylog|2, efresinhicx] |
- +
7-[-5/2 7T5/2 7T5/2

Problem 109: Result valid but suboptimal antiderivative.
Ja +bArcSinh[c x] dx

x3 <n+c2nx2)5/2

Optimal (type 4, 247 leaves, 15 steps):
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3pc bc 5bc3x 5c? (a+bArcSinh[cx]) a+bArcSinh[cx] 5c? (a+bArcSinh[cx])
- + + - - - +
475/2x A2 x (1+c?x?) 127%% (1+c?X?) 671(7r+c27rx2)3/2 2 1 x? (7r+c27rx2)3/2 272+ 2 x?

13bc2ArcTan[cx] 5¢2 (a +bArcSinh[c x] ) ArcTanh [eA“Si“h[CX] }
+

5b c? PolylLog [2, - gAresinhlcx] } 5b c?PolylLog [2, @Arcsinhcx] ]
6 75/2 75/2 i -

27T5/2 27T5/2

Result (type 4, 325leaves, 15steps):
bc 5bc3x 3bcV1+c?x?

+ —

47T2X\/1+C2X2 \/7T+C27TX2 127T2\/1+c2X2 \/7T+C27TX2 472 x A\t + 2 x?

5c2 (a+bArcSinh[cx]) a+bArcSinh[c x] 5c2 (a+bArcSinh[cx]) 13bc2+/1+c?x? ArcTan[c x]
- +
3/2

3/2
2 7t x2 (7T+C27TX2> 272+ e x? 6 712 71+ €2 ;T X2

5c? (a+bArcSinh[cx]) ArcTanh[efresinhiex] ] 5p 2 Polylog|2, —efresinmhicx] | 5pc?Polylog|2, eAresinhicx] |
i -

+
67 <7T+C27TX2>

7T5/2 27T5/2 27T5/2

Problem 120: Result optimal but 3 more steps used.
ng' \/d+c?dx* (a+bArcSinh[cx]) dx

Optimal (type 3, 175leaves, 3 steps):
2bxVd+c2dx®  bx3/d+c2dx®? bex¥/drc2dx?  (d+c2dx?)*? (a+bArcSinh[cx])

(d+c2dx?)*? (a+bArcSinh[cx])
.

1531+ c2x? 45c1+ 2 25/1+ 2 x2 3ctd 5ctd?
Result (type 3, 175leaves, 6 steps):
2bxvV/d+c2dx? bx3vd+c2dx? becx®Vd+c2dx? (d+C2dX2>3/2 (a+bArcsinh[cx])

(d+c?d x2>5/2 (a+bArcsinh[cx])
+

15c3v1+c?x? 45c 1+ c?x? 251+ c?x? 3c*d 5c*d?

Problem 128: Result optimal but 3 more steps used.

Jx3 (d+c2dx2)3/2 (a+bArcSinh[cx]) dx

Optimal (type 3, 217 leaves, 4 steps):
2bdxVd+c2dx?  bdx®Vd+c?dx2 8bcdx*d+cZdx®
35c3V1+c2x2 105c\/1+c2x? 1751+ c2x?
bc3dx’ Vd+c2dx? (d+c2dx2)5/2 (a+bArcSinh[cx]) (d+c2dx2)7/2 (a+bArcSinh[cx])

+

491+ 2 x2 5ctd 7 ¢t d?
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Result (type 3, 217 leaves, 7 steps):

2bdxVd+c2dx? bdx3V/d+c2dx? 8bcdx*Vd+c2dx?

35c3/1+c2x2 105 c /1 +c2x? 1751+ c2x?

bcddx’drc2dx? (d+c2dx?)*? (a+bArcSinh[cx]) (d+c?dx?)”/? (a+bArcSinh[cx])

+

49+/1+ 2 x? 5ctd 7 ¢t d?

Problem 136: Result optimal but 3 more steps used.

Jx3 (d+c2dx2)5/2 (a+bArcsinh[cx]) dx

Optimal (type 3, 266 leaves, 4 steps):
2bd?x/d+c2dx? bd*x3Vd+c?2dx? bcecd?*x*vVd+c?2dx? 19bc3d?x’Vd+c?dx?

63c3V1+c?x? 189 c V1 +c?x? 211+ c?x? 4411 + c? x?
bcsd2x\/d+c?dx?2  (d+c2dx?)”? (a+bArcSinh[cx]) (d+c2dx?)? (a+bArcSinh[cx])
- +
81V1+c?x? 7ctd 9 c* d?

Result (type 3, 266 leaves, 7 steps):
2bd?xvd+c?dx? bd?x®*+\/d+c2dx? bcd?*x>Vd+c?2dx* 19bc3d*x’Vd+c?dx?

63 c3V1+c?x? 189 c V1 + c? x? 211+ c?x? 441~/ 1+ c? x?
bcsd2x?Vd+c2dx®  (d+c2dx?)”? (a+bArcSinh[cx]) (d+c2dx?)®? (a+bArcSinh[cx])
- +
811+ c2x2 7ctd 9c*d?

Problem 146: Result optimal but 1 more steps used.

Jx“ (a+bArcsinh[cx]) 5
X

Vd+c?dx?
Optimal (type 3, 192 leaves, 5steps):
3bx2V1+c?x? bx*/1+c2x2 3xVd+c?dx?* (a+bArcSinh[cx])

+

16 c3Vd+c?2dx? 16cvVd+c?dx? 8ctd
x*Vd+c?dx? (a+bArcSinh[cx]) 3+V1+c?x? (a+bAr‘cSinh[cx1)2
+
4cd 16bc5~/d+ c2d X2

Result (type 3, 192 leaves, 6 steps):
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3bx2+/1+c2x? bx*V1+c2x2 3xVd+c?dx?* (a+bArcSinh[cx])

+

16 c3\Vd+c?2dx? 16c/d+c?dx? 8ctd
x> Vd+c?2dx? (a+bArcSinh[cx]) 3vV1+c?x? (a+bAr‘cSinh[cx})2
+
4c’d 16bc>+\/d+c2dx?

Problem 148: Result optimal but 1 more steps used.

sz (a+bArcsinh[cx])
dx

Vd+c2dx®
Optimal (type 3, 119leaves, 3 steps):
bx2V1+c2x2  xVd+c?dx? (a+bArcSinh[cx]) V1+c2x? <a+bAr‘cSinh[cx])2

4c/d+c2dx2 2c*d abc3\/d+c2dx?

Result (type 3, 119 leaves, 4 steps):
bx2v/1+c2x2  xVd+c?dx? (a+bArcSinh[cx]) V1+c?2x? <a+bAr'cSinh[(:x])2
- +

4c/d+c2dx? 2c*d 4bc3d+c2dx?

Problem 150: Result optimal but 1 more steps used.
Ja+bAr‘cSinh[c X]
Vd+c2dx?

Optimal (type 3, 47 leaves, 1step):

Vi+c2x? (a+bArcSinhicx])?
2bcVd+c2dx®

Result (type 3, 47 leaves, 2 steps):

V1+c2x? (a+bArcSinh[cx])?
2bcVd+c2dx?

dx

Problem 151: Result optimal but 1 more steps used.
ja+bAr‘cSinh[c x]
xVd+c?dx?

Optimal (type 4, 122 leaves, 6 steps):

dx
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2v/1+c*x? (a+bArcSinh[cx]) ArcTanh[eAresinhlex] ] b+/1+c?x? Polylog|2, -erresinilex] ] b+/1+c?x? Polylog|2, efresinhicx] ]
- - +
Vd+c?dx? Vd+c?dx?

Vd+c?dx?
Result (type 4, 122 leaves, 7 steps):

21 +c2x? (a +b ArcSinh[c x] ) ArcTanh [eA"CSi“h[CX] ] b+/1+c?x? Polylog [2, — ghresinhcx] ] b+/1+c?x? PolylLog [2, ehresinhlcx] ]
- - +

\d+c2dx? Vd+c2dx? \d+c?dx?
Problem 153: Result optimal but 1 more steps used.

a+bArcSinh[cx]

J dx
x3/d+c?dx?

Optimal (type 4, 203 leaves, 8 steps):

bcv1+c?x? Vd+c?dx? (a+bArcSinh[cx]) c2V1+c2x? (a+bArcSinh[cx]) ArcTanh|eAresinhicx] ]
- - + +

xVdicZdx 2dx? Vd+c2dx®

bc2+/1+c2x? Polylog (2, —eAresinhlex] ] p ¢2 \/1+c2x? Polylog [2, ehresinhicx] |

2+/d+c2dx? 2+/d+c2dx?

Result (type 4, 203 leaves, 9 steps):

bcv1+c2x2 Vd+c?dx® (a+bArcSinh[cx]) c2V1+c?x® (a+bArcSinh[cx]) ArcTanh|eAresinhicx] |
- - + +

2xVd+c2dx? 2dx?

vd+c?dx?
bc2+/1+c2x? Polylog [2, - gAresinhlcx] } bc2+1+c2x? Polylog [2, ghresinhicx] ]

2+Vd+c2dx? 2+d+c2dx?

Problem 155: Result valid but suboptimal antiderivative.
st (a+bArcsinh[cx])

(d+c2dx?)??

dx

Optimal (type 3, 212leaves, 5steps):
5bx+/d+c?dx? bx3+d+c?2dx? a+bArcSinh[c x]

3cd?V1+c2x? 9c3d?V1+c?x? c®d~/d+c?dx?
2+/d+c2dx? (a+bAr‘cSinh[c x}) (d+c2dx2)3/2 (a+bAr‘cSinh[c X]) b+d+c2dx2 ArcTan[c X]
+ +
c®d? 3cbd? Sd2V1+clx2

Result (type 3, 220leaves, 8steps):
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5bx/1+c2x? bx3vV1+c2x? x* (a+bArcSinh[cx])

3c5dyd+c2dx? 9c3d/d+c2dx?® c2dV/d+c2dx®

8Vd+c2dx® (a+bArcSinh[cx]) +4x2m (a+bArcSinh[cx]) . b+/1+c2x? ArcTan[c x]
3 c®d? 3c*d? Sddrcldx?

Problem 156: Result optimal but 1 more steps used.

Jx“ (a+bArcsinh[cx])
dx

(d+c2dx2)3‘/2

Optimal (type 3, 206 leaves, 7 steps):
bx2+/1+c2x% x? (a+bArcSinh[cx])
AcdVITEdE dVdiddxd
3xm(a+bAr‘cSinh[cx1> 3\/m(a+bAr‘cSinh[cx1>2 bV1+c2x? Log[1l+c2x?]
24 d? _ abcsddrcZdx? R Nrrrrra
Result (type 3, 206 leaves, 8 steps):
bx2/1+c2x? x> (a+bArcSinh[cx])
4cdVdicddd  ctdvdsdda
3xm(a+bAr‘cSinh[cx}> 3\/m(a+bAr‘cSinh[cx}>2 meog[1+c2x2]
24 d? 7 P Nrerrra  2cdVdrdda

+

+

Problem 157: Result valid but suboptimal antiderivative.

JXB (a+bArcSinh[cx]) 5
X

(d+c2dx2)3/2
Optimal (type 3, 136 leaves, 4 steps):
bx+/d+c2dx? X a+bArcSinh[c x] . Vd+c2dx? (a+bArcSinh[cx]) b~/d+c2dx? ArcTan([cx]
SdV1+2x2  c*d/d+crdx? ctd? cAd2V1+c2x®
Result (type 3, 141 leaves, 5steps):
bxV1i+cZx2  x* (a+bArcSinh[cx]) Zm(a+bAr‘cSinh[cx]) b+/1+c2x2 ArcTan[c x]

+

c3dvVd+c?dx? c2d+vd+c?dx? c*d? c*d+d+c?dx?
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Problem 158: Result optimal but 1 more steps used.

sz (a+bArcsinh[cx])
dx

(d+c2dx?)?

Optimal (type 3, 130leaves, 3 steps):
x (a+bArcSinh[cx]) V1+c?x® (a+bArcSinh[cx])? b~/1+c?x? Log[l+c?x?]
+

- +
c2d+d+c2dx? 2bc3dA/d+c2dx? 2c3dvd+c?2dx?
Result (type 3, 130leaves, 4 steps):
x (a+bArcsinh[cx]) V1+c?x? (a+bAr‘cSinh[cx])2 bv1+c?x? Log[1l+c2x?]
+

- +

c2d/d+c2dx? 2bc3d/d+c2dx? 2c3d/d+c2dx?

Problem 161: Result optimal but 1 more steps used.

a+bArcSinh[c x]
J dx

X (d+c2dx2)3/2

Optimal (type 4, 194 leaves, 8 steps):
a+bArcSinh[cx] b+/1+c2x? ArcTan[cx] 2V1+c?>x? (a+bArcSinh[cx]) ArcTanh|eAresinhicx] ]

d/d+c2dx? d+/d+c2dx? d/d+c2dx?
bv1+c2x? PolylLog [2, — gArcsinhcx] ] b+v1+c2x? PolylLog [2, ehresinhlcx] }
+
d+d+c?dx? dvVd+c?dx?

Result (type 4, 194 leaves, 9 steps):
a+bArcSinh[cx] b+/1+c2x? ArcTan[cx] 2V1+c?2x? (a+bArcSinh[cx]) ArcTanh [ @Arcsinhlex] |

d/d+c?dx? d+/d+c?dx? d/d+c?dx?
bv1+c?x? PolyLog[Z, —eA”CSi“h[”]] b1+ c?x? PolyLog[Z, eA"CSi”h[CX]}
+
d+d+c?dx? dvd+c?dx?

Problem 162: Result valid but suboptimal antiderivative.

a+bArcSinh[cx]
J dx

x2 <d+c2dx2)3/2

Optimal (type 3, 143 leaves, 5steps):
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a+bArcSinh[cx] 2c®x (a+bArcSinh[cx]) bc+/d+c2dx? Log[x] bcVd+c?dx? Log[1l+c?x?]
- - + +

dx+d+c?2dx? dvd+c?2dx? d>V1+c?x? 2d2+1+c?x?
Result (type 3, 143 leaves, 7 steps):

a+bArcSinh[cx] 2c2x (a+bArcSinhcx]) bc/1+c2x? Log[x] bcV1+c?x? Log[l+c2?x?]
- + +

dxVd+c2dx? dvd+c?dx? d+Vd+c2dx? 2d+/d+c2dx?

Problem 163: Result optimal but 1 more steps used.

a+bArcSinh[cx]
J dx

x3 <d+c2dx2)3/2

Optimal (type 4, 287 leaves, 11 steps):

bcv1+c?x? 3 ¢? (a+bAr‘cSinh[cx}) a+bArcSinh[cx] bc2+/1+c2x2 ArcTan[c x]
- +

+

2dx+d+c?dx? 2d+/d+c?dx? 2dx%+/d+c?dx? dvd+c?dx?
3c2/1+c2x? (a+bArcSinh[cx]) ArcTanh[efresinhiex] ] 3bc2+/1+c2x? Polylog|2, —efresimhiex] ] 3bc2+/1+c2x? Polylog|2, eAresinhicx] |
. _
d+/d+c?dx? 2d+d+c2dx? 2d~/d+c?dx?

Result (type 4, 287 leaves, 12 steps):
bcvil+c?x? 3c2 (a+bArcSinh[cx])

a+bArcSinh[cx] bc?2V1+c?2x? ArcTan[c x]
+

+

2dx/d+c2dx? 2d+/d+c?dx? 2dx2+d+c?2dx? dvd+c2dx?
3c2vV1+c2x? (a+bAr‘cSinh[c x}) Ar‘cTanh[eA"CSi”h[cx]] 3bc?V/1+c?x? PolyLog[Z, —eA"CSi”h[Cx]] 3bc?2vV1+c?2x? PolyLog[Z, eAPCSi”h[CX]]
. _
dvd+c?2dx? 2d~/d+c?dx? 2d~/d+c?dx?

Problem 164: Result valid but suboptimal antiderivative.

a+bArcSinh[cx]
J dx

x* (d+c2dx?)??
Optimal (type 3, 228 leaves, 5 steps):
bcvd+c2dx?2  a+bArcSinh[cx] . 4c? (a+bArcSinh[cx]) N
6d2x2\/1+c2x?  3dx3/d+c2dx? 3dx/d+c2dx?
8c*x (a+bArcSinh[cx]) 5bc3+/d+c2dx? Log[x] bc3mLog[l+c2x2]
3dy/d+c?dx? 3d2V1+c2x 2d2V1+2x2

Result (type 3, 228 leaves, 11 steps):
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bcvV1+cx? a+bArcSinh[cx] 4c? (a+bArcSinh[cx])
- - + +
6dx2Vd+c2dx? 3dx3+Vd+c2dx? 3dxVd+c?dx?

8c*x (a+bArcsinh[cx]) 5bc3v/1+c2x? Log(x] bc*V1+c?x? Log[l+c?x?]

3d+vd+c?dx? 3d+vd+c?dx? 2d+vVd+c?dx?

Problem 165: Result optimal but 1 more steps used.

st (a+bArcsinh[cx])
dx

(d+c2dx2)5/2

Optimal (type 3, 281 leaves, 11 steps):
b bx2+1+c?x? x° (a+bArcSinh[cx]) 5x* (a+bArcSinh[cx])
- - - - +

6c’d?V1+c2x® Vd+c2dx? 4ccd?d+c?dx? 3c2d (d+c2dx?)?? 3c¢*d?Vd+c2dx?
5xvVd+c2dx? (a+bArcSinh[cx]) 5+v1+c?x? (a+bAr‘cSinh[cx1>2 7b+1+c2x? Log[1+c?x?]

2c0d 4bc’d2/d+crdx? 6c7d2\d+c2dx®
Result (type 3, 281 leaves, 12steps):
b bx2\/1+c2x? x> (a+bArcSinh[cx]) 5x* (a+bArcSinh[cx])

+

6c7d2/1+c2x? Vd+c2dx?  4cSd*\d+c2dx?  3cd (d+c2dx?)?? 3ctd2/d+c2dx?
5xVd+c2dx? (a+bArcSinh[cx]) 5+v1+c2x? (a+bAr‘cSinh[cx}>2 7bV1+c?x? Log[1+c?x?]
2c0d? abc’d?d+c2dx? 6c’d2/d+c2dx?

Problem 166: Result valid but suboptimal antiderivative.

st (a+bArcsinh[cx]) 5
X

(d+c2dx?)®?

Optimal (type 3, 210leaves, 5steps):
bx+d+c?dx? bx+d+c?dx? a+bArcSinh[c x]

- +
6 c5d3 (1+c2x2>3/2 Sd3V/1rc2x2  3cbd (d+c2dx2)3/2

2 (a+bArcSinh[cx]) +d+c2dx? (a+bArcSinh[cx]) 11b+/d+c?dx? ArcTan[c x]

+

c®d?+/d+c?dx? ctd? 6c®d3+V1+c?x?
Result (type 3, 225leaves, 9 steps):
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b x3 S5bx/1+c2x? x* (a+bArcSinh[cx])
_6c3d2\/1+c2x2 Vd+c2dx? _6c5d2m_ 3c2d(d+c2dx2)3/2
4x* (a+bArcSinh[cx]) 8Vd+c2dx? (a+bArcsinh[cx]) 11b+/1+c2x2 ArcTan[c x]
s @ddd e s

Problem 167: Result optimal but 1 more steps used.

Jx“ (a+bArcsinh[cx])
dx

(d+c2dx2)5/2

Optimal (type 3, 203 leaves, 7 steps):

b x> (a+bArcSinh[cx]) x (a+bArcSinh[cx]) V1+c2x? (a+bArcSinh[cx])® 2b~/1+c?x® Log[1l+c?x?]
- - + +
6c>d2\/1+c2x2 \/d+c2dx? 3C2d(d+C2dX2)3/2 c*d?+/d+c?dx? 2bc®d?+/d+c?dx? 3c5d?2+/d+c?dx?
Result (type 3, 203 leaves, 8 steps):
b x> (a+bArcSinh[cx]) x (a+bArcSinh[cx]) V1+c?2x? (a+bArcSinh[c x})z 2b+/1+c2x? Log[1+c?x?]
- - + +
6c5d2V1+c2x Vd+c2dx?  3cid (d+c2dx?)?? c4d?~\/d+c2dx? 2bc5d?/d+c2dx? 3c5d2/d+c2dx?

Problem 168: Result valid but suboptimal antiderivative.

st (a+bArcSinh[cx]) 5
X

(d+c2dx?)>?
Optimal (type 3, 144 leaves, 4 steps):

bx+/d+c?dx? a+bArcSinh[c x] a+bArcSinh[cx] 5b+d+c2dx? ArcTan[c X]
+ - +
6c3d (1+c2x2)%? 3chd (d+c2dx®)?? Ad2/d+ c2dx? 6ctd3/1+c2x?
Result (type 3, 149 leaves, 5 steps):
b x x? (a+bArcSinh[cx]) 2 (a+bArcSinh[cx]) 5b+/1+c?x? ArcTan[c x]
- - - +
6c3d2V1+c2x2 Vd+c2dx? 3c2d (d+c2dx?)?? 3c¢*d?V/d+c2dx? 6c*d>/d+c2dx?

Problem 172: Result optimal but 1 more steps used.
Ja+bAr‘cSinh[c X]

X (d+c2dx2)5/2

dx
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Optimal (type 4, 262 leaves, 11 steps):

b cx . a+bArcSinh[c x] N a+bArcSinh[c x] 7bmAr‘cTan[c X]
6d2\/1+2x2 Jd+2dx? 3d(d+c2dx?)¥? a2 /dscZdx? 6d>\/d+c2dx?
2V1+c2x? (a+bArcSinh[cx]) ArcTanh |eAresinhicx] | b/1+c?x? PolylLog[2, —eAesinicx] | b~/1+c2x? Polylog|2, eAresinhicx]]
Result (type 4, 262 leaves, 12 steps):
b c x . a+bArcSinh[c x] . a+bArcSinh[c x] 7bmArcTan[c x]
6d2\/1+c2x2 Vd+c2dx? 3d(d+c2dx?)¥?  g2dscZdx? 6d>Vd+c?dx?
2V1+c2x? (a+bArcSinh[cx]) ArcTanh |eAresinhicx] | b/1+c?x? PolylLog[2, —efresinhicxl ] p+/1+c?x? Polylog|2, eAresinhicx]]
NFErTa ) NFECrTa ) @ dx

Problem 173: Result valid but suboptimal antiderivative.

a+bArcSinh[c x]
J dx

x2 (d+c2dx2)5/2

Optimal (type 3, 214 leaves, 5steps):
bc+vd+c?dx? a+bArcSinh[cx] 4c?x (a+bArcSinh[cx])

6d> (1+c2x2)¥? dx (d+c2dx?)?? 3d (d+c2dx?)>?
8c2x (a+bArcsinh[cx]) bc+/d+c2dx? Log[x] 5bcd+c2dx?® Log[l+c?x?]
+ +
3d2+/d+c?2dx? d® V1 +c? x? 6d>V1+c?x?
Result (type 3, 214 leaves, 8steps):
bc a+bArcSinh[cx] 4c*x (a+bArcSinh[cx])
6d2V1i+c?x? Vd+c2dx?  dx (d+c2dx?)?? 3d (d+c2dx?)*?
8c2x (a+bArcSinh[cx]) +bcx/1+c2x2 Log [X] X 5bc/1+c2x? Log(l+c?x?|
3d2+/d+c?dx? d?>+d+c?dx? 6d>+d+c?dx?

Problem 174: Result optimal but 1 more steps used.

a+bArcSinh[c x]
J dx

x3 (d+c2dx2)5/2

Optimal (type 4, 400 leaves, 15 steps):
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bc . 5bcx 3bcv/1+c2x?  5c? (a+bArcSinh[cx])  a+bArcSinh[cx]
4d2xV1+c2x2 VJd+c2dx?  12d2V1+c2x® Vd+c2dx?  4d?xvVd+c2dx® 6d(d+c2dx2)3/2 2dx2(d+c2dx2)3/2
5c2 (a+bArcSinh[cx]) 13bc2+/1+c2x? ArcTan[cx] 5c2V1+c?x? (a+bArcSinh[cx]) ArcTanh|eAresinhicx] |
2@a-ddd  eevdiddd NCEErTa )
5bc2mPolyLog[2, —eA”CSi”h[CXJ} SbCZWPolyLog[Z, eAPCSi”h[CX]}
22 Vds X _ 202 Vds Xt
Result (type 4, 400 leaves, 16 steps):
bc . 5bcx 3bcy/1+c2x?  5c? (a+bArcSinh[cx])  a+bArcSinh[cx]
4d2xV1+2x2 VJd+c2dx?  12d2V1+c2x® Vd+c2dx?  4d?xVd+c2dx® 6d(d+c2dx2)3/2 2dx2(d+c2dx2)3/2
5c2 (a+bArcSinh[cx]) 13bc2+/1+c2x? ArcTan[cx] 5c2V1+c?x? (a+bArcSinh[cx]) ArcTanh|eAresinhicx] |
2@ a-ddd  eevdiddd PNCEETTa '
5bc2mPolyLog[2, - eAresinhicx] | SbCZWPolyLog[z, hresinhlex] |
202 ds T dx? 7 22 ds ZdxE

Problem 175: Result valid but suboptimal antiderivative.

a+bArcSinh[c x]
J dx

x4 (d+c2dx2)5/2

Optimal (type 3, 297 leaves, 5steps):
bc3+/d+c2dx? bc+d+c2dx? a+bArcSinh[cx]  2c? (a+bArcSinh[cx])
N

- +
6 d3 (1+c2x2)3/2 6d3x2V/1+c2x2  3dx3 (d+c2dx2)3/2 dx(d+c2dx2)3/2

8c*x (a+bArcSinh[cx]) 16c*x (a+bArcSinh[cx]) 8bc3+/d+c?dx? Log[x] 4bc®Vd+c?dx? Log[1+c2x?]
+ _ _

3d (d+c2dx?)*? 3d2Vd+c2dx? 3d3V1+c2x2 3d3V1+c2x
Result (type 3, 297 leaves, 12 steps):
bc3 bc1+c?x? a+bArcSinh[c x] 2c? (a+bArcSinh[cx])
- - + +
6d2v/1+c2x2 Vd+cZdx? 6d2x2V/d+c2dx?  3dx* (d+c2dx?)?? dx (d+c2dx?)*?

8c*x (a+bArcSinh[cx]) 16c*x (a+bArcSinh[cx]) 8bc3V1+c2x? Log[x] 4bc*V1+c?x? Log[1+c2x?]
+ _ _
3d (d+c2dx?)?? 3d2+/d+c?dx? 3d2+/d+c2dx? 3d2+/d+c2dx?




Problem 194: Result optimal but 1 more steps used.

Jx"‘ (a+bArcsinh[cx]) 5
X

Vd+c?dx?
Optimal (type 5, 161 leaves, 1step):

x2m+/1+c2x? (a+bArcSinh[cx]) Hyper‘geometr‘icZFl[i, Lm 32 %2
(1+m) vd+c?dx?
bcx?™+/1+c2x? HypergeometricPFQ|[{1, 1+ 3, 1+ %}, {% + f, 2+ f}, -c2x?|

(2+3m+m2 Vd+c?dx?

Result (type 5, 161 leaves, 2 steps):

x1M/1+c?x? (a+bArcSinh[cx]) Hyper‘geometriczFl[i, L 322
(1+m) Vd+c?dx?

bcx?™~/1+c2x? HypergeometricPFQ|[{1, 1+ g, 1+, {§+ f, 2+ %}, -2 x?
)

2

(2+3m+m2 vVd+c2dx?

Problem 195: Result optimal but 1 more steps used.

Jxm (a+bArcsinh[cx]) 5
X

(d+c2dx2)3/2

Optimal (type 5, 268 leaves, 3 steps):

4" (a+bArcsinhcx]) M x¥M+/1+c?x? (a+bArcSinh[cx]) Hypergeometric2F1 [ i, 1?'", %Tm’ -c2x?]

dvd+c2dx? d(1+m)d+c2dx?

bcx?M™+/1+c?x?> Hypergeometric2F1 [1, Zm A4 2 XZ] bcmx*"+/1+c?x? HypergeometricPFQ [ {1, 1+ f, 1+7
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+

d(2+m)\/d+c2dx2 d(2+3m+m2)\/d+c2dx2

Result (type 5, 268 leaves, 4 steps):
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X" (a+ b Arcsinh [c x] ) mx*"+/1+c?x? (a+bArcSinh[cx]) Hyper‘geometr‘icZFl[i, S s X

dVd+c?dx? d(1+m)\d+c2dx?

bcx*™~/1+c2x? Hypergeometric2F1|[1, 2;"' s 4?’", -c2x?]  bcmx*"+/1+c?x? HypergeometricPFQ[{1, 1+ f, 1+ ?}, {
+

N W

d(2+m)\/d+c2dx2 d(2+3m+m2)m

Problem 196: Result optimal but 1 more steps used.

dx

Jx"‘ (a+bArcsinh[cx])
(d+c2dx?)>?

Optimal (type 5, 402 leaves, 5steps):
X" (a+bArcSinh[cx]) (2-m) x*" (a+bArcSinh[cx])
+

3d (d+c2dx?)>? 3d2+/d+c2dx?
(2-m) mx*™/1+c2x? (a+bArcSinh[cx]) Hyper‘geometr‘icZFl[i, “T'", 3;’“, -c2x?]

3 d2 <1+m) Vd+c?dx?

bc (2-m) x>"+/1+c2x? Hypergeometric2F1[1, 2™, #", _c2x2] bcx?™~/1+c?x? Hypergeometric2Fl|2, 2;'“ s 4*7'“, -~ x?]

2 2

3d? (2+m>\/d+c2dx2 3d2(2+m)\/d+c2dx2
bc (2-m) mx>"+/1+c?x? HypergeometricPFQ[{1, 1+ %, 1+ g}, {§+ g, 2+ f}, -c2x?]

3d? (2+3m+m2) Vd+c2dx?

Result (type 5, 402 leaves, 6 steps):

X" (a+bArcSinh[cx]) (2-m) x*" (a+bArcSinh[cx])
N _
3d (d+c2dx?)*? 3d2Vd+c2dx?
(2-m) mx¥"+/1+c2x? (a+bArcSinh[cx]) Hyper‘geometr‘icZFl[i, 1*?'“, 3?’“, -c? x?]

3d? (1+m) Vd+c2dx?

bc (2 - m) x2*M /1 + ¢ x> Hypergeometric2F1 [1, 2;—"’, %", -c? xz} bcx?>™+/1+c?x? Hypergeometric2Fl [2, Z*T'", ‘“T'", -c? xz]

+

3d2 (2+m) \Vd+c?dx? 3d? (2+m) Vd+c?dx?
bc (2-m) mx>™+/1+c?x? HypergeometricPFQ[{1, 1+ ?, 1+§}, {§+ s 2+§}, -c2x?]

3d2 (2+3m+m2) vd+c?dx?

[NRE}
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Problem 252: Result valid but suboptimal antiderivative.

J(FJrCZ]TXZ)S/Z (a+bArcsinh[cx] )Zdlx

Optimal (type 3, 300 leaves, 16 steps):

24502 715/2x\/1+ c2x2  65b27%2x (1+c2x2)*? 1 115 b2 75/2 ArcSinh[c x] 5
+ ( ) +—b27r5/2x(1+c2x2)5/2— Lcx] - —bcr?x?* (a+bArcSinh[cx] ) -
1152 1728 108

1152 c 16
5b®/2 (1+c? x2)2 (a+bArcSinh[cx]) brn®2 (1+c? x2)3 (a+bArcsinh[cx]) 5

+ — 2 xA)m+ e x? (a+bAr‘cSinh[cx])2+
48 ¢ 18 ¢

16

5 7°/2 b ArcSinh 3
i7TX(7T+C27TX2>3/2 (a+bAI"CSinh[CX])2+1X<7T+C27TX2)5/2 <a+bAr‘cSinh[cx])2 d <a+ reetn [CX”

.
24 6 48b ¢

Result (type 3, 420 leaves, 16 steps):
245 b2 712 x \/ 71 + €2 71 x2 65b2n2x(1+c2x2)\/n+c2nx2 1
+

+ bZJTZX(1+C2X2>2\/7T+C27TX2 -
1152 1728 108

115b2 72 /1 + 2 1x? ArcSinh[cx] S5bcm®x?y/rm+c2nx? (a+bArcSinh[cx]) 5bn? (1+c2x2)*?/r+c2nx? (a+bArcSinh[cx])

1152 c V1 + c2 x2 161+ c2x2 48 c
b 2 (1+c2x2)5/2\/n+c27rx2 (a+bArcSinh[cx]) 5

+ — 2 xAJm+ 2 X3 (a+bAr‘cSinh[cx])2+
18 c

16

1 572\ n+c2nx2 (a+bArcSinh[cx])?
—7rx(7r+c27rx2)3/2 (a+bAr‘cSinh[cx])2+—x(7T+c27rx2)5/2 (a+bAr‘cSinh[cx])2+ rEVrectnxt (a Lex])
24 6 48bc 1+ c?x?

Problem 253: Result valid but suboptimal antiderivative.
J(chznxz)yz (a+bArcSinh[cx])?dx
Optimal (type 3, 210leaves, 10 steps):
2 3/2 3
Eb27r3/2x«/1+c2x2 » by (1+c2x2)3/279b 77 ArcSinh[ex]
64 32 64 c
3 b3/2 (1+c2x2)? (a+bArcSinh[cx
=bc*?x* (a+bArcSinh[cx]) - o (1 ) (a~ Lex]) +
8 8¢
3 1 3/2 (3 +bArcSinh[cx])?
= XA+ e x? (a+bAr‘cSinh[cx})2+—x(7r+c27rx2)3/2 (a+bAr‘cSinh[cx])2+7T (a+ Lex])
8 4 8bc

Result (type 3, 294 leaves, 10 steps):
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15 1 9b2 /i +c2mx? ArcSinh[c x
= b?axafm+ X3 +—b2nx(1+c2x2) e ax? - lexy

64 32 64c1+c2x2
3bcnx?Vr+c?nx? (a+bArcSinh[cx]) b (1+c2x2)3/2\/7r+c27rx2 (a+bArcSinh[cx])
- +
81+ c?x? 8¢

3 1 nm+c2nx? (a+bArcSinh[cx])?
=—axa/m+c?nx? (a+bAr‘cSinh[cx})2+7x(7r+c27rx2)3/2 (a+bArcSinh[cx])?+ ( )
8 4 8bcv1+c?x?

Problem 254: Result valid but suboptimal antiderivative.
J\/]TJrCZ]TXZ (a+bArcsinh[cx] )zdlx

Optimal (type 3, 122leaves, 5steps):

1 b2~/ ArcSinh[cx] 1 1 A7 (a+bArcSinh[cx])?
Zb2m o xAJ1+c2x® - d [ ]——bC\/H x* (a+bArcSinh[cx]) + = x5+ c? i x? <a+bAr'cSinh[cx])2+ ( )
4 2

4c 2 6bc

Result (type 3, 184 leaves, 5 steps):

1 b2+ c2ix? ArcSinh[cx] bcx2Vr+c?2nx? (a+bArcSinh[cx])
Zb2xA/m+c2ax? - - +
4 4c1+c2x* 2V/1+c2x%

1 o+ e2nx? (a+bArcSinh[cx])?

“xa/m+c2nx? (a+bArcSinh[cx])?+ ( )

2 6bcV1+c?x?

Problem 256: Result valid but suboptimal antiderivative.

(a+bArcsinh[cx] )2
J dx

<7T+C27TX2>3/2

Optimal (type 4, 104 leaves, 6 steps):

2 2

(a+bArcsinh[cx])® x (a+bArcSinh[cx])? 2b (a+bArcSinh[cx]) Log[1+e?Aresinhicx]] b2 polylog|2, -e?Arcsinhicx]]
N _ _

C 7T3/2 P m c 7T3/2 c 7T3/2
Result (type 4, 179 leaves, 6 steps):
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x (a+bArcSinh[cx])? +/1+c2x? (a+bArcSinh[cx])?

+ —

N T+ €2t x? cr i+ c2ax?
2b+/1+c2x? (a+bAr‘cSinh[c x}) Log[1+e2A”CSi"h[cx]] b2 /1 +c2x? PolyLog[Z, —eZA”CSi”h[CX]]
cV o+ c? X3 cravm+c2ax?

Problem 257: Result valid but suboptimal antiderivative.

2

J(a +bArcSinh[cx])

<7T+ CZJTX2>S/2

Optimal (type 4, 204 leaves, 9 steps):

b2 x b (a+bArcSinh[cx]) 2 (a+bArcSinh[cx] )2 X (@+bArcSinh[cx] )2
_3ﬂ5/2m+ 3 ¢ 7572 (1+c2x2) " 3 ¢ 7572 i 37T<7T+C27TX2>3/2 "
2x (a+bArcSinh[cx])? 4b (a+bArcSinh[cx]) Log[1+e2ArSinhicxI] 2 b2 polyLog[2, -e2Arcsinhicx]]
32T - 3¢ 7572 - 3¢ 5/2
Result (type 4, 292 leaves, 9 steps):
b2 x b (a+bArcSinh[cx]) x (a+bArcSinh[cx])? 2x (a+bArcSinh[cx])?
3 3 It i dod | 3 (recin)’t 3piidod
2\/m<a+bAr‘cSinh[cx])2 4bm(a+bAr‘cSinh[cx}) Log[1 + e2Arcsinhicx] | ZbZWPolyLog[z, — @2 Arcsinhlcx] |
3 7 3c Ve e 7 3

Problem 291: Result optimal but 1 more steps used.

2

Jx“ (a+bArcsinh[cx]) :
X

\d+c?2dx?
Optimal (type 3, 323 leaves, 10 steps):
15b% x (1+c?x?) b?x® (1+c?x?) 15b2+/1+c2x? ArcSinh[c x]
- + +

+

64act/d+c2dx?  32c2V/d+c2dx? 64c5\/d+c2dx?
3bx2m(a+bAr‘cSinh[cx]) bx4m<a+bAr‘cSinh[cx])
8c3\/d+c2dx? 8cd+c2dx?
BX\/m(aerAr‘cSinh[cxH2 x3\/m<a+bAr‘cSinh[cx])2 m(a+bArcSinh[cx])3

+ +

8c*d 4c*d 8bc5+d+c2dx?

| 35
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Result (type 3, 323 leaves, 11 steps):

15b2 x (1+c?x?) b? x® (1+c?x?) 15b2+/1 + c2x2 ArcSinh[c x]
- +

+ +

64c*\d+c2dx?  32c2\/d+c?dx? 64c5\d+c2dx?
3bx2m(a+bArcSinh[cx]) bx4m<a+bAr‘cSinh[cx])
8c3/d+c2dx? 8cVd+c2dx?
3X\/m(a+bAr‘cSinh[cx}>2+x3\/m(aerAr'cSinh[cx])z+\/1+c72x2(aerAr'cS.inh[cx})3
8c*d 4c%d 8bcSVdrc2dx?

Problem 293: Result optimal but 1 more steps used.

2

sz (a+bArcsinh[cx])
dx

Vd+c?2dx?
Optimal (type 3, 204 leaves, 5 steps):
b2x (1+c2x?)  b2+/1+c?x2 ArcSinh[cx] bx?V1+c?2x? (a+bArcSinh[cx])

- +

4c2+d+ctdx? 4c3+d+c2dx? 2c/d+c?dx?
xVd+c2dx? (a+bArcSinh[c x})2 V1+c?x? (a+bArcSinh[c x}>3
2c2d 6bc3\/d+c2dx?

Result (type 3, 204 leaves, 6 steps):
b2 x (1 +c2 XZ) b2+/1+c2x2 ArcSinh[cx] bx?V1+c?x? (a +bArcSinh[c x] )

- +

4c?~d+c?dx? 4c3+d+c?dx? 2cVd+c?2dx?
xVd+c?dx? (a+bAr‘cSinh[cx1)2 V1+c?x? (a+bArcSinh[c x1>3
2c2d 6bc3/d+c2dx?

Problem 295: Result optimal but 1 more steps used.

(a+bArcSinh[cx] )2
J dx

Vd+cZdx?
Optimal (type 3, 47 leaves, 1step):
V1+c2x* (a+bArcSinhcx])?
3bc/d+c2dx?

Result (type 3, 47 leaves, 2 steps):
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V1+c2x? (a+bArcSinh[cx])?
3bcvVd+c?dx?

Problem 296: Result optimal but 1 more steps used.

2

(a+bArcSinh[cx])
J dx

xVd+c?dx?
Optimal (type 4, 223 leaves, 8 steps):
2+/1+c2x? (a+bArcSinh[cx])?ArcTanh[efresinhicx] ] 2b+/1+c2x? (a+bArcSinh[cx]) Polylog[2, -eAresinhicx] ]

+

Vd+c?2dx? Vd+c?dx?
2bv1+c?x? (a+bArcSinh[cx]) Polylog|2, efresimhiex]] 2 p2+/1+c2x? Polylog[3, —efresinhiex] ] 2p2+/1+c2x? Polylog|3, efresinhicx] ]
N _
Vd+c?dx? Vd+c?dx? Vd+c?dx?

Result (type 4, 223 leaves, 9 steps):
2+/1+c2x? (a+bArcSinh[cx])?ArcTanh[efresinhicx] ] 2b+/1+c2x? (a+bArcSinh[cx]) Polylog[2, -eArcsinhicx] ]

+

Vd+c2dx? Vd+c2dx?
2bv1+c?x? (a+bArcSinh[cx]) Polylog|2, efresinhiex] ] 2p2+/1+c2x? Polylog[3, —efresinhiex] ] 2p2+/1+c2x? Polylog|3, efresinhicx] ]
. -
Vd+ctdx? Vd+c?dx? Vd+c2dx?

Problem 298: Result optimal but 1 more steps used.

2

(a+bArcsinh[cx])
J dx

x3\d+c2dx?
Optimal (type 4, 360 leaves, 13 steps):
bcV1+c2x?* (a+bArcSinhcx]) ~/d+c2dx? (a+bArcSinh[cx])? c2v/1+c?x? (a+bArcSinh[cx])?ArcTanh|egAresinhicx]

+ —

xVdscZdE 2dx2 Vd+cZdx?
b2 c2V/1+c?x? ArcTanh[V1+c2x* | bc2V1+c*x? (a+bArcSinh[cx]) PolylLog|2, —eAresinhicx] |
N _
Vd+c?dx? Vd+c?2dx?

| 37

bc2+/1+c2x? (a+bArcSinh[cx]) Polylog[2, efresiniicx]] b2 c2+/1+c?x2 Polylog|3, -eAresinhlcx] ] b2 c2+/1+ c2x? Polylog|3, efresinhicx] |
- +

\d+c?dx? Vd+c?dx? Vd+c?dx?
Result (type 4, 360 leaves, 14 steps):
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bcV1+c2x? (a+bArcSinh{cx]) ~/d+c2dx? (a+bArcSinh[cx])? c2v1+c?x® (a+bArcSinh[cx])?ArcTanh][eAresinnicx] ]
_ _ N _
2dx? vd+c?dx?

xVd+c2dx?
b2 c2+/1+ c2x? ArcTanh [m] bc2V/1+c2x2 (a+bArcsinh[cx]) PolylLog|[2, - eAresinhicx] |
bc2v/1+c2x2 (a+bArcsinh[cx]) PolyLog|2, efresinhiex] | p2 ¢2 V1+c2x? Polylog (3, —eAresinhlex] ] p2 ¢2 \/1+c2x? Polylog [3, ehresinhicx] |

Problem 301: Result optimal but 1 more steps used.

2
dx

JX4 (a+bArcsinh[cx])

(d+c2dx2)3/2

Optimal (type 4, 400 leaves, 14 steps):
b2+/1+c2x? ArcSinh[cx] bx?V1+c?2x? (a+bArcSinh[cx]) X3 <a+bAr‘cSinh[cx])2
- +

4c>dd+c?dx? 2c3d/d+c?2dx? c2d/d+c?2dx?

b2 x (1+c?x?)
4c*d~d+c?2dx?
3xVd+c2dx? (aerAr‘cSinh[cx])2 V1+c?x? (aerAr‘cSinh[cx])3

V1+c?x? <a+bAr‘cSinh[cx])2
+
2 ctd? 2bcSd/d+ c2dx?

c>d~d+c?dx?
2bV1+c?x? (a+bArcSinh[cx]) Log[1+e?Arcsinticx]]  p2+/1+c2x? Polylog[2, -e?Arcsinhicx] ]

c>dVd+c?dx? c>dvd+c?dx?

Result (type 4, 400 leaves, 15 steps):
b2/1+c2x2 ArcSinh[cx] bx2V/1+c2x? (a+bArcSinh[cx]) X <a+bAr‘cSinh[cx])2
.

4c>dd+c?dx? 2c3d/d+c?2dx? c2d/d+c?2dx?

V1+c2x? (a+bArcSinh[cx])? 3xVd+c2dx? (a+bArcSinh[cx])? ~1+c?x? (a+bArcSinh[cx])?
N _ _
cSdVd+c2dx? 2ctd? 2bcSd/d+c2dx?

2bv1+c?x? (a+bArcSinh[cx]) Log[1+e?Aresinticx]]  p2+/1+c2x? Polylog[2, -e2Arcsinhicx] ]

b2 x (1+c2 xz)

4c*dvd+c?dx?

cSd/d+c2dx? c>d/d+c2dx?

Problem 303: Result optimal but 1 more steps used.

2

sz (a+bArcsinh[cx])

(d +c2d X2> 3/2

Optimal (type 4, 233 leaves, 7 steps):



x (a+bArcSinh[cx])? /1+c2x? (a+bArcSinh[cx])? +/1+c2x? (a+bArcSinh[cx])?

- - + +
c2d+d+c?dx? c3dvd+c?dx? 3bc3dVd+c?dx?
2b+/1+c2x? (a+bAr‘cSinh[c x}) Log[1+e2A”CSi”h[cx]] b2+/1+c2x? PolyLog[Z, —eZA”CSi”h[CX]]
+
c3d~/d+c?dx? c3d/d+c2dx?

Result (type 4, 233 leaves, 8steps):
x (a+bArcSinh[cx])? +/1+c2x? (a+bArcSinh[cx])? +/1+c2x? (a+bArcSinh[cx])?

- + +
c?2d/d+c?dx? c3d/d+c?dx? 3bc*d+vd+c?dx?
2bV1+c?x? (a+bArcSinh[cx]) Log[1+e?Arcsinticx]]  p2+/1+c2x? Polylog[2, -e2Arcsinhicx] ]
+
c3d+vd+c?2dx? c3dd+vd+c?2dx?

Problem 306: Result optimal but 1 more steps used.

2

(a+bArcSinh[cx])
J dx

X (d+c2dx2)3/2

Optimal (type 4, 412 leaves, 15steps):

(a+bArcSinh[cx])? 4bV1+c2x?* (a+bArcSinh[cx]) ArcTan[eAresinhicxI]  2+/14+c2x? (a+bArcSinh[cx])?ArcTanh[eAresinhicx] ]

7 Inverse hyperbolic functions.nb

d/d+c?dx?

dvd+c2dx? dvVd+c2dx?
2b\/1+c2x? (a+bArcsinh[cx]) PolylLog|[2, —eArcsinhicx] ] . 21b2/1+c2x? PolylLog[2, - i eAresinhicx] |
dvVd+c?dx? dvd+c2dx®
2ib2+/1+c2x2 Polylog (2, i eAresinhiex] ] 2p Vivezx? (a+bArcSinh[cx]) Polylog [2, efresinnicx] ]
aa-cax ) aa-daxt
2b2/1+c2x? PolyLog(3, —eArsSinhicxI]  2p2+/1+c2x? Polylog|3, eAresinhicxl |
dVdEdxE 7 ddr T dxt

Result (type 4, 412 leaves, 16 steps):

+

| 39



40 | 7 Inverse hyperbolic functions.nb

(a+bArcSinh[cx])? 4bV1+c2x?* (a+bArcSinh[cx]) ArcTan[eArcsinhicx]  2+/14+c2x? (a+bArcSinh[cx])?ArcTanh[eAresinhicx] ]

dVd+c2dx? dVd+c2dx® dVd+c2dx2
2b/1+c2x2 (a+bArcsinh[cx]) PolylLog|2, -eAresinhicx] } 2ib2\/1+c2x2 Polylog|2, hrcsinhicx] |
dds T 4V ZdxE _
21b2+/1+c2x? PolylLog (2, i eAresinhlex] ] 2p Vivcazx® (a+bArcSinh[cx]) PolyLog|2, efresinhicx] |
N ) NCErrra )
b2/1+c2x? PolylLog|[3, -ehresinhicxl ] 2 p2 \/1+c2x? Polylog [3, ehresinhicx] |
ddsTdxt 7 ddrZdxt

Problem 308: Result optimal but 1 more steps used.

(a+bArcSinh[cx] )2
J dx

3 (dJrCZdXZ)B/2

Optimal (type 4, 573 leaves, 26 steps):
bcvVi+c?x? (a+bArcSinh[cx]) 3c? (a+bArcSinh[c x})2

dxVd+cZdx® 2dVd+cZdx?
(a+bArcsinh[cx] )2 Abc2/1+c2x2 (a+bArcsinh[cx]) ArcTan[ehresinhiex] |
2axd A NerrrTa )
3c2V/1+c2x? (a+bArcSinh[cx]) ? ArcTanh [eAresinhicx] | p2 ¢2 \/1+c2x2 ArcTanh [m]
aa-dax ) aa-caxt )
3bc2V1+c2x? (a+bArcSinh[cx]) Polylog|2, - eArcsinhicx] ] 2ib2c?/1+c?x? Polylog[2, -i eAresinhicx]
Nerrrra NeErrra )

21b2c?/1+c?x? Polylog[2, i eAresinhiex) ] 3pc2+/1+c2x? (a+bArcSinh[cx]) PolylLog|2, efresinhicx] ]

ddrZdxE 7 ddrZdxE 7
3b2c2/1+c2x2 PolyLog|[3, —efresinhlcx] ] 3p2 2 \/1+c2x? Polylog [3, efresinhicx] ]

a-a-dax + Ncrrrra

Result (type 4, 573 leaves, 27 steps):
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bcv1+c?x? (a+bArcSinh[cx]) 3c? (a+bArcSinh[c x})2

dx+d+c2dx? 2d+/d+c?dx?
(a+bArcSinh[cx] )2 . 4bc2/1+c2x? (a+bArcsinh[cx]) ArcTan[ehresinhiex] | .
2dx2V/d+c2dx? dvd+c2dx?
3c2/1+c2x? (a+bArcsinh[cx] )2 ArcTanh [gAresinhlex] | p2 ¢2 \/1+c2x2 ArcTanh [m]
N ) Nerrrra '
3bc2/1+c2x2 (a+bArcsinh[cx]) PolylLog|2, —eAresinhicx] | 2 b2 c2 \/1+c2x? Polylog [2, -1 eAresinhlex] ]
NerrrTa ) TS ’

2ib2c2+/1+c2x? Polylog [2, i eAresinhlex] ] 32 V12 (a+bArcSinh[cx]) PolyLog|2, efresinhicx] ]

Vs cZdxE _ Vs cZdx _
3b2c2+/1+c2x? Polylog[3, —eAreSinicxI | 3p2c2+/1+c2x? Polylog|3, eArcsinnicx] ]

N ) Nerrrra

Problem 311: Result optimal but 1 more steps used.

Jx“ (a+bArcSinh[cx] >2 ;
X

(d+c2dx2)5/2

Optimal (type 4, 398 leaves, 16 steps):
b2 x b2 /1 +c2x? ArcSinh[c x] bx? (a+bArcSinh[cx]) x> (a+bArcSinh[cx])?
+

3c4d2+/d+ c2dx? 3c5d2+/d+ c2dx? 3c3d2V/1+c2x2 Vd+c2dx? 3c2d(d+c2dx2)3/2
x (a+bArcSinh[cx])? 4+/1+c2x? (a+bArcSinh[cx])? +/1+c2x? (a+bArcSinh[cx])?

+ +
c*d?+/d+c?dx? 3c¢°d?+vd+c?dx? 3bc>d?+/d+c?dx?
8b\1+c2x* (a+bArcSinh[cx]) Log[1+e2Arcsinhlcx]]  4p2+/1+c2 x> Polylog|2, —e2Arcsinhicx] |
+
3c>d?+/d+c?dx? 3c>d?+/d+c?dx?

Result (type 4, 398 leaves, 17 steps):
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b2 x b2+/1+c2x2 ArcSinh[c x] bx? (a+bArcSinh[cx]) x> (a+bArcSinh[cx])
+ _

3c4d?2+/d+c2dx? 3c5d2+/d+c2dx? 3c3d2vV1+ce2x% \/d+c2dx? 3c2d (d+c2dx?)??
x(anbAr*cSinh[cx])2 4+/1+c?x? (anbAr'cS.inh[cx})2 V1+c?x? (a+bAr‘cSinh[cx}>3

+ +
c*d?+/d+c2dx? 3c¢5d2vd+c?dx? 3bc>d2+/d+c?dx?

8b\/1+c2x? (a+bArcSinh[cx]) Log[1+e2Arcsinilcx]]  4p2+/1+c2x2 Polylog|2, —e2Arcsinhicx] |

+

3c¢°d?vd+c?dx? 3c°d?2vVd+c2dx?

2

Problem 316: Result optimal but 1 more steps used.

J(a+bAr‘cSinh[c x])2
x (d+c2dx?)>?

Optimal (type 4, 518 leaves, 24 steps):
b2 bcx (a+bArcSinh[cx]) (a+bAr‘cSinh[cx})2 (a+bArcsinh[cx])
3@ VA a3 VIR VAL Tdad | 3d(drcda)??  @diddd
14b+/1+c2x2 (a+bArcsinh[cx]) ArcTan[eAresinhiex] ] 2 V1vezx? (a+bArcSinh[cx] )2 ArcTanh [ gAresinhiex] |
3d2d- cdxt * @A cZdxd
2b/1+c2x2 (a+bArcsinh[cx]) Polylog [2, —eAresinhicx] | 7 p2 \V/1+c2x? Polylog [2, -1 eAresinhlcx] ]
T ) N Errd )

71ib2+/1+c?x? Polylog[2, i efesinicxl ] 2b+/1+c?x? (a+bArcSinh[cx]) Polylog[2, eAresinnicx] |

3@ drax ) @ dx
2b2+/1+c2x2 Polylog (3, —ehresinhlex] ] o p2 \/1+c2x? Polylog [3, efresinhicx] |

=T * @ dr T dx

2

+

Result (type 4, 518 leaves, 25 steps):
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b2 bcx (a+bArcSinh[cx]) (aerAr‘cSinh[cx])2 (aerAr‘cSinh[cx])2

3@ Vd a3V Viiddad | 3d(drcdx)??  @vdiddd
14b~/1+c2x? (a+bArcSinh[cx]) ArcTan [eAresinhlex]] 2 V1ve2x? (a+bArcsinh[cx] )2 ArcTanh [ eAresinhicx] |
32 Vd: Zdx _ ¢ Vdr cdx?
2bV1+c2x? (a+bArcSinh[cx]) PolyLog|2, -eArcsinhicx]] 7 b2 V1+c?x? Polylog[2, - i eAresinhicx ]
NFErTa ' N

71ib2/1+c2x? PolylLog [2, i eAresinhlex] ] 2p Vi1+c2x? (a+bArcSinh[cx]) PolylLog [2, efresinhicx] ]
N T ) NCEErTa

2b2+/1+c2x? PolylLog [3, - gAresinhlcx] } 2b2+/1+c2x? PolylLog [3, ghresinhicx] ]

d?+/d+c?2dx? d2+/d+c?dx?

+

Problem 318: Result optimal but 1 more steps used.

(a+bArcsinh[cx] )2
J dx

x3 (d+c2dx2)5/2

Optimal (type 4, 687 leaves, 38 steps):

b2 2 bc (a+bArcSinh[cx]) 2bc3x (a+bArcSinh[cx]) 5c? (a+bArcSinh[cx] )2
3d2vVd+c2dx? d2xvV1+c2x2 VJd+c2dx? 3d2vV1+c2x2 VJd+c2dx? 6d(d+C2dX2)3/2
(a+bArcSinh[cx])? 5c? (a+bArcSinh[cx])? 26bc?v/1+c2x? (a+bArcSinh[cx]) ArcTan|eAresinhicx] ]
- + +

2dx? (d+c2dx2)3/2 2d2+/d+c2dx? 3d2/dscldx®
5c2/1+c2x? (a+bArcSinh[cx]) 2 ArcTanh [@Aresinhlex] | p2 ¢2 \/1+c2x2 ArcTanh [m]
@ VdrcZdxd _ @ dr cdx?
5bc2/1+c2x% (a+bArcsinh[cx]) PolylLog|[2, —eAresintiex]] 13 b2 ¢2 V1+c?x? Polylog[2, - i eAresinhicx] |
@ drcZdx 7 3d2d: cZdx
131 b2 c2+/1+ c2x2 Polylog [2, i eAresinhlex) ] 5pc2 Vi+c2x? (a+bArcSinh[cx]) Polylog [2, ehresinhicx] ]
302 /d - c2dxd ' ¢ d T dxT
5b2c2+/1+c2x? PolylLog[3, —eArSinicxI | 5p2c2+/1+c2x? Polylog|3, eArcsinnicx] ]
NrErrra ) @ dax
Result (type 4, 687 leaves, 39 steps):

+

+
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b2 2 bc (a+bArcSinhfcx]) 2bc?x (a+bArcSinh[cx]) 5c? (a+bArcSinh[cx] )2
3d2/d+c2dx? d?2xvV1+c2x2 VJd+c2dx? 3d2/1+c2x2 \/d+c?2dx? 6d(d+c2dx2)3/2
(a+bArcsinh[cx])? 5c? (a+bArcSinhcx])® 26bc2V1+c2x? (a+bArcSinh[cx]) ArcTan][eArcsinhicx] ]

+ +

2dx? (d+c2dx?)?? 2d>Vd+c2dx® 3d2Vd+c2dx®
5c2/1+c2x2 (a+bArcSinh[cx] )2 ArcTanh [ efresinhicx] ] p2 ¢2 V1+c2x? ArcTanh[V1+c2x? |
¢ d T dxt _ ¢ d T dxt
5bc2/1+c2x2 (a+bArcsinh[cx]) PolyLog[2, -eAresintlcx]] 13 b2 ¢2 \/1+c2x? Polylog [2, -i eAresinhlex] ]
R T _ 32 Vd: 2dx
131 b2c2+/1+c2x? Polylog [2, i eAresinhlex] ] 52 Vivezx? (a+bArcsinh[cx]) PolylLog|2, eAresinhicx] ]
302 d: dx? 7 @ d s cZdxE
5b2c2+/1+c2x? Polylog [3, —eAresinhicx] ] 5 p2 ¢2 \/1+c2x? Polylog [3, efresinhicx] ]
NrErrTa ) TS

+

+

Problem 321: Result valid but suboptimal antiderivative.

JX"‘ (d+ czdxz)S/2 (a+bArcSinh[cx])?dx

Optimal (type 8, 935leaves, 12 steps):
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10b2c2d2x3™M/d+c2dx? 2b2c?d? (52+15m+m?) x> M /d+c2dx?  2b2c*d2x5M/d+ 2 d x>

(4+m)3 (6+m) ' (4+m)2 (6+m)3 : (6 +m)?3 )
30bcd2x2*"‘m(a+bArcSinh[cx]) 10bcd2x2*mm<a+bAr‘cSinh[cx]) 2bcd2x2*mm(a+bArcSinh[cx])

(2+m)% (4+m) (6+m) V1+cZx? _ (6+m) (8+6m+m?) V1+c2x? _ (12+8m+m) V1+c2x? i
10bc3d2x4*mm(a+bAr‘cSinh[cx}> 4bc3d2x4*"‘m(a+bAr‘cSinh[cx])

(4+m)2 (6+m) V1+c2x2 . (4+m) (6+m) V1+c2x? 7
2bcd2x6"+/d+c2dx? (a+bArcSinh[cx]) 15d2x¥ M /d + c2dx? (a+bArcSinh[c x})2 5d xm (d+c2dx2)3/2 (a+bArcsinh[c x])2
(6+m2V1+c2x® ' (6+m) (8+6m+m?) ' (4+m) (6+m) +
xtm (d+c2dx?)>? (a+bArcSinh[cx])? 30 b2 c2 d2 x3*mmHyper‘geometr‘iCZFl[%, 3;"‘, 5;'", -2 x?|
6+m ' (2+m)? (3+m) (4+m) (6+m) V1+c?x? ’

10b2 c2d? (18 +3m) x>*™~/d + c2d x? Hypergeometric2Fi| %, B S c2 %2

2’ 2
(2+4m) (3+m) (4+m)3 (6+m) V1+c?x?

+

15 d* Unintegrable | x" (a+bArcsinhcx])? | q

/ d+c?d x?
.
(2+4m) (3+m) (4+m)2 (6+m)3\/1+c?x? (6+m) (8+6m+m?)

2b%c?d? (264 +130m+15m?) x>*"~/d + c2d x2 Hypergeometric2F1| %, B*T'", 5;”‘ , -2 x?]

Result (type 8, 30leaves, 0steps):

5/2

Unintegrable[x" (d +c?d x?)*'* (a+bArcSinh[cx])?, x|

Problem 322: Result valid but suboptimal antiderivative.

JX’" (d+ czdx2)3/2 (a+bArcSinh[cx] )zdlx

Optimal (type 8, 487 leaves, 7 steps):
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202c2dx3m/d+c2dx?2  6bcdx*"Vd+c?dx? (a+bArcSinh[cx]) 2bcdx*"+d+c?dx* (a+bArcSinh[cx])

(4+m? (2+m)? (4+m) V1+c2x2 (8+6m+m?) \/1+c2x2
2bc3dx4m/d+c2dx? (a+bArcSinh[cx]) X 3dxtma/d+c2dx® (a+bAr~cSinh[cx})2 .
(4+m2/1+c2x? 8+6m+m
X (d+ c2dx2) 2 (a+ b Arcsinhcx] ) ) 6b2c2dx>"/d+c?dx? Hypergeometric2F1[l, =B, 20, _c2y2] )
4+m (2+m)2 (34m) (4+m) V1+c?x2

. m : 2
3 d? Unlntegr‘able [ x" (a+b ArcSinh[c x]) s X]

4/ d+c?dx?
4

2b%c2d (10+3m) x**"+/d + c2d x2 Hypergeometric2F1| i, 3;"‘ , 5;'" , —c2x?]

(2+m) (3+m) (4+m)31+c2x? 8+ 6m+m

Result (type 8, 30 leaves, 0steps):

2

Unintegrable|x" (d + c®dx?) 32 (a+bArcsinh[cx])?, x]

Problem 323: Result valid but suboptimal antiderivative.
Jxm«/dJrczde (a+bArcSinh[cx})2dlx

Optimal (type 8, 198 leaves, 3 steps):
2bcx®™Vd+c?dx? (a+bArcSinh[cx]) x"+/d+c2dx® (a+bArcSinh[cx] )2

- + +

(Zer)z\/lJrCZX2 2+m

x" (a+b ArcSinh[c x])?

. . . d Unintegrable X
262 c2x>"\/d+ c2dx® Hypergeometric2F1[2, =, =%, —c2x?| & [ g ]

2 2
+

(2+m)2(3+m)x/1+c2x2 2+m

Result (type 8, 30 leaves, 0steps):

Unintegrable[x"+/d+c?dx® (a+bArcSinh[cx])?, x]

Problem 337: Result optimal but 1 more steps used.

ArcSinh[ax]3
J— dx

Vec+a?cx?
Optimal (type 3, 40leaves, 1 step):
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\/1+a2x? ArcSinh[ax]*
4acratcx®

Result (type 3, 40 leaves, 2 steps):

\V1+a2x? ArcSinh[ax]*
4acralcx®

Problem 413: Result valid but suboptimal antiderivative.
J xV1+c?x?
(

a+bArcSinh[cx])

dx
2

Optimal (type 4, 149leaves, 14 steps):
a a+b ArcSinhfcx] 3a 3 (a+bArcSinh[ex])
x (1+c2x?) ) Cosh[Z] CoshIntegral| 2 bA'”CS;“h <xl] ) 3Cosh[3ba} CoshIntegral[ @ bA'"Cslnh exl) ] )

7bc<a+bAr‘cSinh[cx]) 4p2 2 4 b2 c?

Sinh[2] SinhIntegral[ =PARSItRIEXL] 3 sinh[22 ] SinhIntegral [ *(2:RArcsinhloxl) |

4 b2 c? 4 b2 c?

Result (type 4, 198 leaves, 14 steps):

x (1+c2x?) 3 Cosh]| %] CoshIntegral [ﬁ + ArcSinh[c x] |
7bc<a+bAr‘cSinh[cx]) ) 4 b2 c? i
3 Cosh]| 373] CoshIntegral| 3?"’ +3ArcSinh[cx]] Cosh| i] CoshIntegral| wﬂ]
4 b2 c? " b2 2 *
BSinh[i] SinhIntegral[ﬁ +ArcSinh[c x] } 35inh[3Ta] SinhIntegr‘al[%a + 3 ArcSinh[c x] } Sinh[ﬁ] SinhIntegr‘al[@M]
4 b2 c? ) 4 b2 c? ) b2 c?

Problem 474: Result optimal but 1 more steps used.
J\/Ar‘csinh[a X]
Ve+aZex?

Optimal (type 3, 42leaves, 1 step):
24/1+a?x? ArcSinh[ax]3/?
3a+c+a?cx?

Result (type 3, 42 leaves, 2steps):

dx
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2+ 1+a?2x?® ArcSinh[ax]3/?
3av/c+atcx?

Problem 479: Result optimal but 1 more steps used.
ArcSinh[ax]3/2
Optimal (type 3, 42leaves, 1 step):
2+/1+a?x? ArcSinh[ax]%/2
5avc+atcx?
Result (type 3, 42 leaves, 2steps):
21 +a?x? ArcSinh[ax]5%/2
5avc+alcx?

dx

Problem 483: Result optimal but 1 more steps used.
JAr'cSinh[a x]>/2 dx
Veralex?

Optimal (type 3, 42leaves, 1step):
2+/1+a2x? ArcSinh[ax]7/2

7aVc+alcx?
Result (type 3, 42 leaves, 2 steps):
24/1+a2x2 ArcSinh[ax]7/2

7avc+ra?cx?

Problem 487: Result optimal but 1 more steps used.

Ar‘cSinh[l}

a

J— i
vV a?+ x?

Optimal (type 3, 39leaves, 1step):



2a [1+ § Ar‘cSinh{i]B/2
3+va%+x?
Result (type 3, 39leaves, 2 steps):

2a [1+% Arcsinh[X]*"?
a a

3+va%+x?

Problem 492: Result optimal but 1 more steps used.

ArcSinh|[*] 3/2
22 a-
Va? + x?

dx

Optimal (type 3, 39leaves, 1 step):

2a [1+ ;‘% Ar‘cSinh[i]S/2
5+a%+x?
Result (type 3, 39 leaves, 2steps):

2a [1+ % Ar‘cSinh[l]S/2
a a

5+ a2+ x?

Problem 495: Result optimal but 1 more steps used.

5/2

(c+a’c x2)
J dx
v/ ArcSinh[a x]

Optimal (type 4, 396 leaves, 18 steps):
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5c2+/c+a?cx? VArcSinh[ax] 3c2V/r Vc+a?cx? Erf[2+/ArcSinh[ax] | 15¢? /7 Veralex? Erf(+/2 V/ArcSinh[ax] |

+ + +

8aV1+aZx? 64a+/1+a%x? 64a+V1+ax?
2 /i Ve+a?ex? Erf[V6 V/ArcSinh[ax] | 3¢2+/1 \/cralcxd Erfi[2/ArcSinh[ax] |

+ +
64a+V1+ax? 64a+V1+ax?

15¢2 [T +fc+ra?cx? Erfi[+/2 VArcSinh[ax] | 2 [Z +/c+a?cx? Erfi[+/6 /ArcSinh[ax] |

2 + 6

64a+1+a%x? 64a+/1+a%x?

Result (type 4, 396 leaves, 19 steps):

5c2+/cralcx? VArcSinhax] 32/ \/cra?cx? Erf[2+/ArcSinh(ax] | 15 c2 [Z Vec+a?cx? Erf[V2 +/ArcSinh[ax] |
+

+

+
8a+1+aZx? 64a+1+a%x? 64a+1+a%x?
<\ [7 Vera’cx? Erf[v6 VArcSinh[ax] | 3c2+/r v/cralcx? Erfi[2+/ArcSinhax] |
+ +
64a+1+a%x? 64a+1+a%x?
15¢? /% ~Jc+atcex? Er‘-Fi[\E\/Ar‘cSinh[ax] ] 2 /% NJec+atex? Er‘-Fi[\/?\/Ar‘cSinh[ax} ]
2 . 6
64a+1+a’x? 64a+/1+a%x?

Problem 496: Result optimal but 1 more steps used.

3/2

(c+a?cx?)
J dx
\/ArcSinh[a x]

Optimal (type 4, 264 leaves, 13 steps):
3cvcralex® VArcSinhjax] < Vcra?cx? Erf[2+/ArcSinhlax] | c\/?\/urazcx2 Erf[+/2 VArcSinh[ax] |
+

+

+
4a+1+a%x? 32aV1+a%x? 4a+1+a%x?
cVr VcraZcx? Erfi[2+/ArcSinhax] | €./, Vecratex? Erfi[+/2 v/ArcSinh[ax] |
+
32a/1+a%2x? 4a+1+a%x?

Result (type 4, 264 leaves, 14 steps):
3cy/cratcx? /ArcSinh[ax] ¢V c+a2ex? Erf[2+/ArcSinh[ax] | C\/? Ve+a?ex? Erf[v/2 +/ArcSinh[ax] |
+

+
4a+1+a%x? 32a+v1+a%x? 4a+1+a%x?
cVr VcraZcx? Erfi[2+/ArcSinh[ax] | €./, Vecratex? Erfi[+/2 v/ArcSinh[ax] |
+

32aV1+a%x? 4a+1+a%x?

+
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Problem 497: Result optimal but 1 more steps used.

Veralex?
Jvm
Optimal (type 4, 156 leaves, 8 steps):

Ve R Ox JArcsimniax] |2 Vo ox Erf (V2 VArcsimiax] | \[Z Vera?oxd Enfi[2 VArcsinhax] |
aToata ) 4avizatnd ) daviiatnd
Result (type 4, 156 leaves, 9 steps):

Vc+a?cx? JArcSinh[a x| /§ Ve+a?cx? Erf[\/?\/ArcSinh[ax] ] /f Vc+a?cx? Er'-Fi[\E\/Ar‘cSinh[ax] ]
+

+

aVl+azx? 4a+1+a%x? 4a+1+a%x?

dx

Problem 498: Result optimal but 1 more steps used.

1
j dx
\c+a2cx? \/ArcSinh[ax]

Optimal (type 3, 40leaves, 1 step):

2+v1+a2x? ~/ArcSinh[ax]

avc+a?cx?
Result (type 3, 40leaves, 2 steps):

2+V1+a2x? ~/ArcSinh[ax]

avc+aZcx?

Problem 504: Result optimal but 1 more steps used.

1
J dx
Vc+a?cx? ArcSinh[ax]3/?

Optimal (type 3, 40leaves, 1 step):
2/1+a%2x?

avc+aZcx? v/ArcSinh[ax]

Result (type 3, 40 leaves, 2 steps):
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2v1+a?x?

avc+a2cx® VArcSinh[ax]

Problem 509: Result optimal but 1 more steps used.

1
j dx
Vv c+a?cx? ArcSinh[ax]>/?

Optimal (type 3, 42leaves, 1 step):
2V1+aZx?

. 3a+/c+a?cx? ArcSinh[ax]3/2

Result (type 3, 42leaves, 2 steps):
2v/1+a2x2

_ 3a+/c+a?cx? ArcSinh[ax]3/2

Problem 512: Result optimal but 1 more steps used.
szxld+c2dx2 (a+bArcsinh[cx] )" dx

Optimal (type 4, 235 leaves, 6 steps):

4a

Vd+c2dx? (a+bArcSinh[cx] )" 2263me v y/drc2dx? (a+bArcSinhicx])" (74ua*b‘\"°5i“h X )m Gamma |1 +n, - #(a:bArcsinhiexl) |

b b
— + —

8bc? (1+n) V1+c?x? c3/1+c2x?
4a . — N
2-2 (3+n) ebv \Vd+ Czd x2 (a + bAr‘cSinh[cx] )n a+bAr‘ch1nh cX ) ”Gamma[1+ n, 4 (a+bAr‘ckS)1nh cx]) }

31+ c?x?
Result (type 4, 235leaves, 7 steps):

4a

NJdrc2dx® (a +bArcSinh|[c x] >1+n 27203+ o % \/d+c2dx2 (a +bArcSinh[c x] )n (_ a+b ArcSinh[c x] )*“ Gamma[1+ n, - 4 (a+b ArcSinh[cx]) }

b b
— + —

8bc3’<1+n>\/1+c2x2 c32V1+c2x?

4a
-2 (3+ - . i -n .
2203 eb /d+c2dx? (a+bArcSinhcx])" (4‘—La*bA"CS;”h €x ) Gamma[1 +n, *la:bAresinhlexl) a*bA"sl"h exl) ]

c3V1+c?x?
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Problem 513: Result optimal but 1 more steps used.
JX\/d-%—Cdez (a+bArcsinh[cx])"dx

Optimal (type 4, 355 leaves, 9 steps):

3a
~-1- - . 3 -n .
371 e % /d+c?dx? <a+bAr'c51nh[c x])n (—4[—“*“"5;”“ = ) Gamma[1+n, - 2iacbhAreSinh ex a*bA"cs”‘h X }

8c2+1+c?x?

2 . inhfcx] |- inh(cx]
evVd+c?dx? (a+bArcSinhfcx])" (fa*b”csbl”h X ) " Gamma[1+n, *a+bAr‘csbl"h i

8c2+1+c?x?

X . _ .
e’ ~/d+ c2dx? (a+bAr‘c51nh[cx])n (a+bAr‘cSlnh cx ) nGamma[1+n, a+b ArcSinh[cx }

+

+

b b
8c2+1+c?x?

3a
LY . . _ .
3-1-n g% +/d+ c2dx2 <a +bArcSinh[cx] )n (a+bAr‘ch1nh cx ) nGamma[lJrn, 3 (a+b/—\r‘c§1nh cx]) ]

8c2+1+c?x?

+

Result (type 4, 355leaves, 10 steps):

-1- - . + i - i
31ne v \/d+c2dx® (a+bArcSinh[cx])" (—4ua bA"Sbl”h €x ) " Gamma[1+n, - 3(a:bArcsinhicx]) a*bA“El"h X1

8c2\/1+c?2x?

2 . inh[cx] |~ i
evVd+c2dx? (a+bArcSinh[cx])" (—a*bArCSbl”h X ) nGamma[1+n, —a*bA'"csbl“h exl]

8c2+1+c?x?

] . Y . .
e/*+/d+c2dx? (a+bArcSinh[cx])" (—ua*“"s;”h cx ) Gamma[1+n, 2:BAresinhlexl bA"CSbl”h exl]

8c2+1+c2x?

3a
~1- -_— . i -n ¥ .
31nes V/d+c2dx? (a+bArcSinhcx])" (4[—]-3*“\“5;”“ € ) Gamma[1 + n, 2lasbAresinhlex]l bA"sl”h X1

8c2\/1+c?2x?

+

+

+

Problem 514: Result optimal but 1 more steps used.
jx/dJrczdxz (a+bArcSinh[cx] )" dx

Optimal (type 4, 235 leaves, 6 steps):
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2a . - s
d+c2dx? (a+bArcSinh[c x])l*" 23 "e v Vd+c?dx? (a+bArcSinh[cx])" (—W) nGamma[1+n, —w@ﬁ]
+ -

2bc<1+n)x/1+c2x2 cV1+c2x?
2a . — :
2-3nen A/drc2dx? (a+bArcSinh[cx])" (4[—]-"”““5:”“ €x ) nGamma[lJrn, 2 (asbArcSinhlex]) a*b”csl”h exlL]
cV1+c?x?

Result (type 4, 235leaves, 7 steps):

2a A - 3
Vd+cZdx? (a+bArcSinh[cx])i" 277" e v \/d+c?dx? (a+bArcSinhcx])" (—4‘—La*“"5;”h ex ) " Gamma[1+n, - Z(2:bArcSinhiex]) a*bA"sl”h ex)]
N _

2bc (1+n) V1+c2x? cVi1+c?x?
2a N - s
2-3-ne% +/d+ c2dx2 <a +bArcSinh[cx] )n (a+bAr‘ch1nh cx ) nGamma[1+n, 2{a+bAr‘c§1nh cx]) ]
cV1+c?x?

Problem 515: Result valid but suboptimal antiderivative.
J\/d+c2dx2 (a+bArcsinh[cx] )"

X

dx

Optimal (type 8, 198 leaves, 6 steps):

2 . inh[cx] |~ i 1
de»V1+c?x? (a+bArcSinh[cx])" (— a*bA"csbmh ex ) " Gamma[1+n, —a*bA"S:”h exL ]

+

2+/d+c?dx?
dea/bm (a+bAr‘cSinh[cx])“ (a+bAr‘chinh cx )—n Gamma[1+n, a+bAr‘chinh cx } a+bArcSinh[c x] >n
+dUnintegr‘able[ R x]
2/d+c?dx? xVd+c?dx?

Result (type 8, 30 leaves, 0steps):
Vd+c?dx? (a+bArcSinh[cx])"

X

Unintegrable| » X|

Problem 516: Result valid but suboptimal antiderivative.
J\/d+c2dx2 (a+bArcsinh[cx] )"

dx

X2

Optimal (type 8, 83 leaves, 3 steps):
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(a+bArcsinh[cx])"

cdV1+c2x? (a+bArcSinh[cx])*"
+dUnintegrable [
b(1+n)d+c2dx? x24/d+c?dx?

> x|

Result (type 8, 30leaves, 0steps):
Vd+c2dx? (a+bArcSinh[cx])"

2

Unintegr‘able[ s x}

X

Problem 517: Result optimal but 1 more steps used.

sz (d+ czdxz)?’/2 (a+bArcsinh[cx])"dx

Optimal (type 4, 616 leaves, 12 steps):

b b
+ +

16bc3 (1+n) V1+c2x? 3V1+c2x?

4a
_7_ -— . i - i
272"de v /d+c2dx? (a+bArcSinh[cx])" (—4[—”*“"5;““ X ) " Gamma[1+n, - #(a:bArcSinhicx]) a*bA"Cs”‘h x|

c3V1+c2x?

2a
7 _c2 . 4 i - + i
27"de » Vd+c?dx? (a+bArcSinh[cx])" (—4‘—]-3 bA“Sbmh €x ) nGamma[1+n, _ 2(a:bArcSinh[cx]) bA"cZ‘l”h X1

31+ c?x?

2a
5 22 . . . . X .
27 "der Vd+c?dx?* (a+bArcSinh[cx])" (4[_“ bArcs;"h ex ) nGamma[lJrn, Z(acbArcsinhlcx]). bArcsmh X ]

c3V1+c?x?

4a . _ .
272"des Vd+c?dx? (a+bArcSinh[cx])" (gua*“”sbl”h = ) nGamma[1+n, 44—[—ua*b”csl”h exl)]

31+ c?x?
6a . - s
2-7-n 3-1-nde% +/d+ c2dx2 (a+bAr‘cSinh[cx])“ (a+bAr‘cSlnh cx ) “Gamma[1+n, 6 (a+bArcSinh[cx]) }

b b
c3V1+c?x?

d m (a +bArcSinh[c x] >1+n 2-7-n _3-1-ny e*fm (a +bArcSinh[c X])n (_ a+b ArcSinh[c x )—n Gamma[1+ n, - 6 (a+bArcSinh[c x]) ]

+

Result (type 4, 616 leaves, 13 steps):
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b b
+ +

16bc3 (1+n>\/1+c2x2 cAV1+c2x?

4a . _ s
2-72nde b \/d+c2dx? (a+bArcSinh[cx])" (74[—]-"‘”““5;"" €x ) nGamma[lJrn, & lasbArcsinh cx] ) a*b‘“‘csl”h X

c3V1+c2x?

2a
_7- -— . + i - + i
27"de v Vd+c?dx? (a+bArcSinh[cx])" (—Q—M bA"CSblnh X ) " Gamma[1+n, - Z(asbArcSinhex]) bA'"Csmh xl) ]

c3V1+c2x?

2a
-7- s i a+bArcSinh[cx] | " 2 (a+bArcSinh[cx])
27 "dew Vd+c2dx? (a+bArcSinh[cx])" (a*bA"Sbl”h £x ) Gamma[1+n, 2 a*"A"sl”h cxl) |

c3V1+c2x?

4a

- 42 . .\ i -n . i

272ndes \/d+c?dx? (a+bArcSinh[cx])" (4% bA"Sbl”h X ) Gamma[1 + n, *{arbArcsinhiex]l bA"Cz‘l”h ex1).]
31+ c?x?

6a . - 3
2-7-n 3-1-nd e /d+ c2dx2 (a+bAr'cSinh[cx] )n (a+bAr‘c51nh cx ) ”Gamma[1+n, 6 (a+b ArcSinh[c x]) }

b b
c3/1+c?x?

6a A - s
d m <a +bArcSinh[c x] >1+n 2-7-n _3-1-n g e’Tm (a +bArcSinh[c X])n (7 a+b ArcSinh[c x ) ”Gamma[1+ n, - 6 (a+bArcSinh[c x]) ]

+

Problem 518: Result optimal but 1 more steps used.

Jx (d+c2dx2)3/2 (a+bArcSinh[cx] )" dx

Optimal (type 4, 542 leaves, 12 steps):
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5a . - s
51nde v \/d+c2dx? (a+bArcSinhicx])" (—gua*“"smh €x ) nGamma[1+n, - 3(ashArcSinhlex]) |

b b
3212 x ’
30de s A/drc2dxZ (a+bArcsinh[cx])" (74‘—La*b”cs;“h ex )7n Gamma[1 +n, - 2(2bArcSInhlexl) a*bA"si”h ex1) ]
3212 X +
de v Vdsc2dx? (a+bArcSinh[cx])" (—4ua*b”csbinh ex )7n Gamma 1+ n, —4‘—”*““5;”" <x1]
N
16c2V/1+c2x?
de?®/d+c2dx® (aerAr'cSinh[cx])n (@M)fn Gamma[1+n, @M}
16c2V/1+c2x? ’
30des Vdr2dE (a+bArcsinh[cx])" (Q—L"’”““Sbi“h cx )m Gamma[1 + n, 2-la:bArcsinhlexi) a*b’"csi”h x|
21K )
5‘1‘”desbi\/m (a+bAr‘cSinh[c x})” (@M)fn Gamma{1+n, wﬂﬁ]
3221+ c2x2
Result (type 4, 542 leaves, 13 steps):
5’1’”de_%m (a+bArcsinh[cx])" (74%[’”‘5;”*‘ €x )7n Gamma[1 +n, - >-(2bArSInhlex]). a*bA"si”h X1
N
32c2V1+c2x?
30de s Vs 2dxd (a+bArcsinh[cx])" ké—u‘*b‘“‘csbi"h £x )m Gamma[1+n, - 2(2bArcSinhlexl) a*bA'"csi”h ex1)-]
N

32c?2+/1+c?x?

de»Vd+c?dx? (a+bArcSinh[cx])" (—4ua*b‘\'"csbi”h € )_n Gamma 1+ n, —4‘—””’*"5;”“ <x1]

16 c2 V1 + c2 x?

) X ) ) X .
de®®+/d+c2dx? (a+bArcSinh[cx])" (—ua bA”CSJ”h €x ) nGamma[1+n, arbArcSinhfex] bA”‘Sbl”h ex1]

16 c2 /1 + c2 x2

3a . - s
3"des /d+c2dx? (a+bArcSinh[cx])" (4[—]-"”“"5:”“ X ) " Gamma[1+n, 3{abArcSinhicx]) a*bA"sl”h X1

32c?2+/1+c?x?

5a . - s
5-1-ndes /dx+ c2dx2 (a+bAr‘cSinh[cx} >n (a+bAr‘cSlnh cx ) nGamma[lJrn, 5 (a+bArcSinh[c x]) ]

+

+

+

b b

32c?2+/1+c?x?
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Problem 519: Result optimal but 1 more steps used.

J(dJrczdxz)”2 (a+bArcsinh[cx] )" dx

Optimal (type 4, 420 leaves, 9 steps):

4a . _ .
3dv/d+c2dx? (a+bArcSinh[cx])*" 22G3mde v v/d+c2dx? (a+bArcSinhicx])" (—4%*““5;”" ex ) nGamma[1+n, - #la=pAresimnlex]) a+bAPc:mh xlL ]
+ +

8bc(1+n)x/1+c2x2 cV1+c2x?

2a
s -2 . + i - + i
23 "de » Vd+c?2dx?* (a+bArcSinhfcx])" (—4[—]-3 bA"csbmh ex ) nGamma[lJrn, _ 22 bApcsmh XL

cV1+c?x?

2a
5 22 . . . B X .
23 "dew Vd+c2dx? (a+bArc51nh[c x})” (4LLa bA"Sbl“h £x ) nGamma[lJrn, 2{asbArcSinhiex]). bArcslnh £x ]

cV1+c?x?

4a
- + — . i -n . .
223 des Vd+c2dx? (a+bArcSinh[cx])" (4[—“*“"5;”“ €x ) Gamma[1 +n, *LarbAresinnlexl) bA'"Csl”h exl) ]

cV1+c?x?

Result (type 4, 420leaves, 10 steps):

4a . _ s
3d m (a +bArcSinh[c x] )1+n 2-2(3) d % m (a +bArcSinh[c x] )n (7 a+bAr‘cS:nh[cx] ) n Gamma [1 in, - 4 (a+bAr‘cI:1nh[cx]) }
+ +

8bc(1+n)\/1+c2x2 cV1+c2x?

2a
3 _22 . 4 i - + i
23"de » Vd+c?dx? (a+bArcSinh[cx])" (74[—]-3 bA“sbmh €x ) nGamma[1+n, _ 2(a:bArcSinhlex]) bA“sl”h X1

cV1+c2x?

2a
3 22 . . : . X .
23 "der Vd+c?dx? (a+bArcSinh[cx])" (4% bArcs;nh X ) nGamma[lJrn, 2 (a:bArcsinhlex]). bArcsmh X ]

cV1+c?x?

4a
- + — ./ . inh[cx] |~ ( inh[cx])
2203 de d+c?dx? <a+bAr'c51nh[c X})n (a+bAr‘chlnh £X ) nGamma[1+n, 4 a+bAr‘c§1nh £X ]

cV1+c?x?

Problem 520: Result valid but suboptimal antiderivative.

(d+c2dx?)*? (a+bArcSinh[cx])"
j dx

X

Optimal (type 8, 389leaves, 15 steps):
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b b

8+/d+c?dx?

-2 . + i - + i
5d?e v /1+c?x? (a+bArcSinh[cx])" (—4‘—]-3 bA"Sbl"h X ) " Gamma[1+n, - 2bArcsinhicx) bA"Sbl”h ==

8+Vd+c?dx?

. i - i
5d2 ea’b /1 + c2 x2 <a+bAI"C51nh[CX]>n (a+bArch1nh cx ) ”Gamma[1+n, a+bAr‘chlnh cx ]

8+Vd+c2dx?

3a s - 3
31 d2es A1+ c2x2 (a+bArcsinh[cx])" (4ua*bArCS;"h €x ) " Gamma [1+n, 2lesbArcsinhlex]) a*bA"sl”h = (a+bArcSinh[cx])"
+d? Unintegrable|

8+ d+c?2dx? xVd+c?dx?

3a
-1- - . i - i
31 nd2e v V1+c?x? (a+bArcSinh[cx])" (—gua*b”csmh ex ) nGamma[1+n, ~ 3(ashArcSinhlex]) |

+

+

+

» X

Result (type 8, 30leaves, 0steps):

(d+c2dx?)*? (a+bArcSinh[cx])"

Unintegr‘able[ R x]

X

Problem 521: Result valid but suboptimal antiderivative.

(d+c2dx?)*? (a+bArcSinh[cx])"
j dx

XZ

Optimal (type 8, 272 leaves, 9 steps):

2a
. N -3 -—= . +b ArcSinhfcx] | " 2 (a+bArcSinh[cx])
3cd2vV1sc2 2 <a+bAr‘c51nh[cx})1n+23nCd2‘e b \V1+c2x? (a+bAr‘c51nh[cx])”(—a e ) Gamma[1+n, - 22 Ba— ]7

2b (1+n) Vd+c?dx? \d+c?dx?
2a N - 3
23 Ncd2es V1+c2x2 (a+bArcsinh[cx])" (4ua+b”csbmh €x ) nGamma[1+ n, 2{(atbArcsinhicx]) a*““?"h XL (a+bArcSinhcx] "
+d? Unintegrable | » X]
Vd+c?dx? x2/d+c?dx?

Result (type 8, 30 leaves, 0steps):

(d+c2dx?)*? (a+bArcSinh[cx])"

2

Unintegrable| » X]

X

Problem 522: Result optimal but 1 more steps used.

JXZ (d+ czdxz)S/2 (a+bArcsinh[cx])"dx

Optimal (type 4, 816 leaves, 15 steps):
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8a . - 3
5d2m (a+bAr‘cSinh[cx])1*” 2-11-3n 42 eiT‘/d+C2dX2 <a+bAr‘cSinh[cx])” (7a+bAr‘cS;nh cX ) nGamma[lJrn, 78(a+bAr~c:1nh cx]) }
- + +

128 b c3 (1+n) V1+c2x? cAV1+c2x?

6a

27" 31 d2e s /d+c?dx? (a+bArcSinh[cx])" (7 —ua*bA"sbi"h ex )m Gamma[1 +n, - S{(a:bArCSInhlex]). a*bA”Si”h xll ]
A3V1+c2x?
2-2 (4+n) g2 e’%m (a+bArcSinh[cx])" (— 4[—“*“"5;’”‘ ex )m Gamma[1+n, - #(@oAreinhlex]). a*bArcsi“h x|
A1+ a2x?
22

27"d?e v /d+c2dx? (a+bArcSinh[cx])" (— 4%”""5:”“ ex )m Gamma[1+n, - Z(@oArCInhlex]). a*bA"si”h x|

c3V1+c?x?

2a
-7 . + i - i
27 "d?ew Vd+c2dx? (a+bArcSinh[cx])" (—ua bA"Sbmh = ) nGamma[1+n, 2lasbArcoinh cx ) a*“'"cs”‘h x]

SRR
224 q2 e A[ds 2dx (a+bArcsinh[cx])" (4ua*b’*rcs;”h X )7n Gamma [1+n, 44—@3*““21”'“ XL
A3V1+c2x®
270 3ing2es A cZdx? (a+bArcSinh[cx])" (4[—La*b‘“‘cs;“h €x )7n Gamma |1+ n, S{2bArcSinhlexl) a*bA"si”h cxl) ]
ERVE

8a
11— — . : -n .
213nd2ew +/d+c2dx? (a+bArcSinh[cx])" (4‘—La*“"csmh ex ) Gamma 1 + n, 8-{abArcSinhlexl) |

b b
c3V1+c2x?

+

+

Result (type 4, 816 leaves, 16 steps):
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8a . - 3
5d2m (a+bAr‘cSinh[cx])1*” 2-11-3n 42 (EiT“/d+C2dX2 (a+bAr‘cSinh[cx])” (7a+bAr‘cS;nh cX ) nGamma[lJrn, 78(a+bAr~c§1nh cx]) }
- + +

128 b c3 (1+n) V1+c2x? AV1+c2x?

6a

-7 - -1- - . i - i
2-7-n . 3-1-n 42 "% ~/d + c2 d x? (a+bArc51nh[cx]>" (7a+bAr‘ch1nh cx ) nGamma[1+n, _ 6 a+bAr‘c§1nh cx)]
cV1+c?x?
4a

_ + -— . i - 3
2-2(4+) 42 ¢ % +/d + c2 d x2 (a+bAr'c51nh[cx])n (7a+bAr‘ch1nh cx ) nGamma[lJrn, 74(a+bAr‘ctS’1nh cx]) }

c3V1+c2x?
2a

27"d?e v /d+c2dx? (a+bArcSinh[cx])" (—gwb’ms;”h ex )m Gamma[1+n, - 2(@oArcSinhlex]). a*“"si”h x|

c3V1+c?x?

2a
—-7- . + i - i
27 "d?ew Vd+c2dx? (a+bArcSinh[cx])" (—ua bA"Sbl"h = ) nGamma[1+n, ZlasbArcoinh cx ) a*“'"csl”h L]

c3/1+c?x?

4a
— — . + i - i
2-2(4n) 42 6% /d + c2d x2 (a+bAr‘c51nh[cx})” (a bAr‘cSt;th cx ) ”Gamma{1+n, 4(a+bAr~c§1nh cx]) ]

A3V1+ce2x?
6a
—7 - ~1- _— . i - 1
2-7-n 3-1-n 42 o5 +/d + c2 d x2 (a+bAr'c51nh[cx])" (a+bAr‘ch1nh cx ) nGamma[1+n, 6(a+bAr‘chnh cx )}
c3V1+c?x?

8a
~11- — . : -n .
213ng2ew +/d+c2dx? (a+bArcSinh[cx])" (gua*b”cs;”h ex ) Gamma[1 +n, SlarbAresinnlexl). a*bA“sl”h exl)]

c3V1+c2x?

+

+

Problem 523: Result optimal but 1 more steps used.

Jx (d+c2dx2)5/2 (a+bArcsinh[cx])"dx

Optimal (type 4, 745leaves, 15 steps):
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7a

71N 42 e % A/d+ c2dx2 (a +bArcSinh|c X])n (7 a+b ArcSinh|[c x )’” Gamma[1+ n, - 7 (a+bArcSinh[cx]) ]

b b
N
128 c? v/ 1+ c? x?
5a . - B
57"d?e » Vd+c?2dx® (a+bArcSinhcx])" (—4[—La*b”cs;”h ex ) " Gamma[1+n, - S(asbArcSinhicx]) a*bA'"cslnh x|
.

128 c2+/1+c? x?
3a

31N g2 "% A/d + c2 d x2 (a +bArcSinh[c X])n (_ a+bAr‘chinh cx )’” Gamma[1+ n, - 3 (a+bAr‘csinh cx]) ]

128 c2/1+c2x?

5d2e v \/d+c2dx® (a+bArcSinh[cx])" (—Q—La*b’*"csbi"h €x )m Gamma[1+n, —4ua*b"rcs;”h exL ]

128 c2/1+c? x?

5d2e2/%/d+ c2dx? (a+bAr‘cSinh[cx} )n (a+bAr‘chinh cx )—n Gamma[1+n, a+bAr‘chinh cx ]

128 c2/1+c2x?

3a N - s
31-n g2 0% +/d + c2d x2 <a +bArcSinh[cx] )n (a+bAr‘c51nh cx ) nGamma[1+n, 3 (a+bArcSinh[cx]) ]

+

+

+

b b
N
128 c?2 /1 + 2 x?
5a . _ N
5"d2er Vd+c2dx? (a+bArcSinh[cx])" (4%““5;”‘ € ) " Gamma[1+n, SlabArcSinhicxl) a*bA'"cs”‘h Xl ]
N

128 c2 /1 + c? x?

7a
~-1- e . i - i
71nd?es \/d+c2dx? (a+bArcSinh[cx])" (—ua*b”csbl”h ex ) " Gamma |1+ n, Z{abArcsinhiex]) a*bA"cz“‘h cxl) |

128 c2/1+c?2x?

Result (type 4, 745leaves, 16 steps):
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7a
-1- - . i - i
71t"d?e v Vd+c?dx? (a+bArcSinh[cx])" (—Q—L"’”b“cs;"h X ) nGamma[1+n, _ ZlasbArcoinhex]) a*bA"sl”h exlL ]

N
128 21+ 2x?
5nd2e s Vdrc2dxE (a+bArcSinh[cx])" (— 4[—“*“"5;“ ex )m Gamma[1+n, - >(@oAreinhlex]) a*bA'"csi“h x|
N
128c2V1+c2x?
3nd2e s VdscZdx? (a+bArcsinh[cx])" (— 4‘—La*bA"CS;”h X )7n Gamma[1+n, - 2@roAresinlex]). a*bA“si”h exl)]
.

128 c2/1+c2x?

5d2e v \/d+c2dx® (a+bArcSinh[cx])" (—Q—La*b’*"csbi"h €x )m Gamma[1+n, —4ua*b"rcs;”h exL]

128 c2/1+c? x?

5d2 e2/®/d+ c2dx? (a+bAr‘cSinh[cx} )n (a+bAr‘chinh cx )’” Gamma[1+n, a+bAr‘chinh cx ]

128 c2/1+c2x?

3a
_ — . i - i
31-n g2 ¢% +/d + c2d x2 (a +bArcSinh[cx] )n (a+bAr‘ch1nh cx ) nGamma{1+ n, 3 §a+bAr‘cslnh cx]) ]

+

+

N
128 c2 /1 + c2 x?
5a . - 3
5"d2ev Vd+c2dx? (a+bArcSinh[cx])" (4%“"5;”‘ €x ) " Gamma[1+n, S{abArcSinhicxl) a*bA'"CZ‘l”h Xl ]
N

128 c2 /1 + c? x?

7a
~-1- e . i - i
71nd?es \/d+c2dx? (a+bArcSinh[cx])" (—ua*“"sbl”h ex ) " Gamma 1+ n, Z{2:bArcsinhiex]) a*bA"czmh <xll |

128 c2/1+c?2x?

Problem 524: Result optimal but 1 more steps used.

J(d+c2dx2)5/2 (a+bArcsinh[cx] )" dx

Optimal (type 4, 632 leaves, 12 steps):



64 | 7 Inverse hyperbolic functions.nb

6a

5d2 m <a + bAr‘cSinh[c X] >1+n 2-7-n 3-1-n 42 e*j«/d +c2d x2 (a + bAr‘cSinh[cx] )n (7 a+bAr‘chinh cX )’” Gamma[l +n, - 6 (a+bAr‘csinh cx]) }
+ +

16bc (1+n) Vi+c2x? cVi+c2x?
3 272 g2e s \JdrcZdxE (a+bArcsinh[cx])" (—4[—]-"’”““5;"" ex )m Gamma[1+n, —44_uLa+bArcsi”h XL
cVi+c?x?
15 27 "d2e s VdscZdx? (a+bArcsinh[cx] )" (—gua*b”csbi”h ex )m Gamma[1 +n, - Z(@oAresinhlexl) a*bA"Zi”h x|
cVi+c2x®
15 270 d2es dscZdx? (a+bArcsinh[cx])" (4‘—“””*"5;”“ ex )7n Gamma[1 +n, 2laroAresinhlexly a*bA"Csi”h x|
cVi+c2x®
3 2720 q2es drcldxd (a+bArcSinh[cx])" (4‘—”*““5;"“ X )_n Gamma[1 +n, *{a:bAresinhlex]l a+bA"si"h X1
cVi+c?x®

6a N - 3
2-7-n 3-1-n 42 eb ‘/d +c2d x? (a + b ArcSinh [cx] )n (a+bAr‘c51nh cx ) n Gamma [1 +n, 6 (a+b ArcSinh[c x]) }

b b
cV1+c?x?

+

Result (type 4, 632 leaves, 13 steps):

6a

5d2m <a +bArcSinh[c x] >1+n 2-7-n 3-1-n 42 o % /d + c2 d x2 (a+bAr‘cSinh[cx] )n (_ a+b/—\r‘c5binh cx )—n Gamma[1+n, 6 (a+bAr‘csinh cx]) }
+ +

16bc<1+n)\/1+c2x2 cV1+c2x?

4a

3.272ng2 "% +/d + c2 d x2 (a+bAr‘cSinh[cx])n (_ a+b ArcSinh[c x )—n Gamma[1+n, _ 4 (a+bArcSinh[cx]) ]

b b
cV1+cZx?

. _n .
_ a+bAr‘ch1nh cx ) Gamma [1 N, - 2 (a+bAr‘c§1nh cx]) }

+

2a

15 2*7*”d2e77m<a+bAr‘cSinh[cx])”
cVi+c2x2
15 27 "d2es Vdscldx (a+bArcSinh[cx])" (4ua*b‘\"cs;”h €x )7n Gamma[1 + n, 2{arbAresinhlexl) a*bA"csi”h X1l ]
cVi+2x®
3 27226 \JdrcZdxE (a+bArcsinh[cx] )" (gua*“"csbi"h ex )m Gamma[1+n, 44—M"si”h exll]
cVi+c2x?
270 31N g2ey \JdrcZdx? (a+bArcSinh[cx])" (4[—“*“"51“" ex )m Gamma [1 + n, S-{abArcsinhicxl) |

b b
cV1+c?x?

—
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Problem 525: Result valid but suboptimal antiderivative.

(d+ czdxz)S/2 (a+bArcsinh[cx])"
J dx

X
Optimal (type 8, 755 leaves, 27 steps):

Sa
-1- - . i -n .
51ndPe v V1+c?x? (a+bArcSinh[cx])" (—4‘—“””*"5;”" = ) Gamma |1 +n, - >-(2bArCSinhlex]). a*bA"sl”h el

32+d+c?dx?

3a
1 -— . + i - + i
5 31nd*e v V1+c2x? (a+bArcSinh[cx])" (_4% bA"CSbl”h € ) " Gamma[1+n, - 3(a:bArcsinhicx]) bA"sl”h X1

32+/d+c?2dx?

3a
_ _2e . i -n ;
3"de v V1+c2x? (a+bArcSinh[cx])" (74‘—”*““5;"“ X ) Gamma[1 +n, - >(abArCSinhlexl) a*b‘“'csl”h XL ]

8+Vd+c?2dx?

11d*e s V1+c2x? (a+bArcSinh[cx])" (—gua*b”csbi”h ex )7n Gamma[1+n, - 4‘—La*b”csbi”h ex1]

16 Vd + c2d x?

11d3 e@P 1+ c2x2 (a+bAr‘cSinh[cx] )n (a+bAr~chinh cx )‘” Gamma[1+n, a+bAr‘cSt;'th cx }

16 \/d+c2dx?

3a
~-1- - . i . i
5 31nd*en \/1+c2x? (a+bArcSinh[cx])" (4‘—La*b“°sb1”h ex ) " Gamma |1+ n, 3{a:bArcsinhiex]) a*b”csl”h cxl) ]

32+/d+c?2dx?

3a
— e S i - i
3"d*er V1+c?x? (a+bArcSinh[cx])" (gua*“"cs;“h X ) nGamma[lJrn, 22 bArcSINh x| a*bA”sl”h exlL]

8+/d+c?dx?

S5a . - 3
5-1-n 43 o5 /1 + c2 x2 (a+bAr‘cSinh[cx})” (a+b/—\r‘csblnh cx ) nGamma[1+n, 5(a+bAr‘cslnh cx]) (a+bAr‘cSinh[cx])“
+d® Unintegrable|

32+ d+c?dx? x\d+c2dx?

+

+

+

+

+

> x|

Result (type 8, 30 leaves, 0steps):
(d+c? dXZ)S/2 (a+bArcsinh[cx])"

Unintegrable [ » X]

X
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Problem 526: Result valid but suboptimal antiderivative.

(d+ CZdX2>5/2 (a+bArcsinh[cx])"
J dx

XZ
Optimal (type 8, 454 leaves, 18 steps):

4a
. + -2 (3+ - . +b ArcSinh -n 4 (a+b ArcSinh
15cd®V1s 22 (a+bAr‘c51nh[cx])1n 226 cdPe v V1+c?x? (a+bAr‘c51nh[cx])”(—a “;” — ) Gamma[1+n, - & "cb”‘ exl]

+ +
8b (1+n)/d+c2dx? Vd+c2dx?
220 cdie s VIrcExd (a+bArcsinh[cx])" (— 4%*““5;“ € )_n Gamma[1 + n, - Z(abAreSinhlex]). a*bA“si”h XL
22 cdes V1scEx2 (a+bArcsinh[cx])" (—ua*“"sbi”h €x )7n Gamma 1 + n, 2larbArcSinhliexll a*bA"csi”h X1

4a
_ 42 . ; -n ;
22031 cd3e% /1 c2x2 (a +bArcSinh[c X”n (a+bAr‘cS;nh cx ) Gamma[l in, 4 (a+bAr‘c§1nh cx])

(a+bArcSinh[cx])"
+d® Unintegrable|

Vd+c?dx? x2 v d+c?dx?

X

Result (type 8, 30 leaves, 0steps):
(d+c2dx?)*? (a+bArcSinh[cx])"

Unintegrable| » X]

x2

Test results for the 371 problems in "7.1.5 Inverse hyperbolic sine functions.m"

Problem 50: Result optimal but 1 more steps used.

a+bArcSinh[c x]
J dx

Vd+cZdx®
Optimal (type 3, 47 leaves, 1step):
V1+c2x? (a+bArcSinh[cx])?
2bc/d+cZdx®

Result (type 3, 47 leaves, 2steps):
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V1+c2x? (a+bArcSinh[cx])?
2bcd+c?dx?

Problem 170: Result valid but suboptimal antiderivative.

J( (ce+dex)? i

a+bArcSinh[c+dx])>

Optimal (type 4, 246 leaves, 18 steps):
e? (c+dx)?{/1+ (c+dx)? e? (c+dx) 3e? (c+dx)? e? Cosh|[ 2] CoshIn‘cegr‘al{4‘—]-3”"\"51:‘h cxdx] |
B - +

2bd <a+bAr‘cSinh[c+dx])2 b?d (a+bArcSinh[c+dx]) 2b?d (a+bArcSinh[c+dx]) 8b3d

o |o

9 e2 Cosh[%""} CoshIntegral|? w*““i“““*”” | e? Sinh[i} SinhIntegral| 4%51;“ cxdx | 9e? Sinh[%‘} SinhIntegral|? w*“"“g“h“*dx” ]
. _

8b3d 8b3d 8b3d

Result (type 4, 305leaves, 18 steps):

ez(c+dx)2 1+<c+dx)2 e? (c+dx) 3e2(c+dx)3

2bd (a+bAr‘cSinh[c+dx])2 b>d (a+bArcSinh[c+dx]) 2b’>d (a+bArcSinh[c+dx])

9 e? Cosh| ﬁ} CoshIntegral [i +ArcSinh[c+dx]| 9e?Cosh| 37""] CoshIntegral| 3f +3ArcSinh[c+dx] |
+ +
8b3d 8b3d
e? Cosh| ﬁ] CoshIntegral| %‘ﬂﬂ 9e2Sinh| i} SinhIntegral| 2+ ArcSinh[c +dx] ]
N _

b3d 8b3d

9e2Sinh [ 373} SinhIntegral [ 37"" + 3 ArcSinh[c +d x] ] e? Sinh [ ﬂ SinhIntegral [ %M}

8b3d b3 d

Problem 369: Unable to integrate problem.

J X dx
ArcSinh[Sinh[x]]
Optimal (type 3, 27 leaves, ? steps):

ArcSinh[Sinh[x]] + Log[ArcSinh[Sinh[x]]] (7Ar'csinh [Sinh[x]] + X/ Cosh[x]? Sech[x]

Result (type 8, 9leaves, 0steps):

X
CannotIntegrate | » X]

ArcSinh[Sinh[x]]
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Test results for the 166 problemsin "7.2.2 (d x)*m (a+b arccosh(c x))*n.m

Problem 163: Result valid but suboptimal antiderivative.

J\/fx (a+bArcCosh[cx] )2 dx

Optimal (type 5, 128 leaves, 2 steps):
2 (£x)*? (a+bArcCosh[cx])? 8 bc (fx) >2.[1-cx (a+bArcCosh[cx]) Hypergeometric2F1 | i,

3f 152/ -1+cx

16 b2 2 (-Fx>7/2 Hyper‘geometr‘icPFQ[{l, LR %}, {%, 71}, c2 x?]

5 9 22]
ce X
4’ 4’

105 f3

Result (type 5, 141 leaves, 2 steps):
2 (£x)*? (a+bArcCosh[cx] ) 8bc (fx)*2+/1-c2x2 (a+bArcCosh[cx]) Hypergeometric2F1 | %,

5 9 242
22 ¢?x
4’ 4’ ]

3f 152/ -1+cx V/1+cx
16 b2 c2 (fx)7/2 HypergeometricPFQ| {1, i, i}, {%, 14—1}, 2 x?]

105 3

Test results for the 569 problems in "7.2.4 (f x)"m (d+e x"2)"p (a+b arccosh(c x))*n.m"

Problem 58: Result optimal but 1 more steps used.
JX“ \/d-c*dx* (a+bArcCoshlcx]) dx

Optimal (type 3, 278 leaves, 7 steps):

bx?+/d-c?dx? bx*+/d-c?dx? bcxt~/d-c2dx? xVd-c?dx* (a+bArcCoshlcx])
N _ _ _
32c3\/—1+cx \/1+cx 96cx/—1+cx \/1+cx 36\/—1+cx \/1+cx 16 c*
x*Vd-c?dx? (a+bArcCosh[cx]) 1 Vd-c2dx? (a+bAr‘cCosh[cx1)2
+=x~/d-c?dx* (a+bArcCosh[cx]) -
24¢? 6 32bcS/-1+cx V1+cx

Result (type 3, 278 leaves, 8 steps):
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bx2+/d-c?dx? bx*+d-c2dx? bcxb+d-c2dx? xvd-c?dx? (a+bArcCosh[cx])
. _ _ _
323+ -1+cx V1i+ecx 96cy/-1+cx V1rex 36+V-1+cx V1+cx 16 c*
x*Vd-c?2dx? (a+bArcCosh[cx]) 1 Vd-c2dx? (a+bAr‘cCosh[cx1)2
+=x>1/d-c?dx* (a+bArcCosh[cx]) -
24c? 6 32bcS/-1+cx V1+cx

Problem 59: Result optimal but 1 more steps used.
sz \/d-c?dx* (a+bArcCoshlcx]) dx

Optimal (type 3, 201 leaves, 5steps):

bx2+vd-c2dx? becx*+d-c2dx? xVd-c2dx* (a+bArcCoshlcx])
- - +
16cv/-1+cx V1+cx 16/ -1+cx J1+cx 8c?

Vd-c2dx? (a+bAr‘cCosh[cx])2

16bc3v/-1+cx V1+cx

1
=x*+/d-c*dx* (a+bArcCosh[cx]] -
4

Result (type 3, 201 leaves, 6 steps):

bx2+vd-c2dx? bex*v/d-c2dx? xVd-c2dx* (a+bArcCosh[cx])
- - +
16cv/-1+cx Vi+cx 164/ -1+cx V1+cx 8 c?

Vd-c2dx? (a+bArcCosh[cx])?

16bc3v/-1+cx V1+cx

1
=x*+/d-c*dx* (a+bArcCosh[cx]) -
4

Problem 60: Result optimal but 1 more steps used.
Jﬂd—czdx2 (a+bArcCosh[cx]) dx

Optimal (type 3, 124 leaves, 3 steps):
2:/d-c2dx? Vd-c2dx? b ArcCosh 2
bcx2+/d-c?dx 1 m(a+bAr‘cCosh[cx})— c?dx? (a+bArcCoshlcx])

- + — X
4~+/-1+cx V1+cx 2 4bc~/-1+cx V1+cx

Result (type 3, 124 leaves, 4 steps):
bcx2+vd-c2dx? 1 Vd-c2dx? (a+bArcCosh(cx])?

- +=x~/d-c*dx* (a+bArcCosh[cx]) -
4~+/-1+cx V1i+cx 2 4bc/-1+cx V1+cx
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Problem 61: Result optimal but 1 more steps used.
J\/d—czdx2 (a+bArcCosh[cx])

2

dx
X

Optimal (type 3, 118 leaves, 3 steps):
Vd-c?dx? (a+bArcCosh[cx]) cVd-c*dx? (aerAr‘cCosh[cx})2 bc/d-c2dx? Log[x]

- +

X 2bv-1+cx V1+cx V-1+ex V1+cx

Result (type 3, 118 leaves, 4 steps):
Vd-c2dx?* (a+bArcCosh{cx]) c+d-c2dx? (a+bArcCoshicx])® bc~/d-c?dx? Log[x]
.

- +

X 2bv-1+cx V1+cx vV-1+cx V1+cx

Problem 63: Result valid but suboptimal antiderivative.

dx

J\/d -c2dx? (a+bArcCosh[cx])

X6

Optimal (type 3, 199 leaves, 4 steps):
bc/d-c?dx? bc3/d-c?dx?

— + —

20x4V-1+cx V1+ecx 30x2+v-1+cx V1+cx
(d-c?dx?)*? (a+bArcCosh[cx]) 2c? (d-c2dx?)*? (a+bArcCosh(cx]) 2bc5+/d-c2dx? Log[x]

5dx 15d x* 15vV/-1+cx V1+cx

Result (type 3, 226 leaves, 5 steps):

bcvd-c2dx® bc3+vVd-c2dx? Vd-c?dx? (a+bArcCosh[cx])
720x4\/—1+cx V1+cx +30x2\/—1+cx V1+cx ) 5 x° '
czm(a+bAr‘cCosh[cx1) 2c4m<a+bAr‘cCosh[cx]) 2bc5+/d-c2dx? Log[x]
15 %3 ' 15 x 15y Ticx Viicx

Problem 64: Result valid but suboptimal antiderivative.
J\/d—czdx2 (a+bArcCosh[cx])

8

dx
X

Optimal (type 3, 279 leaves, 4 steps):
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bcvd-c2dx® bc3vd-c2dx? 2bcS/d-c2dx? (d-c2dx?)*? (a+bArcCosh[cx])
_42x6\/—1+cx J1+cx +140x4\/—1+cx Vi+cx +105X2\/—1+CX V1+cx i 7dx’ i
4c? (d-c2dx?)>? (a+bArcCosh[cx]) 8c*(d-c?dx?)*? (a+bArcCosh[cx]) 8bc’~/d-c2dx? Log[x]
35d x° . 105d x3 ) 105/ -1+cx VJ1+cx

Result (type 3, 303 leaves, 5 steps):

) bcd-c2dx? . bc3v/d-c2dx? X 2bc5/d-c2dx? _m(a+bAr‘cCosh[cx]) .
42x6/-1+cx VJ1rex 140x4+-1+cx V1+ecx 105x2+/-1+cx V1+cx 7x’
czm(aerAr‘cCosh[cx}) 4c4m<a+bAr‘cCosh[cx]) 8c5m(a+bAr‘cCosh[cx]) 8bc’\/d-c2dx? Log[X]
35 x° ' 105 X ’ 105 x . 105/ -1+cx V1+cx

Problem 65: Result valid but suboptimal antiderivative.
stw/d—czdx2 (a+bArcCosh[cx]) dx

Optimal (type 3, 272 leaves, 3 steps):
8bx~/d-c2dx? . 4bx3+/d-c2dx? . bx>+/d-c2dx? bcx’Vd-c2dx?
105c°\/-1+cx Vi1+cx 315c3+/-1+cx V1+cx 175c+/-1+cx V1+cx 49+/-1+cx V/1+cx
(d—czdx2)3/2 (a+bArcCosh[cx]) 2 (d—czdxz)S/2 (a+bArcCosh[cx]) (d—czdx2)7/2 (a+bArcCosh[cx])

.
3cbd 5 c® d? 7 céd3

Result (type 3, 302 leaves, 4 steps):
8bx+d-c2dx? 4bx3+/d-c?dx? bx>+d-c?dx?

+ + -

105c5+/-1+cx V1+cx 315c3+/-1+cx vV1+cx 175c+/-1+cx V1+cx

bcx’d-c2dx? 8 (1-cx) (1+cx)Vd-c2dx? (a+bArcCoshlcx])

49+/-1+cx V1+cx 105 c°®
4x? (1-cx) (1+cx)Vd-c?dx? (a+bArcCoshcx]) x*(1-cx) (1+cx)Vd-c?dx* (a+bArcCoshlcx])
35 ¢4 7 c?

Problem 66: Result valid but suboptimal antiderivative.
JX?’ \/d-c?dx* (a+bArcCoshlcx]) dx

Optimal (type 3, 195leaves, 3 steps):

| 71
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2bx+/d-c?dx? bx3+/d-c?2dx? bcx>\/d-c2dx?
. _ _
15c3/-1+cx /1+cx 45c+/-1+cx V1+ecx 25+/-1+cx v/1+cx
(d-c?dx?)*? (a+bArcCosh[cx]) (d-c?dx?)>? (a+bArcCoshlcx])
+

3c*d 5 ¢4 d?

Result (type 3, 214 leaves, 4 steps):
2bxd-c?2dx? bx3+d-c?2dx? bcx®+d-c2dx?

+ — —

15c3/-1+cx v/1+cx 45c+/-1+cx V1+ex 25/ -1+cx v/1+cx

2 (1-cx) (1+cx)Vd-c2dx? (a+bArcCosh[cx]) x*(1-cx) (1+cx)Vd-c?dx® (a+bArcCosh[cx])

15 ¢4 5c?

Problem 68: Result optimal but 1 more steps used.
j\/dczdx2 (a+bArcCosh[cx])

X

dx

Optimal (type 4, 213 leaves, 8 steps):

bcxVd-c2dx? 2+/d-c*dx? (a+bArcCosh[cx]) ArcTan|eArccoshicx]]
-c?dx* (a+bArcCosh[cx]) - +
\/ 1+cX \/1+CX \/—1+CX \/1+CX
1b\/WPolyLog[ ghrecCosh[c J} nb\/WPolyLog[ ghreCoshlc ]}
V-l+cx V1+cx V-l+ecx V1+cx

Result (type 4, 213 leaves, 9steps):

bcxvd-c2dx? 2+/d-c?dx? (a+bArcCosh[cx]) ArcTan|eArccoshicx] ]
- d-c*dx* (a+bArcCosh[cx]) - +
\/ 1+cXx \/1+cx \/—1+cx \/1+cx
lmeolyLog[ gArcCoshicx] | imeolyLog{z, i ghrecoshiex] |
v-1l+cx V1+cx v-1l+cx V1+cx

Problem 69: Result optimal but 1 more steps used.
J\/d—czdx2 (a+bArcCosh[cx])

3

dx
X

Optimal (type 4, 235leaves, 8steps):
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bcvd-c2dx? Vd-c?dx® (a+bArcCosh[cx]) c*+/d-c2dx? (a+bArcCosh[cx]) ArcTan|eArecoshicx] ]

— — + —

2xvV-1+cx V/1+cx 2x2 vV-l+cx V1+cx
ibc?+/d-c?dx? Polylog|2, ehircCoshiex] | j pc2+/d - c2dx? Polylog|2, i eArccoshicx] ]
+
2+/-1+cx V1+cx 2+/-1+cx J1+cx

Result (type 4, 235leaves, 9steps):
becd-c2dx? Vd-c?dx? (a+bArcCosh[cx]) c?+/d-c2dx? (a+bArcCosh[cx]) ArcTan [ @AncCoshlex] |

+ —

2x+v-1+cx V1l+cx 2 x? V-ol+vex V1l+cex
ibc?+d-c2dx? Polylog|2, eircCoshiex] | j pc2+/d - c2dx? Polylog|2, i efrccoshicx] |
+
2+v/-1+cx V/1+cx 2vV/-1+cx V1+cx

Problem 70: Result optimal but 1 more steps used.
J\/dczdx2 (a+bArcCosh[cx])

NG

dx

Optimal (type 4, 315leaves, 10 steps):

bcd-c2dx® bc3+vVd-c2dx? Vd-c2dx® (a+bArcCosh[cx])
712x3\/—1+cx V1+cx +8xx/—1+cx V1+cx ) 4 x4 '
c2/d-c2dx? (a+bArcCosh[cx]) . c4/d-c2dx? (a+bArcCosh[cx]) ArcTan [ehrecoshiex] | i
8 x? 4~/-1+cx V1+cx
1bc4WPolyLog[ ghrccosh[c ]] Jlbc“\/WPolyLog[ ghrcCosh[c ]}
8\/—1+cx \/1+cx ' 8\/—1+cx \/1+cx

Result (type 4, 315leaves, 11 steps):
bcvd-c2dx? bec3vVd-c2dx? m(a+bAr‘cCosh[cx])
12x04/TTrex Vizex +8X\/—1+cx Jizex 4x* '
c2/d-c2dx? (a+bArcCosh[cx]) c4d-c2dx? (a+bArcCosh[cx]) ArcTan[eArecoshicx] |
8 x2 : 4+ -1+cx V1l+cx _

ibct 1/ c2d x2 PolyLog[ Ar‘cCosh[ x] ] ibc*+/d-c2dx? PolyLog[ Ar‘cCosh[c x] ]

+

8\/—1+cx \/1+cx 8\/—1+cx \/1+cx
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Problem 77: Result valid but suboptimal antiderivative.

J(d—czdxz)”2 (a+bArcCosh[cx])
8

dx
X

Optimal (type 3, 247 leaves, 5 steps):

bcd+Vd-c?dx? 2bc3dA/d-c?2dx? bc>d/d-c?2dx?
- +
42x5~/-1+cx V1+cx

35x4V-1+cx V1+ecx 70x2+-1+cx V1+cx

(d-c2dx?)*? (a+bArcCosh[cx]) 2c? (d-c2dx?)>? (a+bArcCosh(cx]) 2bc’d~/d-c?dx? Log[x]
N

7dx’ 35dx° 35/-1+cx V1+cx
Result (type 3, 322 leaves, 6 steps):
bcdd-c2dx? 2bc3dAd-c?2dx? bc>dvd-c?2dx?
+

+

42x5~/-1+cx V1i+cx 35x*/-1+cx V1+cx 70x2+/-1+cx v/1+cx
3c2dVd-c?dx?* (a+bArcCoshlcx])

c*dvd-c?dx? (a+bArcCoshicx]) 2c®dvd-c?dx? (a+bArcCosh[cx])
35 x° 35 x3 35 x
d(1-cx) (1+cx)Vd-c*dx? (a+bArcCosh[cx]) 2bc’dvd-c2dx? Log[x]
.

7 x7

354/-1+cx V1+cx

Problem 78: Result valid but suboptimal antiderivative.

(d-c2dx?)*? (a+bArcCosh[cx])
J Xle

dx

Optimal (type 3, 328 leaves, 5steps):
bcd+d-c?dx? 5bcdd~d-c?dx?

N
72x8+/-1+cx V1+cx 189x6+-1+cx V1+cx

bcSd+vd-c2dx? 2bc’dVd-ctdx? (d—czdx2>5/2 (a+bArcCosh[cx])

9dx°

420x%/-1+cx V1+cx 315x2+/-1+cx V1+cx

4c2(d—czdxz)S/Z(a+bAr‘cCosh[cx}) 8c4(d—c2dx2)5/2(a+bAr‘cCosh[cx]) 8bc®d+/d-c2dx? Log[x]
+

63dx’ 315d x°

315+/-1+cx V/1+cx
Result (type 3, 401 leaves, 6 steps):
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bcd+vd-c?dx? 5bc3d/d-c?2dx? bc>d/d-c?2dx? 2bc’d/d-c2dx?
_ N _ _
72x8+/-1+cx V1+cx 189x5+/-1+cx V1+cx 420x*+/-1+cx v1+cx 315x2+/-1+cx vV1+cx

c?dvd-c?dx? (a+bArcCosh[cx]) c*dvd-c?dx* (a+bArcCosh[cx]) 4c®d+d-c?dx* (a+bArcCoshlcx])

+

21 %7 105 x° 315 x3
8c8dvd-c?dx? (a+bArcCosh[cx]) d(l1-cx) (1+cx)Vd-c?dx? (a+bArcCosh[cx]) 8bc®d+/d-c2dx® Log[x]
- +
315 x 9 x° 315+/-1+cx V1+cx

Problem 79: Result valid but suboptimal antiderivative.

dx

J(d—czdxz)”2 (a+bArcCosh[cx])
12

X

Optimal (type 3, 409 leaves, 5 steps):

bedd-c2dx? . bcdy/d-c?dx bcsdvd-c2dx? bc’dvd-c2dx?
116x%+/-1+cx Vi+cx 66x8y/-1+cx V1+cx 1386x°+V/-1+cx Vi+cx 770x*+/-1+cx V1+cx
4bc®dd-c2dx? (d-c2dx?)*? (a+bArcCosh[cx]) 2c?(d-c2dx?)>? (a+bArcCosh[cx])
1155 x2+/-1+cx V1+cx 11dx* 33dx°
8 ct (d—czdxz)S/2 (a+bArcCosh[cx]) 16c® (d—czdxz)S/2 (a+bArcCosh[cx]) 16bctd+d-c?dx® Log[x]
231dx’ . 1155d x* ' 1155/ -1+ cx 1+ cx

Result (type 3, 480 leaves, 6 steps):
bcd+d-c?dx? bc3d+vd-c2dx? bc>d+vd-c?2dx?

+

110x¥®~/—1+cx V1+ecx 66x8V/-1+cx V1+cx 1386x5+/-1+cx V1+cx

bc’7d/d-c2dx? 4bc®dvd-c2dx? c?dVd-c?2dx* (a+bArcCosh[cx])
770 x*/~1+cx /1+cx 1155x2+/-1+cx /1+cx ’ 33 x°
c4dm(a+bAr‘cCosh[cx]) 2c6dm(a+bArcCosh[cx]> 8c8dm<a+bAr‘cCosh[cx])
231 x’ ) 385 x° ) 1155 x3 i
16cd~/d-c2dx? (a+bArcCosh[cx]) d (1-cx) (1+cx) Vd-c2dx? (a+bArcCosh[cx]) +16bc11dmLog[x]
1155 x 11 x11 1155/ -1+cx /1+cx

Problem 80: Result valid but suboptimal antiderivative.

JX7 (dfczdxz)y2 (a+bArcCosh[cx]) dx
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Optimal (type 3, 399 leaves, 4 steps):

16bdxd-c2dx? X 8bdx3/d-c2dx? . 2bdx5+/d-c2dx?
1155¢’+/-1+cx V1+cx 3465c®+/-1+cx V1+cx 1925c3+/-1+cx v/1+cx '

bdx”/d-c2dx? 4bcdx®+/d-c2dx® bc3dxit\/d-c2dx?  (d-c2dx?)*'? (a+bArcCosh[cx])
1617c+/-1+cx V1+cx 7297\/—1+cx \/1+cx+121\/—1+cx \/1+cx7 5c8d '
3(d-c2dx?)”'? (a+bArcCosh{cx]) (d-c2dx?)”? (a+bArcCosh[cx]) (d-c2dx?)'? (a+bArcCosh[cx])

7 ¢ d? ) 3c8d3 : 11 c8d*

Result (type 3, 460 leaves, 5steps):

16bdxd-c2dx? . 8bdx3\d-c2dx? . 2bdx®Vd-c2dx? . bdx”\d-c2dx? 4bcdx®d-c2dx?

+

1155c7+/-1+cx vV1+cx 3465c5+/-1+cx V1+cx 1925c3+/-1+cx V1+cx 1617cv-1+cx V1+cx 297+ -1+cx V1+cx
bc3dxtvd-c2dx? 16d(1—cx)2(1+cx)2\/d—c2dx2 (a+bArcCosh[cx]) 8dx? (1—cx)2(1+cx)2\/d—c2dx2 (a+bArcCosh[cx])

121+/-1+cx V1+cx 1155 c® 231 c6
2dx4 (1—cx)2 (1+cx)2\/d—c2dx2 (a+bArcCosh[cx]) dx° (1—cx)2 (1+cx>2\/d—c2dx2 (a+bArcCosh[cx])
33 ¢4 11 ¢?
Problem 81: Result valid but suboptimal antiderivative.
st (d—czdxz)g’/2 (a+bArcCosh[cx]) dx
Optimal (type 3, 321 leaves, 4 steps):
8bdx~d-c?dx? 4bdx3/d-c?dx? bdx®>+d-c?dx? 10bcdx’d-c?dx? bc3dx®+d-c?dx?
+ + - + -

315c5V/-1+cx V1+cx 945c3+/-1+cx V1i+cx 525c+/-1+cx V/l+cx 441+/-1+cx V1i+cx 81+/-1+cx v/l+cx
(d-c2dx?)*? (a+bArcCosh[cx]) 2 (d-c2dx?)”'? (a+bArcCosh{cx]) (d-c?dx?)”? (a+bArcCosh[cx])
. _
5céd 7 ¢ d?

9cbd3
Result (type 3, 366 leaves, 5 steps):
8bdx~d-c?2dx? 4bdx3/d-c?dx? bdx®+d-c?dx?

+ +
315c5/-1+cx V/1+rcx 945c3+/-1+cx V/1+cx 525¢cv/-1+cx V1+cx
10bcdx’v/d-c2dx? bc3dx®Vd-c2dx? 8d (1-cx)? (1+cx)?+/d-c2dx? (a+bArcCoshcx])

+

441/ -1+cx VJ1+cx 814/ -1+cx /1+cx 315 c*®

4dx? (1—cx)2(1+cx)2\/d—c2dx2 (a+bArcCosh[cx]) dx* (1—cx)2(1+cx)2\/d—c2dx2 (a+bArcCosh[cx])

63 C4 9 CZ



Problem 82: Result valid but suboptimal antiderivative.

sz’ (d—czdx2)3/2 (a+bArcCosh[cx]) dx

Optimal (type 3, 243 leaves, 4 steps):
2bdx+/d-c2dx® . bdx3+/d-c?dx? 8bcdxv/d-c2dx?
35c3y/-1+cx V/1+cx 185cv/-1+cx V1+cx 175/ -1+cx v/1l+cx
bc2dx’/d-c2dx?  (d-c2dx?)*? (a+bArcCosh[cx]) (d-c2dx?)”'? (a+bArcCosh(cx])

+

49+/-1+cx V1+cx 5ctd 7ctd?

+

Result (type 3, 272 leaves, 5 steps):
2bdx+Vd-c?dx? bdx3+/d-c?dx? 8bcdx>+d-c?dx? bc3dx’Vd-c?dx?

+ - + -
35c3\/—1+cx \/1+cx 1@5cx/—1+cx \/1+cx 175\/—1+cx \/1+cx 49\/—1+cx \/1+cx

2d(1—cx)2(1+cx)2\/d—c2dx2 (a+bArcCosh[cx]) dx? (1—cx)2(1+cx)2\/d—c2dx2 (a+bArcCosh[cx])

35 ¢* 7 c?

Problem 89: Result valid but suboptimal antiderivative.

J(d -c2d xz)S/2 (a+bArcCosh[cx]) dx

Optimal (type 3, 293 leaves, 10 steps):
25bcd?x2vVd-c2dx? 5bc3d?x*vd-c2dx? bdz(lfczxz)s\/dfczdx2 5
- + +

+ —d*x+/d-c*dx* (a+bArcCosh|
96\/—1+cx \/1+cx 96\/—1+cx \/1+cx 3GC\/—1+CX \/1+cx 16

7 Inverse hyperbolic functions.nb

CX]>+

cx])2

5 1 5d2+/d-c?2dx?® (a+bArcCosh]
—dx (d—czdx2)3/2 (a+bArcCosh[cx]) + =x (d—czdxz)S/2 (a+bArcCosh[cx]) - (
24 6 32bc+/-1+cx /1+cx

Result (type 3, 324 leaves, 9 steps):
25bcd?x?/d-c?dx? Sbcdd?xt/d-c2dx? bd? (1-c2x?)’/d-c2dx?
- +

+ +

96/ -1+cx V1+cx 96/ -1+cx V1+cx 36cy/-1+cx V1+cx

5 5

—d?>x+/d-c*dx* (a+bArcCosh[cx])+ —d*x (1-cx) (1+cx)+/d-c?dx®> (a+bArcCosh[cx]) +
16 24

1 5d2+/d-c2dx? (a+bArcCosh[cx])?
“d’x (1-cx)? (1+cx)?+/d-c2dx?* (a+bArcCoshcx]) - ( )
6 32bcv/-1+cx V1+cx

| 77
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Problem 90: Result valid but suboptimal antiderivative.

(d- czdxz)S/2 (a+bArcCosh[cx])
J dx

x2

Optimal (type 3, 284 leaves, 12 steps):
9bc3d?x?/d-c?dx? bc>d?x*Vd-c?dx? 15 5
coX cox 2c9X COX gy d-c2dx? (aerAr'cCosh[c:x])—fczdx(d—czdxz)y2 (a+bArcCosh[cx]) -
16/ -1+cx V1+cx 167/ -1+cx V1+cx 8 4
(d—czdxz)S/2 (a+bAr‘cCosh[cx]) 15cd?+/d-c?dx? (a+bAr‘cCosh[cx]>2 bcd?+/d-c2dx? Log[x]
.

+

X 16bv/-1+cx V1+cx V-1l+cx V1+cx

Result (type 3, 315leaves, 11 steps):
342 y2+/d_ 2 2 542 4 /q _ 2 2
SbdT X NVd-cTdx’  bd X Vd-cdx —Eczdzxm<a+bAr‘cCosh[cx])—

16V-1+cx V/1+cx 16vV-1+cx V1+cx 8

5 d2 (1-cx)?(1+cx)?V/d-c2dx®> (a+bArcCosh[cx
=c?d®x (1-cx) (1+cx)d-c*dx* (a+bArcCosh[cx]) - ( ) ) ( [ 1>+
4 X
15cd?+/d-c?dx? (a+bAr‘cCosh[cx}>2 bcd?+/d-c2dx? Log[x]
N
16bvV-1+cx V1+cx v-1l+cx V1+cx

Problem 91: Result valid but suboptimal antiderivative.

dx

J(d—czdxz)s/2 (a+bArcCosh[cx])
4

X

Optimal (type 3, 293 leaves, 12 steps):

bcd?Vd-c2dx? bc*d?x2Vd-c2dx® 5 , — 5c2d (d-c2dx?)”? (a+bArcCosh[cx])
- +=c*d®x/d-c*dx* (a+bArcCosh[cx]) + -

6x2V-1+cx Vi+cx 4+/-1+cx Vi+cx 2 3x
(d—czdxz)s/2 (a+bArcCosh[cx]) 5c*d>vd-c?dx? (aerAr‘cCosh[cx])2 7bc3d?2+/d-c2dx? Log[x]
3x3 4b\/-1+cx V1+cx 3/ -1+cx V1+cx

Result (type 3, 324 leaves, 11 steps):



bcd?+/d-c?dx? bc®d*x?Vd-c?dx* 5 , 22
- - +=c*d*x+/d-c?dx* (a+bArcCosh[cx]) +
6x2vV-1+cx V1+ecx 4+-1+cx Vi+cx 2

5c¢2d? (1-cx) (1+cx)Vd-c2dx?® (a+bArcCosh[cx]) d?(1-cx)?(1+cx)?+/d-c2dx? (a+bArcCoshlcx])

3 X 3 x3
5c3d2+d-c2dx? (aerAr‘cCosh[cx])2 7bc3d?+/d-c?2dx? Log[x]
4b+/“1+cx V1+cx 3+v/-1+cx V1+cx

Problem 92: Result valid but suboptimal antiderivative.

(d- czdxz)S/2 (a+bArcCosh[cx])
J dx

x6

Optimal (type 3, 293 leaves, 12 steps):
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bcd?~/d-c2dx? 11bc3d?Vd-c2dx?  c*d?"/d-c2dx? (a+bArcCosh[cx]) c?d (d-c2dx?)>? (a+bArcCosh[cx])
_20x4\/—1+cx V1+cx +36x2\/—1+cx V1+cx i X ' 3x3 )
(d—czdxz)s/2 (a+bArcCosh[cx]) c5d2\/m(aerAr'cCosh[cx])2 23bc>d?2+/d-c2dx? Log[x]
5x° ' 2bv-1+cx V1+cx ' 15+/-1+cx V1+cx

Result (type 3, 324 leaves, 11 steps):

bcd?2/d-c2dx? 11bc3d?2/d-c2dx? c4d2m(a+bAr‘cCosh[cx})
20x*\/-1+cx V1+cx +30x2\/—1+cx V1+cx X '
c2d? (1-cx) (1+cx)m(a+bAr‘cCosh[cx]) d2 (1—cx)2(1+cx)2m(a+bAr‘cCosh[cx])
3x3 ) 5 x° i
cSd?\/d-c2dx?* (a+bArcCosh[cx])® 23bc5d*~/d-c?dx? Log[x]
2b+/-1+cx V/1+cx ' 15+ -1+cx V1+cx

Problem 94: Result valid but suboptimal antiderivative.

dx

J(d—czdxz)w2 (a+bArcCosh[cx])
10

X

Optimal (type 3, 314 leaves, 6 steps):
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bc3d2/d-c2dx® bc®d2/d-c?dx® bc’dd-c2dx* bcd? (1-c2x?)*Vd-c2dx?
7189x6\/—1+cx V1+cx +42x4\/—1+cx V1+cex 721x2\/—1+cx V1+cx i 72x8-1+cx V1+cx )
(d-c2dx?)”? (a+bArcCosh[cx]) 2c?(d-c2dx?)”? (a+bArcCosh[cx]) 2bc®d?~/d-c2dx? Log[x]
9dx° ) 63 d x’ : 63vV-1+cx V1+cx

Result (type 3, 448 leaves, 7 steps):

bc3d?Vd-c?dx? bcSd>Vd-c?dx? bc’d>Vd-c?dx? bcd? (1-c2x?)*vd-c?2dx?
_ N _ _ _
189x8+/-1+cx V1+recx 42x*/-1+cx V1+cx 21x2+/-1+cx V1+cx 72x8+/-1+cx V1+cx

c*d?vd-c?dx* (a+bArcCosh[cx]) c®d*vd-c?*dx? (a+bArcCosh[cx]) 2c®d?vd-c?dx® (a+bArcCosh[cx])

+ +
21 x° 63 x3 63 X

+

5c¢2d? (1-cx) (1+cx)Vd-c2dx? (a+bArcCosh[cx]) d?(1-cx)?(1+cx)?V/d-c2dx® (a+bArcCosh[cx]) 2bc®d?+/d-c2dx? Log[x]

63 x’ 9 x°

Problem 95: Result valid but suboptimal antiderivative.

(d-c2dx?)*? (a+bArcCosh[cx])
j dx

X12

Optimal (type 3, 385Ileaves, 5steps):
bcd?+d-c?2dx? 23bc3d?/d-c?dx? 113bc>d?+d-c?dx?

+

+

110x°+/-1+cx V1+cx 792x8+/-1+cx /1+cx 4158x5+/-1+cx v/1+cCx

bc’d2/d-c2dx? 2bc9d2/d-c2dx? (d-c2dx?)”? (a+bArcCosh[cx])
924x*\/-1+cx V1+cx +693x2\/—1+cx AT . 11dx? )
4c? (d-c2dx?)”? (a+bArcCosh[cx]) 8c*(d-c?dx?)”? (a+bArcCosh[cx]) 8bcltd2~/d-c2dx? Log[x]
99.dx°? _ 693 d x’ 693/ T1rcx Vircx

Result (type 3, 519leaves, 6 steps):

63\/71+cx \/1+cx
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bcd?+/d-c?dx? 23bc3d?+/d-c?2dx? 113bc>d?2+vd - c?d x?
_ N _
110x°+/-1+cx V1+cx 792x8+/-1+cx /1+cx 4158x5+/-1+cx v/1+cCx

bc’d2+/d-c?dx? 2bc®d2+/d-c2dx? 5c*d?+d-c?dx? (a+bArcCoshlcx])
+ _

+

+

924x4/-1+cx V1+cx 693x2+/-1+cx V/1+cx 231 x7
cedzm(a+bAr‘cCosh[cx]) 4c8d2m(a+bAr‘cCosh[cx]) 8c10d2m(a+bAr‘cCosh[cx])
231 x° ' 693 x3 ' 693 x '
5c2d2 (1—cx) (1+cx>m<a+bAr‘cCosh[cx]) d? (1—cx)2 (1+cx)2m(a+bAr‘cCosh[cx]) 8bclld2+/d-c2dx? Log[x]
99 x° 11 xM 693V -1+cx V1+cx

Problem 96: Result valid but suboptimal antiderivative.

Jx7 (d—czdxz)s/2 (a+bArcCosh[cx]) dx

Optimal (type 3, 458 leaves, 4 steps):
16 bd2 xVd-c?dx? 8bd?x3+d-c?dx? 2bd?x>+/d-c?dx? 5bd?x’d-c?dx?

+ + + -

3003c’7v/-1+cx V1+rcx 9009c5+/-1+cx V1+cx 5005c3+/-1+cx V1+cx 21021c/-1+cx V/1+cx

53bcd?x*Vd-c2dx?  27bcd?xd-c2dx? b dxPVd-c2dx®  (d-c2dx?)”? (a+bArcCosh[cx])
+

- - +

3861/ -1+cx V1+cx 1573+/-1+cx V1+cx 169v-1+cx V/1+cx 7ctd
(d-c2dx?)®? (a+bArcCosh[cx]) 3 (d-c?dx?)™? (a+bArcCosh[cx]) (d-c2dx?)*? (a+bArcCoshlcx])
- +
3 c8d? 11 c8d? 13 c®d*

Result (type 3, 527 leaves, 5steps):
16 bd? xVd-c?dx? 8bd?x3+d-c?2dx? 2bd?x>+d-c?dx?

+ + +

3003 c’+/-1+cx V1+cx 9009c5+/-1+cx V1l+cx 5005c3+/-1+cx /1+cx

5bd2x’+d-c?dx? 53bcd?x®+d-c?dx? 27bc3d? x11/d-c?dx? bc>d?x13+/d-c?dx?
+

21021c+/-1+cx V1+cx 3861+/-1+cx V1+cx 1573+ -1+cx V1+cx 169+ -1+cx V1+cx

16 d2 (1—cx>3(1+cx)3m(a+bAr‘cCosh[cx]) 8 d2 x? (1—cx)3(1+cx)3m(a+bAr‘cCosh[cx1)
3003 c? . 429 cb .

6 d? x4 (1—cx)3<1+cx)3m(a+bAr‘cCosh[cx]) d? x® (1—cx)3(1+cx)3m(a+bAr‘cCosh[cx])

143 c* 13 c?
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Problem 97: Result valid but suboptimal antiderivative.

st (d—czdxz)S/2 (a+bArcCosh[cx]) dx

Optimal (type 3, 378 leaves, 4 steps):

8bd?x/d-c2dx? 4bd2x3+/d-c?dx? bd?x>+d-c?dx? 113bcd?x’ Vd-c2dx? 23bc3d?x®+d-c?2dx?
+ + - +

693c5V-1+cx V1+cx 2079c3+/-1+cx V/1+cx 1155c¢+/-1+cx V/1+cx 4851+/-1+cx V1i+cx 891+ -1+cx V1+cx
bc5d2x1+/d-c2dx? (d-c2dx?)”? (a+bArcCosh[cx]) 2 (d-c2dx?)®? (a+bArcCosh[cx]) (d-c2dx?)™'? (a+bArcCosh[cx])

+

121v/-1+cx V1+cx 7cd 9 ¢ d? 11 c6 d3

Result (type 3, 429 leaves, 5 steps):
8bd?x/d-c?dx? 4bd?x3d-c?dx>? bd?x>+d-c?dx? 113bcd?x’ Vd - c?d x?

+ +

693c5/-1+cx V1+rcx 2079c3+/-1+cx V1+cx 1155c+-1+cx V1+cx 4851+ -1+cx vJ1+cx

23b3d2x?Vd-c2dx?  bcSdix/d-c2dx? 8d? (1-cx)’ (1+cx)?+/d-c2dx?® (a+bArcCoshcx])

+

891+/-1+cx V1+cx 121+/-1+cx V1+cx 693 c®
4 d2 x? (1—cx)3<1+cx)3\/d—c2dx2 (a+bArcCosh[cx]) dzx“<1—cx)3(1+cx)3\/d—c2dx2 (a+bArcCosh[cx])
99 ¢4 11 ¢?

Problem 98: Result valid but suboptimal antiderivative.

JXE’ (dfczdxz)S/2 (a+bArcCosh[cx]) dx

Optimal (type 3, 298 leaves, 4 steps):
2bd*x+d-c?dx? bd?x3/d-c?dx? bcd?x*+d-c?dx? 19bc3d?x”/d-c?dx?
+

. _
63c3+vV-1+cx V1+cx 189c/-1+cx V1+cx 21+ -1l+cx V1+cx 441+ -1+cx V1+cx
be>d2x®/d-c2dx® (d—czdxz)”2 (a+bArcCosh[cx]) (d—czdxz)g/2 (a+bArcCosh[cx])
- +

81V 1+cx V1tcx 7ctd 9 c*d?

Result (type 3, 331 leaves, 5steps):
2bd2x+d-c?dx? bd?x3+/d-c?dx? bcd?x®>+d-c?dx? 19bc3d?x’\/d-c?dx? bc>d?x®+Vd-c?dx?
+

+

63c3\/—1+cx \/1+cx 189C\/—1+cx \/1+cx 21\/—1+cx \/1+cx 441\/—1+cx \/1+cx 81\/—1+cx \/1+cx
2 d? (1—cx)3(1+cx)3\/d—c2dx2 (a+bArcCosh[cx]) d?x? (1—cx)3’(1+c:x)3\/d—c2dx2 (a+bArcCosh[cx])

63 c* 9 c?




Problem 103: Result valid but suboptimal antiderivative.
Jx! 1-x%2 ArcCosh[x] dx

Optimal (type 3, 66 leaves, 3 steps):

_ 2 _ 2
S NV1-xx N lxmAr‘cCosh[x} ) V1-x ArcCosh[x]
4+/-1+x 2 4~/-1+x
Result (type 3, 84 leaves, 4 steps):
2 2 2 2
) x2/1-x N lx\/ﬁAr‘cCosh[x] ~ V1-x? ArcCosh [x]
4~+-1+x J1+x 2 4~+-1+x J/1+x

Problem 104: Result valid but suboptimal antiderivative.

st (a+bArcCosh[cx])
Vd-c?dx?
Optimal (type 3, 236 leaves, 6 steps):

dx

8bx+v-1+cx V1+recx 4bx3+v/-1+cx V1l+cx bx5+v/-1+cx V1+cx

15¢>+/d-c?dx? 45 c3+/d - c?dx? 25¢c+/d-c?2dx?
8Vd-c?2dx? (a+bArcCoshicx]) 4x?*Vd-c?dx? (a+bArcCosh[cx])

x*\/d-c?dx? (a+bArcCosh[cx])

15c®d 15 c*d

Result (type 3, 260 leaves, 7 steps):

8bx+v-1+cx V1+rcx 4bx®+/-1+cx V1+ecx bx5+v/-1+cx V1+cx
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x* (1-cx) (1+cx) (a+bArcCoshlcx])

15 ¢V d-c?dx? 45 c3+/d-c?dx? 25c+vd-c?dx?
8 (1-cx) (1+cx) (a+bArcCosh[cx]) 4x*(1-cx) (1+cx] (a+bArcCoshlcx])
15c®+/d - c?dx? 15c*+/d-c?dx?

Problem 105: Result valid but suboptimal antiderivative.

JX4 (a+bArcCosh[cx]) .
X

Vd-c?dx?
Optimal (type 3, 212leaves, 5steps):

5c2+/d-c?dx?
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3bx2vV-1+cx V1+ecx bx*vV-1+cx V1+cx 3xVd-c2dx? (a+bAr‘cCosh[cx])

16 c3/d-c?dx? 16 cVd-c?dx? 8ctd
x>\/d-c2dx? (a+bArcCosh[cx]) 3+/-1+cx V/1+cx (a+bArcCosh[cx])?
+
4c’d 16bc>+/d-c2dx?

Result (type 3, 228 leaves, 6 steps):
bx*vV-1+cx V1+cx 3x(1-cx) (1+cx) (a+bArcCosh[cx])

3bx2vV-1+cx V1+cx

16 c3/d - c?d x? 16 cVd-c?dx? 8c*Vd-c?dx?
x* (1-cx) (1+cx) (a+bArcCosh[cx]) 3+/-1+cx V1+cx (aerAr‘cCosh[cx])2
+
4c?2+/d-c?dx? 16 b c®/d-c?d x?

Problem 106: Result valid but suboptimal antiderivative.

JX3 (a+bArcCosh[cx])
dx

Vd-cZdx?
Optimal (type 3, 156 leaves, 4 steps):
2bx/-1+cx Vi+cx bx*+v-1+cx V1+cx Zm(a+bAr‘cCosh[cx1) xzm(a+bAr‘cCosh[cx])
 sedoddd scid-cde 3¢t d * 32 d

Result (type 3, 172leaves, 5 steps):

2bxV/-1+cx Vi+cx bx*+/-1+cx Vl+cx 2 (1-cx) (1+cx) (a+bArcCoshlcx]) x?(1-cx) (1+cx) (a+bArcCosh[cx])

3c3+d-c?dx? 9c+vd-c?dx? 3c*vd-c?dx? 3c2+/d-c?dx?

Problem 107: Result valid but suboptimal antiderivative.

sz (a+bArcCosh[cx]) 5
X

Vd-c?dx?
Optimal (type 3, 132leaves, 3 steps):
bx?+/~1+cx V/1+cx xVd-c?dx? (a+bArcCosh[cx]) vV-l+cx V1+cx <a+bAr‘cCosh[cx})2
- - +

4c/d-c2dx® 2c%d 4abc3+/d-c?dx?
Result (type 3, 140leaves, 4 steps):




bx2/-1+cx Vi+cx X (1—cx) (1+cx) (a+bAr‘cCosh[cx])

v-1l+cx V1+cx (a+bArcCosh[cx])

2

+

4c~d-c?dx? 2c2+/d-c?dx?

Problem 108: Result valid but suboptimal antiderivative.

x (a+bArcCosh[cx])
Optimal (type 3, 72 leaves, 2 steps):
bxy/-1+cx /1+cx Vd-c2dx? (a+bArcCosh[cx])

cVd cZdx? c2d
Result (type 3, 80leaves, 3 steps):

dx

bxvV-1+cx V1+cx (1-cx) (1+cx) (a+bArcCosh[cx])

cvVd-c?dx? c?2\/d-c?2dx?

Problem 109: Result optimal but 1 more steps used.
Ja+bAr‘cCosh[c X]
Vd-c2dx?

Optimal (type 3, 53 leaves, 1step):

X

v-1l+cx V1+cx (a+bAr‘cCosh[cx])2
2bc+/d-c?dx?
Result (type 3, 53 leaves, 2 steps):

v-1l+cx V1+cx (aerAr‘cCosh[cx])2

2bcd-c?dx?

Problem 110: Result optimal but 1 more steps used.
Ja+bAr‘cCosh[c x]
xvd-c?dx?

Optimal (type 4, 151 leaves, 6 steps):

X

4bc3+/d-c?dx?

7 Inverse hyperbolic functions.nb | 85



86 | 7 Inverse hyperbolic functions.nb

2+/-1+cx V1+cx (a+bArcCosh[cx]) ArcTan [ eArecoshicx] |

Vd-c?dx?
iby-1+cx V1+cx Polylog|2, i efrccoshiexl | jp~/-1+cx \/1+cx Polylog|2, i eArccoshicx]]
+
\d-c2dx? Vd-c2dx?

Result (type 4, 151 leaves, 7 steps):

2+v/-1+cx V1+cx (a+bArcCosh[cx]) ArcTan|eArccoshicx] |

Vd-c?dx?
iby-1+cx /1+cx Polylog(2, i efrccoshiexl | jp~/-1+cx \/1+cx Polylog|2, i eArccoshicx]]
+
Vd-c?2dx? Vd-c?dx?

Problem 111: Result valid but suboptimal antiderivative.

a +bArcCosh[cx]
J dx

x2\/[d-c2dx?
Optimal (type 3, 71leaves, 2 steps):
Vd-c2dx? (a+bArcCosh[cx]) bc+/-1+cx V1+cx Log(x]
7 dx 7 NrEcrra
Result (type 3, 79 leaves, 3 steps):

(1-cx) (1+cx) (a+bArcCosh[cx]) bcy/-1+cx V1+cx Log[x]

xVd-c?dx? Vd-c?2dx?

Problem 112: Result valid but suboptimal antiderivative.

a +bArcCosh[cx]
J dx

x3+d-c?2dx?
Optimal (type 4, 238 leaves, 8steps):
bcv/-1+cx Vi+cx Vd-c2dx? (a+bArcCoshfcx]) c2+v/-1+cx V1+cx (a+bArcCosh[cx]) ArcTan|eArccoshicx]]

— + —

2x/d-c?dx? 2dx? Vd-c?dx?
ibc2v/-1+cx V1+cx PolyLog[Z, -1 eANmSh[CX]} ibc2v/-1+cx V1+cx PolyLog[Z, JieA'“CC"Sh[CX]]
+
2+d-c?dx? 2+d-c?dx?

Result (type 4, 246 leaves, 9 steps):
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bcyv-1+cx Vi+cx (1-cx) (1+cx) (a+bArcCosh{cx]) c2+/-1+cx v/1+cx (a+bArcCosh[cx]) ArcTan|eArccoshicx]]

+

2xVd-c2dx? 2x2+d-c?dx? Vd-c?dx?

ibc2/-1+ecx V1+cx PolyLog[Z, -1 eA”C"Sh[CX]} ibc2/-1+ecx V1+cx PolyLog[Z, J'lceA'"C“Sh[CX]]
+

2+/d-c?dx? 2+/d-c?dx?

Problem 113: Result valid but suboptimal antiderivative.
a+bArcCosh[cx]
J x4 d-c2dx?
Optimal (type 3, 155leaves, 4 steps):
bcv/-1+cx Vitcx m(a+bAr‘cCosh[cx]) 2c2m(a+bArcCosh[cx}) 2bc3+/-1+cx v/1+cx Log[x]
7 7 3Vd- dd

dx

6x2Vd-c2dx? 3dx° 3dx
Result (type 3, 171 leaves, 5steps):

bcv/-1+cx V1+cx (1—cx) (1+cx) (a+bAr‘cCosh[cx])

2¢? (1-cx) (1+cx) (a+bArcCosh{cx]) 2bc*+/-1+cx /1+cx Log[x]

6x2/d-c?dx? 3x3/d-c?2dx? 3xvVd-c?dx? 3+d-c?dx?

Problem 114: Result valid but suboptimal antiderivative.

jxs (a+bArcCosh[cx])

(d-c2dx?)*?

dx

Optimal (type 3, 233 leaves, 5steps):
5bx+d-c?dx? bx3/d-c?dx? a+bArcCosh[cx]

- + +
3cd®V-1+cx Vitecx 9c3d*V/-1+cx Vi+cx  cSdV/d-c2dx?
2+/d-c?dx? (a+bArcCosh[cx]) (d-c?dx?)*? (a+bArcCosh[cx]) b~/d-c?dx? ArcTanh[c x]

cb d2 3¢cbd3

c6d2\/-1+cx V1+cx
Result (type 3, 262 leaves, 5steps):

5bxy/-1+cx V1+cx bx3y/-1+cx V1+cx x*(a+bArcCoshlcx])
+ + +

3cdvVd-c?2dx? 9c3dvVd-c?2dx? c2dvd-c2dx?
8 (1-cx) (1+cx) (a+bArcCosh[cx]) 4x?(1-cx) (1+cx) (a+bArcCosh{cx]) b~/-1+cx v/1+cx ArcTanh[cx]
+

+

3cbd~/d-c?dx? 3c¢*d/d-c?dx? c®d~/d-c?dx?
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Problem 115: Result valid but suboptimal antiderivative.
x* (a+bArcCosh[cx])
=

dx

Optimal (type 3, 226 leaves, 7 steps):

bx2+/-1+cx Vi+cx X3 (a+bAr~cCosh[cx}> 3x+/d-c2dx? (a+bAr'cCosh[cx])

+ +

4acdd-crdx? c2dvd-c2dx® 2ctd?
3v-1+cx V1+cx (a+bAr‘c:Cosh[cx])2 bv/-1+cx V1+cx Log[l-c?x?
4bc>d/d-c?dx? 2c’d/d-c?dx?

Result (type 3, 237 leaves, 8 steps):

bx2v/-1+cx V1+cx x*(a+bArcCoshcx]) 3x(l1-cx) (1+cx) (a+bArcCoshlcx])
+ +

4c3dVd-c?2dx? c2dVd-c?2dx? 2ctd/d-c?dx?
3v/-1+cx V1+cx (a+bArcCosh(cx])? b~/-1+cx V1+cx Log[l-c2x?]
4bc>d/d-c?dx? 2c’dd-c?dx?

Problem 119: Result optimal but 1 more steps used.
Ja+bArcCosh[c X]

(d—czdx2)3/2

X

Optimal (type 3, 84 leaves, 2 steps):

x (a+bArcCosh[cx]) b~/-1+cx V1+cx Log[l-c?x?]

d~/d-c?dx? 2cdVd-c?dx?

Result (type 3, 84 leaves, 3 steps):

x (a+bArcCosh[cx]) bv/-1+cx V/1+cx Log[l-c?x?]

d+/d-c2dx? 2cd/d-c2dx?

Problem 123: Result valid but suboptimal antiderivative.
Ja +b ArcCosh[c x] dx

x4 (d—czdx2>3/2

Optimal (type 3, 250 leaves, 5steps):



bc+d-c2dx? a+bArcCosh[cx] 4c?(a+bArcCoshlcx])
6d2x?\/-1+cx Vi+cx 3dx3+/d-c2dx? 3dxVd-c?2dx?
8c*x (a+bArcCosh[cx]) 5bc3+/d-c2dx? Log[x] bcvVd-c2dx? Log|[l-c?x?]
+ +

3dvVd-c2dx? 3d2+/-1+cx V1+cx 2d2V/-1+cx V1+cx
Result (type 3, 250 leaves, 6 steps):

+

bcv-1+cx V1+cx a+bArcCoshicx] 4c? (a+bArcCosh[cx])

- - +

6dx2+d-c?2dx? 3dx3Vd-c?2dx? 3dxVd-c?dx?

8c*x (a+bArcCosh[cx]) 5bc3+/-1+cx V1+cx Logix] bc*y/-1+cx V/1+cx Log[1l-c2x?]

3d+vd-c?dx? 3d+vd-c?dx? 2d+d-c?2dx?

Problem 124: Result valid but suboptimal antiderivative.

st (a+bArcCosh[cx])
dx

(d—czdxz)S/2

Optimal (type 3, 243 leaves, 5steps):
bx+d-c?dx? bx/d-c?dx? a+bArcCosh[c x]

_ . _
cSdV-1+rcx Vitex 6c5d*y/-1+cx Vircx (1-c2x?) 3c6d(d—c2dx2)3/2
2 (a+bArcCosh[cx]] +d-c*dx? (a+bArcCosh[cx]) 11b+/d-c2dx? ArcTanh[cx]
- +

c6d2/d- c?dx? ctd? 6cd3/-1+cx V1+cx
Result (type 3, 280 leaves, 6 steps):

bx+-1+cx V1+cx bxv-1+cx V1+cx 4x* (a+bArcCosh[cx])

+

c®d2+/d-c2dx? 6c°d? (1-c2x?) Vd-c?dx? 3c*d?v/d-c2dx?

+
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x* (a+bArcCosh[cx]) 8 (1-cx) (1+cx) (a+bArcCosh[cx]) 11b~/-1+cx V/1+cx ArcTanh[cx]
3c2d? (1-cx) (1+cx) Vd-c?dx? 3c6d?v/d-c?2dx? 6c6d>d-c2dx?

Problem 126: Result valid but suboptimal antiderivative.

Jx3 (a+bArcCosh[cx])
dx

(d—czdxz)S/2

Optimal (type 3, 158 leaves, 4 steps):
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bx+d-c?dx? a+bArcCosh[c x] a+bArcCosh[cx] 5b~/d-c?dx?® ArcTanh[c x]
+ - +

6c3d3 (71+cx)3/2 (1+cx)3/2 3c4d (d—chXZ)B/2 ctd>/d-c2dx? 6ctd3vV-1+cx V1+rcx

Result (type 3, 243 leaves, 5steps):

bxv-1+cx V/1+cx a+bArcCosh[cx]

6c3‘d2(17c2x2)\/d7c2dx2 c“dz(lJrcx)\/dfczdx2

+

x3 (a+bArcCosh[cx]) (l—cx)2 (a+bArcCosh[cx]) 5b+/-1+cx v/1+cx ArcTanh[cx]
. _

3cd2(1—cx) (1+cx)\/d—c2dx2 3 ¢4 d2 (1+cx>\/d—c2dx2 6c*d2+/d-c2dx?

Problem 127: Result valid but suboptimal antiderivative.
sz (a+bArcCosh[cx])

(d-c2dx?)>?

dx

Optimal (type 3, 133 leaves, 5steps):

bvV-1+cx V1+cx X3 (a+bAr‘cCosh[cx]) bvV-1+cx V/1+cx Log[l—czxz]
+

6c3d (d-c2dx?)’? 3d (d-c2dx?)’? 6c3d>\/d-c2dx?

Result (type 3, 160 leaves, 5steps):

bvV-1+cx V1+cx x3 (a+bArcCosh[cx]) bv-1+cx V1+cx Log[l-c2x?]
+ +
6c3d? (1-c2x?) Vd-c?dx? 3d*(1-cx) (1+cx) Vd-c2dx? 6c3d2+/d-c?dx?

Problem 128: Result valid but suboptimal antiderivative.
Jx (a+bArcCosh[cx])

(d-c2dx?)*?

dx

Optimal (type 3, 127 leaves, 4 steps):
bxvV-1+cx vV/1+cx

a+bArcCosh|c x] bv-1+cx \/1+cx ArcTanh|[c x]
+ +
6c:d(d—c2dx2)3/2 3c2d(d—c2dx2)3/2 6c2d2+/d-c2dx?

Result (type 3, 154 leaves, 4 steps):

bx+v-1+cx V/1+cx a + b ArcCosh[c x] b/-1+cx V1+cx ArcTanh[c x]
+ +

6cd2<17c2x2)\/d7c2dx2 3c2d2(17cx) (1+cx)\/d7c2dx2 6c2d?+d-c?2dx?
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Problem 131: Result valid but suboptimal antiderivative.

a+bArcCosh[c x]
J dx

x2 (d-c2dx?)*?

Optimal (type 3, 248 leaves, 5steps):

bcd-c2dx? a+bArcCosh[cx] 4c?x (a+bArcCoshlcx])

_6d3\/71+cx V1+cx (1-c2x?) . dx(d—czdxz)s‘/2 ' 3d (d—czdx2)3/2
8c2x (a+bArcCosh[cx]) bc~/d-c2dx? Log[x] 5bcVd-c?dx? Log[1l-c?x?]

3d2/d-c2dx? +d3\/—1+cx Vi+cx + 6d>/-1+cx Vi+cx
Result (type 3, 279 leaves, 6 steps):
bcv-1+cx Vi+cx +8c2x(a+bAr'cCosh[cx]) a+bArcCosh[c x] .
6 d? (1—c2x2)m 3d2V/d-c2dx® d?x (1-cx) (1+cx)m

4c?x (a+bArcCosh[cx] ) bcvV-1+cx V1+cx Logix] 5bcv-1+cx Vi+cx Log[l-c?x?]
362 (1-cx) (1+cx) Va-cZdxd V- cZdxd 7 6d2d_cZdxE

Problem 133: Result valid but suboptimal antiderivative.

a+bArcCosh[cx]
J dx

x* (d-c2dx?)*?

Optimal (type 3, 338 leaves, 5steps):

bcvVd-c2dx? bc>+vVd-c?dx? a+bArcCoshicx] 2c? (a+bArcCosh[cx])
- - - +
6d>x2\/-1+cx Vi+cx 6d*v/-1+cx V/l+cx (1-c2x?) 3dx? (d—czdx2)3/2 dx(d—czdx2)3/2

8 c*x (a+bAr‘cCosh[cx]) 16 c* x (a+bAr‘cCosh[cx]) 8bc3+/d-c2dx? Log[x] 4bc3+/d-c?dx? Log[l—czxz]
+ + +
3d(d—c2dx2)3/2 3d2+/d-c2dx>? 3d3+v/-1+cx V1+cx 3d3+v-1+cx V1+cx

Result (type 3, 383 leaves, 6 steps):
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+

bcv-1+cx vV1+cx bc3/-1+cx V1+cx 16 c*x (a+bArcCosh[cx])
N

6d>x?\/d-c2dx> 6d? (1-c2x2)\/d-c2dx? 3d2/d-c2dx?
a +bArcCosh[c x] ) 2c? (a+bArcCosh[cx]) .
3d2x% (1-cx) (1+cx) Vd-c2dx?  d?x (1-cx) (1+cx)Vd-c2dx?
8 c*x (a+bArcCosh[cx]) 8bc3+/-1+cx Vi+cx Log[x] 4bc*+/-1+cx V1+cx Log[l-c2x?]
362 (1-cx) (1+cx) Va-cZda 3@ d-dx 7 3d2/d- AR

Problem 134: Result valid but suboptimal antiderivative.

ArcCosh[ax]
J SrCoSA X ax

(c-a?cx?)’/?

Optimal (type 3, 246 leaves, 8 steps):

\/—1+ax \/1+ax . 2\/—1+ax \/1+ax .

20ac3 (1—a2x2)2m 15ac3 (1—a2x2>m
x ArcCosh[a x] 4 x ArcCosh[a X] 8 x ArcCosh[ax] 4+/-1+ax V1+ax Log[1-a?x?]

5c<cfa2cx2)5/2+15c2 (c—azcx2)3/2+15c3m_ 15ac3v/c-a’cx?
Result (type 3, 276 leaves, 7 steps):

v-1+ax V1l+ax . 2+/-1+ax V1+ax +8xAr‘cCosh[ax] .
20ac® (1-a2x?)?"/c-a2cx?  15ac® (1-a2x?) Vc-alex? 153/ c-atcxd

x ArcCosh[a x] . 4 x ArcCosh[a x] 4+/-1+ax V1+ax Log[l-a?x?]

5c3 (1-ax)? (1+ax)®Vc-a?cx? 15¢ (1-ax) (1+ax)Vc-aZcx? 15ac3Vc-a2cx?

Problem 135: Result valid but suboptimal antiderivative.

Jx“ ArcCosh[a x]

dx

1-a2x?

Optimal (type 3, 145leaves, 5steps):
3x2+/-1+ax x*V/-1+ax 3x+/1-a2x? ArcCosh[ax] x3+/1-a?x? ArcCosh[ax] 3+/-1+ax ArcCosh[ax]?
- - - +

16a>+/1-ax 16a+/1l-ax 8 a’ 4a’ 16a°+/1-ax

Result (type 3, 206 leaves, 6 steps):



3x2+/-1+ax V1+ax

x*/~1+ax \/1+ax 3x(1-ax) (1+ax)ArcCosh[ax]

16a3+v1-a2x? 16aV1-a%x? 8a*\/1-a2x?
x3 (l—ax) (1+ax) ArcCosh[ax] 3+/-1+ax \/1+ax ArcCosh[ax]?2
+
43%2+/1-a?x? 16a°> V1 - a?x?

Problem 136: Result valid but suboptimal antiderivative.

Jx3 ArcCosh[a x]
X

V1-a?x?
Optimal (type 3, 110leaves, 4 steps):

2x+vV-1+ax x3+/-1l+ax 2+/1-a%2x? ArcCosh[ax] x2+/1-a%x? ArcCosh[ax]
3a3+/1-ax 9a+1-ax 3a* 3a?

Result (type 3, 158 leaves, 5steps):

2xv/-1+ax Vi+ax x3V/-1+ax /1+ax 2(1—ax) (1+ax>Ar‘cCosh[ax]
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x* (1-ax) (1+ax) ArcCosh[ax]

3a3+v1-a%x? 9a+V1-a?x? 3a%vV1-a%x?

Problem 137: Result valid but suboptimal antiderivative.

sz ArcCosh[ax]
Vi1i-atx?
Optimal (type 3, 88leaves, 3 steps):

dx

4a+/1-ax 2a? 4a3+/1-ax
Result (type 3, 125leaves, 4 steps):

x2v/-1+ax x+v1-a2x? ArcCosh[ax] +/-1+ax ArcCosh[ax]?
+

x2v/-1+ax vJ1+ax x(l-ax) (1+ax)ArcCosh[ax] ~/-1+ax \/1+ax ArcCosh[ax]2
- - +

3a2+/1-a?x?

4a+1-2a%2x? 2a2+/1-a%2x? 4a3+1-a%?x

Problem 138: Result valid but suboptimal antiderivative.

X ArcCosh[a x]
J— dx

1-a2x?

Optimal (type 3, 49leaves, 2 steps):
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xvV-1+ax +/1-a%x? ArcCosh[ax]

avl-ax a’
Result (type 3, 73 leaves, 3 steps):

xv/-1+ax V1+ax (1-ax) (1+ax) ArcCosh[ax]
avi-a2x? a?+/1-a%x?

Problem 139: Result valid but suboptimal antiderivative.
ArcCosh[a x]
i
Optimal (type 3, 32leaves, 1 step):
\/-1+ax ArcCosh[ax]?
2a \/m

Result (type 3, 45leaves, 2steps):

dx

v-1+ax vV1+ax ArcCosh[ax]?

2aV/1-a2x?

Problem 140: Result valid but suboptimal antiderivative.

ArcCosh[ax]
Ji dx

xV1-a?x?
Optimal (type 4, 103 leaves, 6 steps):
2+/-1+ax ArcCosh[ax] ArcTan [eArccoshiax] ] 5 \/-1+ax PolylLog [2, -i eArcCoshlax]] v/ -1+ax PolylLog [2, i eArcCoshlax]]
Result (type 4, 142 leaves, 7 steps):

2+/-1+ax V/1+ax ArcCosh[ax] ArcTan]|eArccoshiax] |
V1-a?x?
iv-1+ax V/1+ax Polylog[2, i eArcCoshiaxi] j+/-1+ax v/1+ax Polylog[2, i efrccoshiax]]

+

V1-a?x? V1 - a?x?




Problem 141: Result valid but suboptimal antiderivative.

ArcCosh[a x]
J SRR ax

2 1-atxt
Optimal (type 3, 48 leaves, 2 steps):
7\/1—a2x2 ArcCosh[ax] aV-1+ax Log[x]
X Vv1-ax
Result (type 3, 72leaves, 3 steps):
(1—ax) (1+ax>Ar‘cCosh[ax] av-l+rax V1+ax Log[x]

xV1-a2x? V1-a?x?

Problem 142: Result valid but suboptimal antiderivative.

JAr'cCosh[a X] q
x3/1-a2x?

Optimal (type 4, 167 leaves, 8 steps):

X

av/-1+ax 1-a2x? ArcCosh[ax] a2/ -1+ax ArcCosh[ax] ArcTan]|eArccoshiax|
- +

2x+/1-ax 2x2 v1-ax

ia2+/-1+ax Polylog [2, — 1 eArcCoshlax] } ia?+/-1+ax Polylog [2, 1 eArcoshlax] }

+

2+\/1-ax 2+\/1-ax
Result (type 4, 230 leaves, 9steps):

av/-1+ax V1+ax (1-ax) (1+ax)ArcCoshlax] a?+/-1+ax \/1+ax ArcCosh[ax] ArcTan|eArccoshiax]]

+

2xV1-a2x? 2x2V1-a%x?

V1-a?x?

ia2+/-1+ax V1l+ax PolyLog[z, -1 eA"CC“h[aX]] ia2+/-1+ax V1l+ax PolyLog[Z, JieA'"cc“h[“]}

+
2+1-a%x?

Problem 143: Result valid but suboptimal antiderivative.

(fx)*? (a+bArcCosh[cx])
J dx

1-c?x?

Optimal (type 5, 98 leaves, 1 step):
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2 (fx)*? (a+bArcCosh[cx]) Hyper‘geometr‘icZFl[%, 45, i—, c2x?]  4bc (fx)”?+/-1+cx HypergeometricPFQ[{1, ZT’

+

5f

Result (type 5, 111 leaves, 2 steps):
2 (f x>5/2 (a+bArcCosh[cx]) Hyper‘geometr‘icZFl[%, i, %, c? x?]

5f
4bc (-Fx)7/2\/—1+cx V1+cx HypergeometricPFQ[{1, i, 21, {%, 14—1}, c? x?]

35f2+/1-c2x?

Problem 144: Result optimal but 1 more steps used.

(fx)?? (a+bArcCosh[cx])
J dx

Vd-c?2dx?
Optimal (type 5, 141 leaves, 1step):
2 (fx) 22 1-c2x? (a+bArcCosh[cx] ) Hypergeometric2F1 [ i, i, %, 2 x?]

5f+d-c?dx?

4bc (fx)”?+/-1+cx V/1+cx HypergeometricPFQ[{1, i, 21, {%, 14—1}, c? x|

35 f2+/d-c?dx?
Result (type 5, 141 leaves, 2 steps):
2 (fx)>?~/1-c2x2 (a+bArcCosh[cx]) Hypergeometric2F1| %, i, %, 2 x?|

5f+d-c?dx?

4bc (-Fx)7/2\/—1+cx V1+cx Hyper‘geometr‘icPFQHl, i, i}, {%, 171}, c? x?]

35f2+/d-c?dx?

Problem 153: Result valid but suboptimal antiderivative.
J(fx)"‘«/dfczdxz (a+bArcCosh[cx]) dx

Optimal (type 5, 278 leaves, 3 steps):

35 f2+/1-cx
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be (fx)*"Vd-c2dx? (fx)¥"/d-c?dx? (a+bArcCosh[cx])

- + +

F2<2+m)2\/—1+cx V1+cx -F<2+m)

(Fx)*"v/d-cZdx? (a+bArcCoshlcx]) Hypergeometric2F1[2, &, 31, 22|

f (2+3m+m2) Vi-cx V1+cx

bc (-Fx)z”" Vd-c?dx? HypergeometricPFQ[{1, 1+ g, 1+ 3}, {%+ ?, 2+ g}, c? x?]

f2 (1+m) (2+m)2\/—1+cx V1+cx

Result (type 5, 288 leaves, 4 steps):
be (fx)*"Vd-c2dx? (fx)*"~/d-c?dx? (a+bArcCosh[cx])
+

_-F2<2+m)2\/—1+cx V1+cx -F(2+m)

+

(fx)¥""/1-c?x2 v/d-c2dx? (a+bArcCosh[cx]) Hypergeometric2Fi| %, 1;"‘, 3;—'", c? x?]

f(2+3m+m?) (1-cx) (1+cx)

bc (fx)>"+/d-c2dx® HypergeometricPFQ[{1, 1+ ™, 1+ 2], {2, 0 2, M1 (2x2
2 2 2 2 2

2 (1+m) (2+m)*/-1+cx V1+cx

Problem 154: Result optimal but 1 more steps used.

(fx)" (a+bArcCosh[cx])
J dx

Vd-cZdx?
Optimal (type 5, 176 leaves, 1step):
(f x)l”“\/l—cizx2 (a+bArcCosh[cx]) HypergeometricZFl[i, 32 2|
f(l+m) Vd-c2dx?
be (fx)*™V/-1+cx V1+cx HypergeometricPFQ[{1, 1+ %, 1+ %}, {242, 2+ %, 22

2 2
£ (1am) (20m) VAT

Result (type 5, 176 leaves, 2 steps):
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(Fx)"™V1-c2x* (a+bArcCosh[cx]) Hypergeometric2F1 |2, L, 20, c2x?]
f1+em)Vd-c?dx®

bc (Fx)z*m\/—lJrcx V1+cx Hyper‘geometr‘icPFQHl, 1+ %, 1+24, {i+

f2 (1+m) (2+m) d-c2dx?

Problem 160: Result optimal but 1 more steps used.

dx

J(Fx)m (a+bArcCosh[cx])
\/dl+cdix v/d2-cd2x

Optimal (type 5, 188 leaves, 1step):
(fx) /1 - 2 x2 (a+bArcCosh[cx] ) Hypergeometric2F1 [ i, 1?'", B*T'", c2 x?]

+

f (1+m) Vdl+cdlx v/d2-cd2x

bc (-Fx)z*m\/—1+cx V1+cx Hyper‘geometr‘icPFQHl, 1+ f, 1+ %}, {i+ , 2+ f}, c? x|

[NRE

£2 (1+m) (2+m) Vdl+cdlx v/d2-cd2x

Result (type 5, 188 leaves, 2 steps):

£x)¥"/1-c2x2 (a+bArcCosh[cx]) Hypergeometric2F1[2, 1m ~3m - c2y2
( yperg )

f(1+m)~/dl+cdlx /d2-cd2x

bc (Fx)z”"\/—lJrcx V1+cx Hyper‘geometricPFQHl, 1+ g, 1+f}, {

N W
+

f2 (1+m) (2+m) vdl+cdlx v/d2-cd2x

Problem 163: Result valid but suboptimal antiderivative.

(fx)"ArcCosh[ax]
J dx

1-a2x?

Optimal (type 5, 128 leaves, 1step):

(f x)l”" ArcCosh[ax] Hyper‘geometr‘icZFl[i, Lm &3 - 52 x?|  a (f x)z”" Vv-1l+ax Hyper‘geometr‘icPFQ[{l, 1+ f, 1+ f}, {§+ f, 2+

m

2}, a2 Xz]

f(1+m) £ (1em) (2+m) VI-ax

Result (type 5, 141 leaves, 2steps):
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(f x)l”" ArcCosh[ax] Hyper‘geometr‘icZFl[i, 1?'", 3*T'", a% x|

f (1+m)

a (-Fx)z*"'\/—lJrax V1+ax Hyper‘geometr‘icPFQHl, 1+ %, 1+ m}, {%Jr , 2+ f}, azxz}

£2 (1+m) (2+m) 1-a2x?

Problem 170: Result optimal but 1 more steps used.
jx3\/d—c2dx2 (a+bArcCosh[cx])?dx

Optimal (type 3, 371 leaves, 16 steps):

856 b2/ d-c?dx?> 22b%x?>+/d-c?dx? 2, ., P 4abx+d-c?2dx?
- + + —b*x*\/d-c dx® + +
3375 ¢4 3375 ¢2 125 15¢3+/-1+cx V1+cx
4b2x+d-c2dx? ArcCosh[cx] 2bx*Vd-c?dx® (a+bArcCosh[cx]) 2bcx*vVd-c?dx? (a+bArcCoshlcx])
+ _ _
15c3V/-1+cx V1+cx 45c+/-1+cx V1+cx 25v/-1+cx V1+cx

2+/d-c2dx? (a+bArcCosh{cx])? x*~/d-c?dx? (a+bArcCosh[cx])? 1
- +=x*/d-c?dx* (a+bArcCosh[cx])
15 ¢4 15 2 5

2

Result (type 3, 371 leaves, 17 steps):

856 b2\ d-c2dx? 22b2x?>+d-c2dx? 2 L, 22 4abx~/d-c?dx?
_ + + — b x d-cdx® + +
3375 ¢t 3375 c2 125 153V 11X Visex
4b2x+/d-c?dx? ArcCosh[cx] 2bx>+Vd-c?dx? (a+bArcCosh[cx]) 2bcx’vd-c?dx® (a+bArcCosh[cx])
. _ _
15c3V/-1+cx V1+cx 45¢+/-1+cx V1+cx 25+/-1+cx Vi+cx

2/d-c2dx? (a+bArcCosh[cx])? x2+/d-c2dx?® (a+bArcCosh[cx])® 1
( ) - ( ) +=x*y/d-c?dx? (a+bArcCosh[cx])?
15 c* 15 c? 5

Problem 171: Result optimal but 1 more steps used.
sz \Jd-c?dx? (a+bArcCosh[cx])?dx

Optimal (type 3, 319leaves, 11 steps):
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b2x+d-c?2dx? 1, ., 5., b?Vd-c?2dx* ArcCosh|cx]
- + — b*Xx d-cdx® - +
64 c? 32 64c3/-1+cx V1+cx
bx?Vd-c2dx? (a+bArcCosh[cx]) bcx*Vd-c?dx* (a+bArcCosh[cx])
8c/-1+cx V1+cx 8+v-1+cx V1+cx

xvVd-c2dx? (a+bArcCosh[cx])? 1 vd-c2dx? (a+bArcCoshfcx])?
( ) + = x3+/d-c?dx? (a+bAr‘cCosh[cx])2— ( )

8 c? 4 24bc3v/-1+cx V1+cx

Result (type 3, 319leaves, 12 steps):

b2x+d-c?2dx? 1, ., 5., b?Vd-c?2dx* ArcCosh|cx]
- + —bx d-cdx® - +
64 c? 32 64c3\/-1+cx V1+cx
bx?+vd-c?dx? (a+bArcCosh[cx]) bcx*vVd-c?dx? (a+bArcCosh[cx])
8c/-1+cx V1+cx 8+v/-1+cx V/1+cx

xvVd-c2dx? (a+bArcCosh[cx])? 1 vd-c2dx? (a+bArcCoshcx])?
( ) +=x3y/d-c2dx?* (a+bArcCoshcx])?- ( )

8 c? 4 24bc3\/-1+cx V1+cx

Problem 173: Result optimal but 1 more steps used.
J\/d*CZdXZ (a+bArcCosh[cx])?dx

Optimal (type 3, 204 leaves, 5steps):

1 b2+/d-c?dx? ArcCosh[cx] bcx?Vd-c?2dx? (a+bArcCosh[cx])
=b*x+/d-c?dx® + -
4 4c/-1+cx V1+cx 2+/-1+cx V1i+cx

1 , Vd-c*dx? (a+bArcCosh[cx])?
—x+/d-c?dx* (a+bArcCosh[cx])*-
2 6bcv-1+cx V1+cx

+

Result (type 3, 204 leaves, 6 steps):

+

1 b2+/d-c2dx? ArcCosh[cx] becx?Vd-c?dx® (a+bArcCosh[cx])
“bZx+Jd-c?dx® + -

4 4C\/—1+cx \/1+cx 2\/—1+cx \/1+cx
Vd-c?dx? (a+bAr‘cCosh[cx])3

6bcv-1+cx V/1+rcx

1
~x+/d-c2dx? (a+bArcCoshfcx])?-
2
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Problem 174: Result optimal but 1 more steps used.
J\/d -c2dx? (a+bArcCosh[cx])?

dx
X

Optimal (type 4, 402 leaves, 12 steps):
2abcx/d-c?2dx?  2b2cx+d-c?2dx? ArcCosh[cx]

2b%+/d-c?2dx? - - +
\/—1+cx \/1+cx \/—1+cx \/1+cx
, 2Vd-c?dx? (a+bArcCosh[cx]) 2 ArcTan [ @ArcCoshlex] |
d-c*dx* (a+bArcCoshlcx])”- +
v-l+cx V1+cx
2ib+d-c?dx? (a+bArcCosh[cx]) Polylog|2, -i eArccoshicx]] 24 b+/d-c?dx? (a+bArcCosh[cx]) Polylog|2, i eArccoshicx |
\/—1+cx \/1+cx \/—1+cx \/1+cx
21b%2+/d-c?dx? PolyLog[ @hrcCoshc ]] 21b%2+/d-c2dx? PolyLog[ @ArcCoshc ]}
V-1+cx V1+cx V-1+cx V1l+cx

Result (type 4, 402 leaves, 13 steps):
2abcxVd-c?2dx* 2b%Zcxvd-c?2dx? ArcCosh[c x]

2b%2+/d-c?2dx?® - - +
\/—1+CX \/1+CX \/—1+CX \/1+CX
, 2Vd-c?dx?* (a+bArcCoshlc x})zAr‘cTan[eA"cc“h[cx]}
d-c*dx* (a+bArcCosh[cx])”- +

\/—1+CX \/1+CX
2ib+d-c?dx? (a+bArcCosh[cx]) Polylog[2, -i efrccoshicx]] 24 b+/d-c2dx? (a+bArcCosh[cx]) PolylLog|2, i eArccoshicx] |

v-1+cx Vl+cx vV-1+cx V1+cx
2ib%+/d-c2dx? PolyLog|3, @ArcCosh(c ]] 2ib2+/d-c2dx? Polylog[3, i eArccoshicx]]
\/—1+cx \/1+cx \/—1+cx \/1+cx

Problem 175: Result valid but suboptimal antiderivative.
J\/dczdx2 (a+bArcCosh[cx])?

2

dx
X

Optimal (type 4, 234 leaves, 7 steps):
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Vd-c2dx? (a+bArcCosh[cx])? c+d-c2dx? (a+bArcCosh[cx])® c+vd-c?dx? (a+bArcCosh[cx])?

- + + +
X V-l+cx V1+cx 3bv-1+cx V/1+cx
2bc/d-c2dx® (a+bArcCosh[cx]) Log[l+e 2Arccoshicx]] p2c~/d-c2dx? Polylog|2, —e 2Arccoshicx]]
V-1+cx V1+cx V-1+cx V1+cx

Result (type 4, 234 leaves, 8steps):
Vd-c2dx?* (a+bArcCosh{cx])® cVd-c2dx? (a+bArcCosh[cx])® c~/d-c?dx? (a+bArcCosh[cx])?

- - + +
X V-1l+rex V1l+ex 3byvV-1+cx V1+cx
2bc/d-c2dx® (a+bArcCosh[cx]) Log[1+e2Arecoshiex] | p2c+/d-c?dx? Polylog[2, -e2Arccoshicx]]
+
\/—1+CX \/1+CX \/—1+CX \/1+CX

Problem 176: Result optimal but 1 more steps used.
J\/dczdx2 (a+bArcCosh[cx])?

x3

dx

Optimal (type 4, 427 leaves, 12 steps):
bcvd-c?dx* (a+bArcCoshlcx]) +d-c2dx? (a+bAr‘cCosh[cx})2

+

xvV-1+cx V1+cx 2x?
c2/d-c2dx? (a+bAr‘cCosh[cx1)ZAr‘cTan[eA“COSh[CX]} b2 c?+/d-c2dx? ArcTan[V-1+cx V/1+cx |
N _
V-1+cx V1+cx V-1+cx V1+cx

ibc?vd-c?dx? (a+bArcCosh[cx]) Polylog (2, —i efrecoshiexi | b c2~/d - c2 d x? (a+bArcCosh[cx]) Polylog [2, i eArcCoshicx]]

+

\/—1+cx \/1+cx \/—1+cx \/1+cx
ib2c2+/d-c2dx? Polylog(3, -i efrecoshiex] | j p2 c2+/d-c2dx? Polylog|3, i eArccoshicx]]
\/—1+cx \/1+cx \/—1+cx \/1+cx

Result (type 4, 427 leaves, 13 steps):

+
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bcvd-c?dx? (a+bArcCoshlcx]) +d-c2dx? (a+bAr‘cCosh[cx}>2

- - +

xvV-1+cx V1+cx 2 x2
c2/d-c2dx? (a+bArcCosh(c x] )2 ArcTan | eArccoshicx] | . b2 c2+/d-c2dx? ArcTan[v-1+cx V1+cx | )
V-1+cx V1i+cx V-1+cx Vi+cx
ibc2v/d-c2dx? (a+bArcCosh[cx]) PolylLog[2, - i efrecoshicxl | j bc2+/d-c2dx? (a+bArcCosh[cx]) PolylLog[2, i eArccoshicx] |
\/—1+cx \/1+cx ' \/—1+cx \/1+cx '
ib?c2+/d-c?dx? Polylog[3, —i eArccoshicxI]  jp2c2+/d-c2dx? Polylog|3, i eArccoshicx |
v-1+cx V1+cx . v-1l+cx V1+cx

Problem 177: Result valid but suboptimal antiderivative.
J\/dczdx2 (a+bArcCosh[cx])?

X4

dx

Optimal (type 4, 336 leaves, 11 steps):
b2c2+/d-c2dx? b2c3+/d-c2dx? ArcCosh[cx] bc (1 -c? x2) Vd-c?2dx? (a +b ArcCosh[c x] )

3x 3+/-1+cx V1+cx 3x2/-1+cx VJ1+cx
3Vd-c2dx? (a+bArcCosh[c x})2 (d—czdx2)3/2 (a+bArcCosh[c x])2
3¢//-1+cx V1+cx i 3dx3 )
2bc3/d-c2dx? (a+bAr‘cCosh[c X]) Log[l+e’“"cc°5h[c”] b2 c3mPolyLog[2, fe’“”cc“h[cx]]
37/ -1+cx V1+cx ' 347/ -1+cx V1+cx

Result (type 4, 344 leaves, 11 steps):
b2c2+/d-c2dx? b2c3/d-c?dx? ArcCosh[cx] bc (1—C2X2> \d-c?2dx? <a+bAr‘cCosh[cx])

+

3x 3+//-1+cx V1+cx 3x2/-1+cx VJ1+cx
cd-c2dx? (a+bAr‘cCosh[cx1)2 (1-cx) (1+cx) Vd-c?dx? (a+bAr‘cCosh[cx])2
3v-1+cx V1+cx 3x?

2bc3/d-c2dx? (a +bArcCosh[c x] ) Log [1 + @2ArcCosh[cx] } b2 c3+/d-c?dx? Polylog [2, — @2ArcCosh[cx] ]

3\/71+cx \/1+cx 3\/—1+cx \/1+cx
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Problem 183: Result valid but suboptimal antiderivative.

(d—czdx2)3/2 (aerAr‘cCosh[cx])2
J dx

x2

Optimal (type 4, 453 leaves, 15 steps):

1 5b2cd+/d-c?dx? ArcCosh[cx] 3bc®dx?vd-c?dx® (a+bArcCosh[cx])
- =b%c?dx~/d-c?dx® - +

4 4+ -1+cx J1+rcx 2+/-1+cx V1+cx

bcd (1-c2x?) Vd-c?dx? (a+bArcCosh[cx]) 3

~c?dxy/d-c?dx® (a+bArcCosh[cx])?+

+

\/—1+cx \/1+cx
cdVd-c2dx? (a+bArcCosh[cx])? (d-c2dx?)*? (a+bArcCosh{cx])? cd~/d-c?dx?* (a+bArcCoshlcx])?

- + +
V-1+ex Vi+cx X 2b+/-1+cx V1+cx
2bcd+/d-c2dx? (a+bArcCosh[cx]) Log[1+e 2ArcCoshicx]] b2 cd+/d-c?dx? Polylog[2, -e 2ArcCoshicx] |
V-1+cx V1+cx V-1+cx V1+cx

Result (type 4, 465 leaves, 15steps):

1 5b2cdy/d-c?dx? ArcCosh[cx] 3bc*dx?Vd-c?dx® (a+bArcCosh[cx])
-=b%c?dx~/d-c?dx?® - +

4 4\/—1+cx \/1+cx 2\/—1+cx \/1+cx

+

cdvd-c2dx? (a+bAr‘cCosh[cx])2

bcd (1-c?x?) Vd-c2dx* (a+bArcCosh[cx]) 3

~c?dx~/d-c?dx* (a+bArcCosh[cx])?-

v-1l+cx V1+cx 2 v-1l+cx V1+cx
d(1-cx) <1+cx)m(a+bAr‘cCosh[cx})2 cd\/m(aerAr‘cCosh[cx])3
X ' 2bvV-1+cx V1+cx ’
2bcd/d-c2dx? (a+bArcCosh[cx]) Log[1+e?Arccoshicx]] bzcdeolyLog[z, ~ @2 Arctoshcx] |
\/—1+cx \/1+cx ' \/—1+cx \/1+cx

Problem 185: Result valid but suboptimal antiderivative.

(d-c2dx?)*? (a+bArcCosh[cx])?
j dx

X4

Optimal (type 4, 426 leaves, 18 steps):



7 Inverse hyperbolic functions.nb | 105

b2c2d/d-c2dx? b2c>d~/d-c?dx? ArcCosh[cx] becd (1-c?x?)/d-c?dx? (a+bArcCosh[cx]) c2dvd-c2dx? (a+bArcCosh[cx])?

+ —

3x 3+//-1+cx V1+cx 3x2/-1+cx VJ1+cx X
4c3dd-c2dx? (a+bAr‘cCosh[cx])2 (d—czdx2)3/2 (aerAr‘cCosh[cx])2 c3d+vd-c2dx? (a+bAr‘cCosh[cx])3

3+/-1+cx V/1+cx 3x3 3byv-1+cx V1+cx
8bc3dd-c?dx? (a+bAr‘cCosh[c x]) Log[1+e’“'"cc°5h[cx]] 4b2c3d/d-c?dx? PolyLog[Z, —e’““c“h[”]}
+
3\/—1+cx \/1+cx 3\/—1+cx \/1+cx

Result (type 4, 438 leaves, 18 steps):
b2c2d/d-c2dx? b2c3d/d-c?dx? ArcCosh[cx] bcd(1-c2x?)Vd-c2dx? (a+bArcCosh[cx]) c2dVd-c2dx? (a+bArcCosh[cx])?
- - +

+

3x 37V-1+cx V1+cx 3x2v/-1+cx V1+cx X
4(:3d\/m(a+bAr‘cCosh[cx])2 d(1-cx) (1+cx)m(a+bAr‘cCosh[cx})2 c3d\/m<a+bAr‘cCosh[cx])3
31/ -1+cx V1+cx _ 3x° i 3by/-1+cx V1+cx i
8bc3d+/d-c2dx? (a+bArcCosh[cx]) Log[1+e2Arccoshicx] | 4 p2 c3d+/d-c2dx? PolyLog|2, - e2ArcCoshicx] |
3\/—1+cx \/1+cx . 3\/—1+cx \/1+cx

Problem 191: Result valid but suboptimal antiderivative.

dx

j(dczdxz)s/2 (a+bArcCosh[cx])?

XZ

Optimal (type 4, 607 leaves, 25 steps):
2 2 2 2
B agxfa-cax - S ucdx (1-cx] (10 cx) a-cax - LS AZd Ancloshex)

64 32 64~ -1+cx V1+cx
15bc>d*x?d-c*dx* (a+bArcCosh[cx]) bcd?(1-c2x?)Vd-c?dx? (a+bArcCoshlcx])
N _
8\/—1+CX \/1+CX \/—1+CX \/1+CX
bcd? (1-c2x2)?+/d-c2dx?® (a+bArcCosh[cx] 15 cd?+/d-c2dx? (a+bArcCosh[cx])?
( ) ( )——czdzx d-c?dx? (a+bAr‘cCosh[cx])2+ ( ) -
8+v-1+cx V1+cx 8 v-l+cx V1+cx
5 d-c2dx?)®? (a+bArcCosh[cx])? 5cd?~/d-c2dx? (a+bArcCosh[cx])?>
fczdx(d—czdx2>3/2 (a+bAr‘cCosh[cx}>2—( o ) + ( ) +
4 X 8bv/-1+cx vV1+cx
2bcd?+v/d-c?dx* (a+bArcCoshlcx]) Log[1 + e 2ArcCoshicx] | p2 cd2+/d - c2dx? Polylog|2, - e 2ArcCoshicx] |
v-1l+cx V1+cx V-l+ecx V1+cx

Result (type 4, 638 leaves, 24 steps):
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31 1 89b2cd?+vd-c2dx? ArcCosh[c x
- == b%c?d?*x d—czdxz——bzczdzx(l—cx) (1+cx)w/d—c2dx2— [ J+

64 32 64/ -1+cx V1+cx
15bc>d*x?*d-c*dx?* (a+bArcCosh[cx]) bcd®(1-c2x?)Vd-c?dx? (a+bArcCoshlcx])
. _
8+v-1+cx V1+cx v-1l+cx V1+cx

b ¢ d? (1—c2x2)2\/d—c2dx2 (a+bAr‘cCosh[cx]) 15 5

- —=c?d*x+/d-c*dx* (a+bArcCosh[cx])”-
8

8\/—1+cx \/1+cx

d2+/d-c2dx? b ArcCosh 2
< c?dx® [a+bArcCoshicx]) —Eczdzx(l—cx) (1+cx)/d-c?dx? (a+bAr‘cCosh[cx])2—

V-l+cx V1+cx 4
d? (1—cx)2(1+cx)2\/m(aerAr'cCosh[cx])2 5cd2\/m(aerAr'cCosh[cx])3
X ' 8b+v-1+cx V1+cx '
2bcd?V/d-c2dx? (a+bArcCosh[cx]) Log[1+e2ArcCoshicx] ] b2 cd?~/d-c2dx? Polylog[2, —e?ArcCoshicx] ]
\/—1+cx \/1+cx ' \/—1+cx \/1+cx

Problem 193: Result valid but suboptimal antiderivative.

(d-c2dx?)*? (a+bArcCosh[cx])?
J dx

X4
Optimal (type 4, 638 leaves, 30 steps):
lbzc“dzx [4_ dx? +b2C2d2 (1-cx) (1+cx) Vd-c2dx? +23b2c3d2\/d—c2dx2 ArcCosh[c x]

12 3x 12+/-1+cx V1+cx
5bc®d?x?Vd-c?dx? (a+bArcCosh[cx]) 7bc*d?(1-c?x?)Vd-c?dx® (a+bArcCosh[cx])
2+/-1+cx V1i+cx 3+//-1+cx V1+cx

bcd? (1—c2x2)2\/d7c2dx2 (a+bArcCosh[cx]] 5

, 7cd?/d-c2dx? (a+bArcCosh[cx])?

+=c*d*x+/d-c?dx* (a+bArcCosh[cx])

3x2+/-1+cx V1+cx 2 3+//-1+cx V1+cx
5c2d (d-c2dx?)*? (a+bArcCosh[cx])® (d-c2dx?)*? (a+bArcCosh[cx])? 5c3d2\/m(aerAr'cCosh[cx])3
3x i 3x3 . 6b/-1+cx V1+cx )
14bc3d>\/d-c2dx? (a+bArcCosh[cx]) Log[1 + e 2ArcCoshicx] | 7 p2 ¢3 dzmpolymg[z, - @ 2ArcCosh[cx] |
3¢//-1+cx V1+cx ' 3¢//-1+cx V1+cx

Result (type 4, 669 leaves, 29 steps):
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7 b?c?d? (1-cx) (L+cx) Vd-c2dx> 23b2c3d2+/d-c2dx® ArcCosh[c x
—b2c*d?x~/d-c2dx® + ( ) { ) + Lex]

12 3x 12+/-1+cx V1+cx
5bc*d?x?Vd-c?dx? (a+bArcCosh[cx]) 7bc?d?(1-c?x?)Vd-c?dx? (a+bArcCosh[cx])
2+/-1+cx V1+cx 3+/-1+cx V1+cx

b c d? (1—c2x2)2\/d—c2dx2 (a+bArcCosh[cx]] 5

+ = c*d?x+/d-c?dx® (a+bArcCosh[cx])?+
2

3x2+v/-1+cx V1+cx

7c3d2v/d-c2dx? (aerAr‘cCosh[cx])2 5c2d? (1-cx) (1+cx) Vd-c2dx? (a+bAr‘cCosh[cx}>2

+ —

3+/-1+cx V1+cx 3x
d? (1—cx)2(1+cx)2\/m(aerAr'cCosh[cx])2 5c3d2\/m(a+bAr‘cCosh[cx})3
3x3 ) 6bv-1+cx V1+cx .
14bcd2+/d-c2dx? (a+bArcCosh[cx]) Log[1+e2ArcCoshicxI]  7p2c3d?~/d-c2dx? Polylog|2, -e?Arccoshicx] ]
3v//-1+cx Vi+cx 7 3+/-1+cx Vi+cx

Problem 194: Result valid but suboptimal antiderivative.

st (a+bArcCosh[cx] >2 ;
X

Vd-c?dx?

Optimal (type 3, 421 leaves, 16 steps):
16abxy/-1+cx V1+cx 4144b% (1-cx] (1+cx) 272b2x? (1-cx) (1+cx) 2b>x* (1-cx) (1+cx)

15c¢5/d-c2dx? 3375 ¢/ d-c2dx? 3375 ¢4/ d-c2dx? 125c2+/d-c2dx®
16b2x~/-1+cx V1+cx ArcCosh[cx] 8bx*+V/-1+cx v/1+cx (a+bArcCosh{cx]) 2bx°+-1+cx V1+cx (a+bArcCoshlcx])
15c5/d-c2dx? 45 c3/d-c2dx® 25c/d-c2dx®
8\/m(a+bAr‘cCosh[cx1)2 4x2\/m(a+bAr‘cCosh[cx])2 x“\/m(a+bAr‘cCosh[cx])2
15c4d ) 15c*d ) 5c2d

Result (type 3, 445leaves, 17 steps):

| 107
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16abx/-1+cx V1+cx 4144b2(1—cx) (1+cx) 272b2x2(1—cx) (1+cx> 2b2x4<1—cx) (1+cx)

15c>+/d-c?2dx? 3375c®+d-c2dx? 3375c*Vd-c?2dx? 125 c2+/d-c?dx?
16b2x~/-1+cx V1+cx ArcCosh[cx] 8bx*V/-1+cx v/1+cx (a+bArcCosh{cx]) 2bx°+v-1+cx V1+cx (a+bArcCosh[cx])
15¢c®d-c?dx? 45 c3+/d-c2dx? 25¢c+/d-c?dx?

2 2 2

8 (1-cx) (1+cx) (a+bArcCosh[cx]) 4x* (1-cx) (1+cx) (a+bArcCosh[cx]) x* (1-cx) (1+cx) (a+bArcCoshlcx])

15c6+/d-c?dx? 15 c*+d - c?dx? 5c2+/d-c?2dx?

Problem 195: Result valid but suboptimal antiderivative.

jx“ (a+bArcCosh[cx])?
dx

Vd-c?dx?
Optimal (type 3, 355leaves, 11 steps):

15b2x (1-cx) (1+cx) b2x® (1-cx) (L+cx) 15b%2+/-1+cx v/1+cx ArcCosh[cx]
- - +

64c*\d-c2dx? 32c¢2/d-c2dx? 64c®\d-c2dx?
3bx2+/-1+cx V/1+cx (a+bArcCosh[cx]) bx*+/-1+cx /1+cx (a+bArcCosh[cx])
8c3/d-c2dx? 8cVd-c2dx?
3,X\/m(a+bAr‘cCosh[cx1)2 x3\/m(a+bAr'cCosh[cx])2 V-1l+cx V1+cx (a+bAr*cCosh[cx])3
8c*d . 4c%d : 8bcS/d_c2dx2

Result (type 3, 371 leaves, 12steps):

15b?x (1-cx) (1+cx) b2x3 (1-cx) (L+cx) 15b2+/-1+cx /1+cx ArcCosh[cx]
- - +

64 c*~/d-c?dx? 32c2+/d-c?2dx? 64 c>/d-c?dx?
3bx2/-1+cx V1+cx (a+bArcCosh[cx]) bx*+v-1+cx V/1+cx (a+bArcCosh[cx])
8c3/d-c?2dx? 8c/d-c?2dx?

2 2 3

3x (1-cx) (1+cx) (a+bArcCosh[cx])® x*(1-cx) (1+cx) (a+bArcCoshlcx]) V-1+cx /1+cx (a+bArcCosh[cx])

8c*d-c?dx? 4c?+/d-c?dx? 8bc®+/d-c2dx?

Problem 196: Result valid but suboptimal antiderivative.

Jx3 (a+bArcCosh[cx])? ;
X

Vd-c?2dx?
Optimal (type 3, 292 leaves, 9 steps):
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4abx~/-1+cx V/1+cx 40b2(1-cx) (1+cx) 2b2x?(1-cx) (1+cx] 4b?x+/-1+cx /1+cx ArcCosh[cx]

3c3vd-c?2dx? 27 c*\/d-c?dx? 27 c2/d - c?d x? 3c3+d-c?2dx?
2bx*+/-1+cx V/1+cx (a+bArcCosh[cx]) 2+Vd-c?dx? (a+bAr‘cCosh[cx})2 x2+/d-c2dx? (a+bAr‘cCosh[cx])2
9c+d-c2dx? 3ctd 3c2d

Result (type 3, 308 leaves, 10 steps):

4abx/-1+cx Vl+cx 40b%(1-cx) (L+cx) 2b>x? (1-cx) (1+cx) 4b2x~/-1+cx V/1+cx ArcCosh[cx]

3c3vVd-c2dx? 27 c*/d-c?dx? 27 c2/d-c?dx? 3c3Vd-c?2dx?
2bx*+/-1+cx V/1+cx (a+bArcCosh[cx]) 2 (1-cx) (1+cX) (a+bAr‘cCosh[cx])2 x? (1-cx) (1+cx) (aerAr‘cCosh[cx])2

9c+Vd-c2dx? 3c¢*V/d-c?2dx? 3¢c?2+/d-c?2dx?

Problem 197: Result valid but suboptimal antiderivative.

2

sz (a+bArcCosh[cx])
dx

Vd-c?dx?
Optimal (type 3, 226 leaves, 5 steps):

b2x (1-cx) (1+cx) b2y/-1+cx V/1+cx ArcCosh[cx] bx2+/-1+cx V/1+cx (a+bArcCosh[cx])
- +

4c?+/d-c?dx? 4c3/d-c?dx? 2cvd-c?2dx?
xVd-c2dx? (a+bArcCosh[cx])® +/-1+cx v/1+cx (a+bArcCosh[cx])?
+
2c2d 6bc3/d-c?2dx?

Result (type 3, 234 leaves, 6 steps):

b2x (1-cx) (1+cx) b2+/-1+cx /1+cx ArcCosh[cx] bx2v/-1+cx v/1+cx (a+bArcCoshlcx])
- +

4c?+/d-c?dx? 4c3/d-c?dx? 2cvVd-c?2dx?
x (1-cx) (1+cx) (aerAr‘cCosh[cx])2 V-1+cx V1+cx (a+bAr‘cCosh[cx])3
+
2c%2+/d-c?2dx? 6bc3+/d-c?dx?

Problem 198: Result valid but suboptimal antiderivative.

JX (a+bArcCosh[cx])? 5
X

Vd-c?dx?
Optimal (type 3, 155leaves, 4 steps):



110 | 7 Inverse hyperbolic functions.nb

2abxvV-1+cx V1+cx 2b2 (1—CX) (1+CX) 2b2x~/-1+cx V1+cx ArcCosh[cx] Vd-c?2dx? <a+bAr‘cCosh[cx])2

cvVd-c2dx? c?2\/d-c?2dx? cvd-c?dx? c*d
Result (type 3, 163 leaves, 5 steps):

2abxy/-1+cx Vi+cx 2b? (1—CX> (1+CX) 2b2x+/-1+cx V1+cx ArcCosh[c x] (l—CX) (1+CX) (a+bAr‘cCosh[cx])2

cVd-c?dx? c2+/d-c?2dx? cVd-c?dx? c2+/d-c2dx?

Problem 199: Result optimal but 1 more steps used.

(a+bArcCosh[cx] )2
J dx

Vd-c?2dx?
Optimal (type 3, 53 leaves, 1step):

V-1+cx V1+cx (aerAr'cCosh[cx])3
3bcvd-c?dx?
Result (type 3, 53 leaves, 2 steps):

V-1+cx V1+cx (a+bArcCoshicx])?

3bc+vd-c?dx?

Problem 200: Result optimal but 1 more steps used.

(a+bArcCosh[cx])?
j dx

xVd-c?dx?
Optimal (type 4, 273 leaves, 8 steps):

2vV/-1+cx V1+cx <a+bAr‘cCosh[cx])ZAr‘cTan[eA“C"Sh[”]] 2ib+/-1+cx V1+cx (a+bArcCosh[cx]) Polylog|2, -i eArccoshicx]]
- +
Vd-c2dx? Vd-c2dx?

2ib/-1+ecx V1+cx (a+bArcCosh[cx]) Polylog|[2, i eArccoshicx] ]|
.
Vd-c?dx?

2ib2+/-1+cx V1+cx PolyLog[3, -1 eA'“CC°5h[CX]} 2ib2+/-1+cx V1+cx PolyLog[3, J'leA'“CC"Sh[CX]]

Vd-c?dx? Vd-c?2dx?
Result (type 4, 273 leaves, 9steps):
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2+/-1+cx V1+cx (a+bAr‘cCosh[cx])ZAr‘cTan[eA"CC"Sh[“]] 2ib/-1+cx V1+cx (a+bArcCosh[cx]) PolylLog[2, -1 efrccoshicx]|

+

Vd-c2dx? Vd-c2dx?
2ibvV/-1+cx V/1+cx (a+bArcCosh[cx]) PolylLog[2, i eArccoshicx] ]|
2ib2+/-1+cx V1+cx Polylog[3, -iefrccoshicx] ] 24 b2+/-1+cx \/1+cx Polylog|3, i efrccoshicx]|

Problem 201: Result valid but suboptimal antiderivative.

(a+bArcCosh[cx])?
J dx

x2d-c?dx?
Optimal (type 4, 186 leaves, 6 steps):
cvV-1+cx V1l+cx (a+bAr‘cCosh[cx1)2 \Jd-c2dx? (a+bAr‘cCosh[cx])2

Vd-c2dx? dx
2bcv-1+cx V1+cx (a+bAr‘cCosh[cx]) Log[1+e’“'"cc°5h[cx]] b2c/-1+cx VJ1+cx PolyLog[Z, —e’““c“h[c”]
+
Vd-c?dx? Vd-c?dx?

Result (type 4, 194 leaves, 7 steps):

2 2

cV-1+cx V1+cx (a+bArcCosh[cx]) (1-cx) (1+cx) (a+bArcCosh[cx])

Vd-c?dx? xVd-c?dx?
2bcv-1+cx V1+cx (a+bArcCosh[cx]) Log[1 + e2Arccoshicx] | p2c~/-1+cx \/1+cx PolyLog|2, -e2Arccoshicx] |
Vd-c?2dx? \Vd-c?dx?

Problem 202: Result valid but suboptimal antiderivative.

b ArcCosh 2
J(a+ rcCosh[cx]) ix

x> d-c?dx?
Optimal (type 4, 430 leaves, 12 steps):
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bcvV-1+cx V1+cx (a+bArcCosh[cx]) +d-c?dx? (a+bArcCosh[cx])? c2+/-1+cx V1+cx (a+bArcCosh[cx])?ArcTan|eArccoshicx]]

— + —

xd-cZdx? 2dx? Vd-c2dx?
b2c2+/-1+cx V1+cx Ar‘cTan[\/—1+cx \/1+cx} ibc2v/-1+cx V1+cx (a+bAr‘cCosh[cx}) PolyLog[Z, —jeA"CC“h[CX]}
ibc2V/-1+cx V1+cx (a+bArcCosh[cx]) Polylog|2, i eArccoshicx]] .

Vd-c2dx?
ib2c2+/-1+cx VV1+cx Polylog|3, —iefrccoshiex] | jp2c2~/-1+cx V/1+cx Polylog|3, i eArccoshicx]]

Result (type 4, 438 leaves, 13 steps):

bcv-1+cx V1+cx (a+bArcCoshicx]) (1-cx) (1+cX) (aerAr'cCosh[c:x])2

+

xVd-c2dx? 2x2\/d-c2dx?
c2+/-1+cx V1+cx (a+bAr‘cCosh[cx])ZArcTan[eAr‘cc“h[CX]] b2c2v/-1+cx V1+cx ArcTan[v/-1+cx V/1+cx |
ibc2v/-1+cx V1+cx (a+bArcCosh[cx]) Polylog|2, -i eArccoshicx]]
ibc2v/-1+cx V1+cx (a+bArcCosh[cx]) Polylog|2, i eArccoshicx]] .
Vd-c2dx?
ib2c2+/-1+cx VV1+cx Polylog|3, -iefrccoshiex] ] jb2c2~/-1+cx V1+cx Polylog[3, i eArccoshicx]]

Problem 203: Result valid but suboptimal antiderivative.

2

(a+bArcCosh[cx])
J dx

x4 d-c?dx?
Optimal (type 4, 328 leaves, 9steps):
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b?c? (1-cx) (1+cX) bcv-1+cx V/1+rcx (a+bArcCosh[cx])
+

3xVd-c2dx? 3x2+/d-c?2dx?
2c3y/-1+cx /1+cx (a+bArcCosh[cx])? \/m(a+bAr‘cCosh[cx})2 2c2m(3+bAr‘cCosh[cx])2
3vVd-cZdxt . 3dx3 ) 3dx )
4bc3/-1+cx V1+cx (a+bArcCosh[cx]) Log[1+e2ArcCoshicx] ] 2p2 c3+/-1+cx /1+cx Polylog|2, —e 2Arccoshicx] |
3d- Tt ) 3d it

Result (type 4, 344 leaves, 10 steps):

b2c2 (1-cx) (1+cx) bcv/-1+cx Vi+cx (a+bArcCosh(cx]) 2c3+/-1+cx V1+cx (a+bArcCoshicx])?
+

+ —

3xVd-c2dx? 3x2d-c2dx® 3v/d-c2dx?
(1-cx) (1+cx) (aerAr‘cCosh[cx])2 2c? (1-cx) (1+cx) (a+bAr‘cCosh[cx])2
3 VA ) 3xVd-cZdx _
4bc/-1+cx V1+cx (a+bArcCosh[cx]) Log|1l+e?Arccoshicx]]  2p2c3~/-1+cx V/1+cx Polylog[2, -e?Arccoshicx] ]
3Vd-cZdx _ 3V cZdx

Problem 209: Result optimal but 1 more steps used.

(a+bArcCosh[cx])?
J dx

(d—czdx2>3/2

Optimal (type 4, 198 leaves, 6 steps):

2

x (a+bArcCosh[cx])® ~/-1+cx v1+cx (aerAr‘cCosh[cx})2

+ —

d+/d-c?dx? cd/d-c?dx?
2by/-1+cx V/1+rcx (a+bAr‘cCosh[cx]) Log[l—e“"cc‘”h[”]} b2+/-1+cx V1+cx PolyLog[Z, @2ArcCosh[cx]
cdvVd-c?dx? cdvd-c?dx?

Result (type 4, 198 leaves, 7 steps):

X (a+bAr‘cCosh[cx})2 V-1+cx V1+cx (aerAr‘cCosh[cx])2

+ —

d+/d-c?dx? cd/d-c?dx?

2by/-1+cx V/1+cx (a+bArcCosh[cx]) Log[1 - e2ArcCoshiex] | p2~/_1+cx \/1+cx Polylog|2, e2Arccoshicx] ]

cd/d-c?dx? cd/d-c?dx?

| 113
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Problem 225: Result valid but suboptimal antiderivative.

x* ArcCosh[a x]?
J dx

Vi-a?x?
Optimal (type 3, 243 leaves, 11 steps):

15xvV1-ax Yi+ax x3+V/1-ax vV1+ax 15+/-1+ax ArcCosh[ax] 3x%2~+/-1+ax ArcCosh[aXx]
- +

64 a* 3222 64a°V1-ax 8a*V1-ax
x*+/-1+ax ArcCosh[ax] 3x+V1-a%2x? ArcCosh[ax]? x3+/1-a?x? ArcCosh[ax]? +/-1+ax ArcCosh[ax]?
- - +
8a+v1l-ax ga* 42’ 8a*V1-ax

Result (type 3, 329 leaves, 12 steps):

15x (1-ax) (1+ax) x*(1-ax) (l+ax) 15+/-1+ax /1+ax ArcCosh[ax] 3x?+/-1+ax v/1+ax ArcCosh[ax]
_ _ . _
64a*\/1-a2x? 32a%+/1-a%x? 64a°>\1-a2x? 8a*+v1-a2x?
x*\/-1+ax V/1+ax ArcCosh[ax] 3x(l-ax) (1+ax)ArcCoshlax]? x> (1-ax) (1+ax)ArcCosh[ax]? +/-1+ax v/1+ax ArcCosh[ax]3
- - +

8a+V1l-a2x? 8a*+V1-a%x? 43%2+/1-a%x? 8a®V1-a%x?

Problem 226: Result valid but suboptimal antiderivative.

x3 ArcCosh[a x]?
J dx

1-a%x?

Optimal (type 3, 177 leaves, 8 steps):
2x2+/1-ax Y1l+ax 4x+/-1+ax ArcCosh[ax]

40+1-ax J1+ax

2734 2732 3a3—\/1_ax
2x3+/-1+ax ArcCosh[ax] 2+V1-a?x? ArcCosh[ax]? x?*/1-2a%x? ArcCosh[ax]?
9a+/1-ax 3a* 3a’

Result (type 3, 237 leaves, 9steps):

40 (1-ax) (1+ax) 2x*>(l-ax) (1+ax] 4x+/-1+ax /1+ax ArcCosh[ax]
27 a* V1 - a2 x? 27 a2 /1 - a2 x? 3a3+/1-a?x?

2x3+/-1+ax V1+ax ArcCosh[ax] 2 (l1-ax] (1+ax)ArcCoshfax]? x*(1-ax) (1+ax)ArcCosh[ax]?

9a+V1-a?x? 3a%+v1-a%x? 3a2+/1-a%x?
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Problem 227: Result valid but suboptimal antiderivative.

x2 ArcCosh[a x]?
J dx

V1-a?x?
Optimal (type 3, 151 leaves, 5steps):
xvV1-ax vV1+ax +-1l+ax ArcCosh[ax] x2+/-1+ax ArcCoshfax] x+V1-a2x? ArcCosh[ax]? +/-1+ax ArcCosh[ax]?3
- + - +
42’ 4a3+/1-ax 2av/1-ax 22 6a*/1-ax

Result (type 3, 207 leaves, 6 steps):

x (l-ax) (1+ax) +/-1+ax /1+ax ArcCosh[ax]
- +

43%2+/1-a%x? 433/1-a%x?
x2\/-1+ax /1+ax ArcCosh[ax] X (1-ax) (1+ax)ArcCoshfax]? +/-1+ax \/1+ax ArcCosh[ax]3
- +
2av1-aZx? 2a2+/1-a2x? 6a3\1-a%x?

Problem 228: Result valid but suboptimal antiderivative.

2

x ArcCosh[a x]
J dx

Optimal (type 3, 79leaves, 3 steps):
2vV/1-ax vY1+ax 2x+/-1+ax ArcCosh[ax] +/1-a%2x? ArcCosh[ax]?2
a’ avl-ax a’

Result (type 3, 109 leaves, 4 steps):

2(1-ax) (1+ax] 2x+-1+ax V1+ax ArcCosh[ax] (1-ax) (1+ax)ArcCoshlax]’

az+\/1-a?x? aV1-a?x? a?/1-a?x?

Problem 229: Result valid but suboptimal antiderivative.

ArcCosh[ax]?
J— ax

V1-a?x?
Optimal (type 3, 32leaves, 1 step):

v -1+ax ArcCosh[ax]?
3avl-ax
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Result (type 3, 45leaves, 2steps):

v-1+ax vV1+ax ArcCosh[ax]3

3aV/1-a2x?

Problem 230: Result valid but suboptimal antiderivative.
ArcCosh[a x]?2
Optimal (type 4, 183 leaves, 8 steps):

dx

2+/-1+ax ArcCosh[ax]?ArcTan|efrccosh(ax]| 2 j+/-1+ax ArcCosh[ax] PolylLog[2, - i eArcCoshiax] ]

+

Ji-ax Ji1-ax
2i+/-1+ax ArcCosh[ax] PolylLog[2, i eArcCoshiaxl]| 2 +/-1+ax Polylog|3, -1 eArcCoshiax]] 24 +/-1+ax Polylog|3, i efrccoshiax]|
. _
V1-ax V1-ax V1-ax

Result (type 4, 248 leaves, 9 steps):

2+v/-1+ax V/1+ax ArcCosh[ax]2ArcTan|eArccoshiax] ]

V1-a?x?
2i+/-1+ax v/1+ax ArcCosh[ax] PolyLog[2, -i eArccoshlaxl| 2 +/-1+ax +/1+ax ArcCosh[ax] PolyLog[2, i eArccoshiax]]
+ +
V1-a%x? V1-a?%x?

2i+/-1+ax /1+ax Polylog|3, -iefrccoshlax) | 2j+/-1+ax v/1+ax Polylog|3, i efrccoshiax]]

1-a2x? 1-aZx?

Problem 231: Result valid but suboptimal antiderivative.
ArcCosh[ax]?
J— dx
x2 /1 -a%x?
Optimal (type 4, 124 leaves, 6 steps):
av/-1+ax ArcCosh[ax]? +/1-a?x? ArcCosh[ax]? 2a+/-1+ax ArcCosh[ax] Log|[1+e?Arccoshiaxl]  a+/_1.+ax PolylLog|2, -e?Arccoshiax] |

V1-ax X V1-ax V1-ax
Result (type 4, 174 leaves, 7 steps):
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av/-1+ax V1+ax ArcCosh[ax]?2 (1-ax) (1+ax) ArcCosh[ax]?

V1 -aZx? xV1-a?x?
2a+/-1+ax v/1+ax ArcCosh[ax] Log[1+e“"c°5h[”]} av-1+ax V1+ax PolyLog[Z, —eZA'"CC"Sh[aX]]
V1-a?x? V1-a?x?

Problem 232: Result valid but suboptimal antiderivative.

ArcCosh[ax]?
J— dx

x3/1-a2x?

Optimal (type 4, 296 leaves, 12 steps):
av/-1+ax ArcCosh[ax] ~/1-a2x? ArcCosh[ax]2 a?+/-1+ax ArcCosh[ax]?ArcTan]|eArccoshiax] ]|

+ —

xv/1-ax 2x? J1i-ax
a2+/-1+ax ArcTan [V-1+ax Vi+ax | ia? \/-1+ax ArcCosh[ax] PolyLog[2, - i eArccoshiax] ]|
ia2+/-1+ax ArcCosh[ax] PolylLog[2, i ef"cCoshiaxi ] j a2+/_1+ax Polylog[3, —i eAr®sh(ax]]  ja2+/-1+ax PolylLog|3, i eArccoshiax]
Toax ) Jioax 7 JToax

Result (type 4, 398 leaves, 13 steps):

av/-1+ax /1+ax ArcCosh[ax] (1-ax) (1+ax) ArcCosh[ax]?

+

xV1-a2x? 2x2/1-a2x?
a?+/-1+ax \/1+ax ArcCosh[ax]?ArcTan[efrccoshiaxl]  a2+/_1+ax v/1+ax ArcTan[v/-1+ax V1+ax |
Vi-azx? Vi-azx?
ia2+/-1+ax /1+ax ArcCosh[ax] Polylog[2, -i efrccoshiaxl] j a2+/-1+ax +/1+ax ArcCosh[ax] Polylog|2, i eArcCoshiax]]
ia2y/-1+ax V/1+ax PolylLog[3, -iefrccoshiaxl] ja2+/-1+ax \/1+ax Polylog|3, i eArccoshiax]]

Problem 233: Result valid but suboptimal antiderivative.

J(-Fx)"‘ (d —czdxz)‘r’/2 (a+bArcCosh[cx])?dx

Optimal (type 8, 1153 leaves, 22 steps):
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10b2c2d? (fx)*"Vd-c2dx®?  2b2c?d? (52+15m+m?) (Fx)>" (1-c2x?) \d-c?dx? 2b2c*d? (Fx)*" (1-c2x?) Vd-c2dx?
- - +

3 (4+m)3 (6+m) 2 (4+m2 (6+m?3 (1-cx) (1+cx) 2 (6+m3 (1-cx) (1+cx)
2bcd? (fx)>"Vd-c?dx? (a+bArcCosh[cx]) 30bcd® (fx)>"Vd-c?dx? (a+bArcCosh[cx])

f2(2+m) (6+m) /-1+cx V1+cx . f2(2+m)? (4+m) (6+m) \/-1+cx VI+cx i
10bcd® (fx)>"v/d-c?dx? (a+bArcCoshfcx]) 10bc3d? (fx)*"/d-c?dx? (a+bArcCosh[cx])

f2(2+m) (4+m) (6+m)/-1+cx /1+cx ' A 4+m26+m V-1+cx V1+cx '

4bc3d? (fx)*"+/d-c?dx* (a+bArcCosh[cx]) 2bc5d? (fx)*"+/d-c2dx* (a+bArcCoshlcx])

4 (4+m) (6+m) /-1+cx V1+cx _ 5 (6+m2y-1+cx V1+cx ’
15 d2 (-Fx)l”"m<a+bAr‘cCosh[cx])2+5d(fx)l”" (d-c2dx?)?? (a+bAr‘cCosh[cx})2+

f(6+m) (8+6m+m?) f(4+m) (6+m)
(£x) 3™ (d-c2dx?)¥? (a+bArcCoshcx])? 30b°c*d (Fx)>"V1-c2x2 /d-c2dx? Hyper‘geometr‘icZFl[%, 3;’", 5?"', 2 x?]
f (6+m) £ (2+m)? (34m) (4+m) (6+m) (1-cx) (1+cx)

10b%c?d? (16 +3m) (fx)>"V1-c2x® /d-c2dx? Hyper‘geometr‘icZFl[i, 3;'“, 5;’", 2 x?|

3 (2+m) (3+m) (4+m)3 (6+m) (1-cx) (1+cx)

2b%c?d? (264 +130m + 15m?) (FX)B”"\/l—c2 x2 +/d-c2dx2 Hyper‘geometr‘icZFl[%, 3;’", 5?"', c? x?]

+

2 (2+m) (3+m) (4+m)2 (6+m)3 (1-cx) (1+cX)

. m 2
15 d* Unintegrable | (£x)" (a+bArcCoshlex])® | x|
\/ d-c? d x?

(6+m) (8+6m+m?)

Result (type 8, 73 leaves, 1 step):
d>~/d - c2dx? Unintegrable[ (fx)" (-1+cx)>'? (1+cx)>? (a+bArcCoshcx])?, x]

\/—1+CX \/1+CX

Problem 234: Result valid but suboptimal antiderivative.

J(-Fx)"' (d—czdx2>3/2 (a+bArcCosh[c x})zdlx

Optimal (type 8, 583 leaves, 13 steps):
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2b2c2d (fx)>"/d-c?dx? 6bcd (fx)*"+/d-c2dx? (a+bArcCosh{cx]) 2bcd (fx)*"+/d-c2dx? (a+bArcCosh[cx])

- - +

2 (4+m)3 f2(2+m)2(4+m)\/71+cx J1+cx f2(2+m) (4+m) V/-1+cx V1+cx
2bc3d(fx)4+mm(a+bAr‘cCosh[cx]) 3d(-Fx)l”"\/m<a+bAr‘cCosh[cx])2

4 4rm2y/-1+cx Vi+cx ’ £ (8+6m+m?) '
(£x)7" (d-c2dx2)* (a+bArcCosh[cx])? 6b*cid (Fx)*>"V1-c2x? V/d-c2dx? Hyper‘geometr‘icZFl[%, 3;”‘, 5;—'", c? x?]

f (4+m) £ (2+m)? (34m) (4+m) (1-cx) (1+cx)
2b2c2d (10+3m) (Fx)>"V/1-c2x? V/d-c2dx? HypergeometriczFl[i, 3*T'", 5?’", 2 x?] 3 d? Unintegrable | (fX)m(T/ﬂ%rjﬂcmz’ x|
+
2 (2+m) (3+m) (4+m3 (1-cx] (1+cx) 8+ 6m+m?

Result (type 8, 72leaves, 1 step):
dVd-c2dx? Unintegrable[ (fx)" (-1+cx)*? (1+cx)*? (a+bArcCosh(cx])?, x]

vV-1+cx V1+cx

Problem 235: Result valid but suboptimal antiderivative.
j(fx)m«/dfczdxz (a+bArcCosh[cx])?dx

Optimal (type 8, 239 leaves, 5steps):
2bc (fx)*"/d-c?dx? (a+bArcCosh[cx]) (fx)""+/d-c2dx* (a+bArcCoshlcx])?

+ —

£2 (2+m)2\/—1+cx N1+ cx 'F(2+m)
. (fx)" (a+bArcCosh[c x])?
2b2c? (Fx)>"V1-c2x? Vd-c2dx? Hyper‘geometr‘icZFl[i, 3;”‘, 5?’", 2 x?] dUnintegrable [ 3% =) x|
+
f3 (2+m)2(3+m) (1-cx) (1+cx) 2+m

Result (type 8, 70 leaves, 1 step):
Vd - c2dx? Unintegrable[ (fx)"+/-1+cx v/1+cx (a+bArcCosh(cx])?, x|

v-1+cx V1l+cx

Problem 236: Result valid but suboptimal antiderivative.

2

(fx)™ (a+bArcCoshlcx])
j dx

Vd-c?dx?
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Optimal (type 8, 33 leaves, 0steps):
(fx)" (a+bArcCosh[cx] )2

\d-c?2dx?
Result (type 8, 70leaves, 1step):

Unintegrable| » X]

. m 2
V-1+cx V1+cx Unintegrable| Fxi=lasbArcCoshicx])™ =y ]

V-1l+cx 1+cx
Vd-c?dx?

Problem 237: Result valid but suboptimal antiderivative.

(fx)" (a+bArcCosh[cx])?
J dx

(d-c2dx?)*?

Optimal (type 8, 33 leaves, 0steps):
(fx)" (a+bArcCosh[cx])?

(d-c2dx?)*?

Unintegr‘able[ B x]

Result (type 8, 74 leaves, 1step):

. m 2
V-1+cx /1+cx Unintegrable| Ax abhAreCosh ex x|
(-1+c x)3/2 (1+cx)3/2

dVd-c?dx?

Problem 238: Result valid but suboptimal antiderivative.

(fx)™ (a+bArcCosh[cx] )2
J dx

(d—czdxz)‘s/2

Optimal (type 8, 33 leaves, 0steps):
(fx)™ (a+bArcCosh[cx] )2

(d-c2dx?) 2

Unintegrable | » X]

Result (type 8, 73 leaves, 1step):

. m 2
V-1+cx V1+cx Unintegrable [ FX(asbArcCoshiex = =y ]

(-1+c x)5/2 (1+cx)5/2
d>+Vd-c?2dx?




Problem 239: Result valid but suboptimal antiderivative.

(fx)™ArcCosh[cx]?
j dx

1-c2x?

Optimal (type 8, 28 leaves, 0 steps):
(fx)"ArcCosh[c x]?
%]

Unintegrable|
1-c?x?

Result (type 8, 65 leaves, 1 step):

V-1+cx V1+cx Unintegr‘able[ﬁ—")M[C—"]i x|

A/ -1+cx A/ 1+CX ’
V1-c?x?

Problem 248: Result optimal but 1 more steps used.
J\/C—aZCXZ ArcCosh[ax]3dx

Optimal (type 3, 231 leaves, 6 steps):

3ax?Vc-a’cx? 3 S 3+ c-a%2cx?® ArcCosh[ax]?
- + —X+/C-a‘cx” ArcCosh[ax] + -
4

8a+/-1+ax V1+ax

8+ -1+ax V1+ax

+ — X
4+ -1+ax J1+rax 2 8a+/-1+ax J1rax

3ax?+vc-a?2cx? ArcCosh[ax]? 1 S ; Vc-a?cx? ArcCosh[ax]?
4/ € -a“cx® ArcCosh[ax]” -

Result (type 3, 231 leaves, 7 steps):

3ax?vc-aZcx? 3 S 3+ c-a2cx? ArcCosh[ax]?
- + — XA/ C-a“cx® ArcCosh[ax] + -

8\/71+ax \/1+ax 4 8a\/71+ax \/1+ax

+ — X
4\/—1+ax \/1+ax 2 8a\/—1+ax \/1+ax

3ax?vc-a2cx? ArcCosh[ax]? 1 S ; Vc-a?cx® ArcCosh[ax]*
4/ € -a“cx“ ArcCosh[ax]” -

Problem 249: Result optimal but 1 more steps used.

ArcCosh[ax]3
J— dx

Ve-a%cx?
Optimal (type 3, 46 leaves, 1step):
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v-1+ax V1+ax ArcCosh[ax]*
4a~c-atcx?
Result (type 3, 46 leaves, 2 steps):

v-1+ax vV1+ax ArcCosh[ax]*

4a+c-a%cx?

Problem 250: Result optimal but 1 more steps used.

ArcCosh[ax]?
J— dx

(c—azcxz)z’/2

Optimal (type 4, 241 leaves, 7 steps):

xArcCosh[ax]? ~/-1+ax \/1+ax ArcCoshfax]® 3+ -1+ax /1+ax ArcCosh[ax]?Log[1 - e?Arccoshiax]]
. _

cvVec-atcx? acvVc-a2cx? acvVc-aZcx?
3v/-1+ax /1+ax ArcCosh[ax] Polylog[2, e?Arccoshiaxl|  34/_1+ax +/1+ax PolylLog|3, e2ArcCoshiax]]
+
acyc-a?cx? 2acyc-a?cx?

Result (type 4, 241 leaves, 8 steps):

xArcCosh[ax]? ~/-1+ax v/1+ax ArcCosh[ax]® 3+ -1+ax /1+ax ArcCosh[ax]?Log[1 - e?Arccoshiax]]
+

cvVec-atcx? acvVc-a?cx? acvVc-a?cx?
3+/-1+ax V1+ax ArcCosh[ax] PolylLog[2, e2Arccoshiax] | 3+/_1+ax +/1+ax PolylLog|3, e?ArcCoshiax] ]
+
acvc-a?cx? 2acyc-a?cx?

Problem 253: Result valid but suboptimal antiderivative.

Jx“ ArcCosh[ax]3

dx
1-a%x?

Optimal (type 3, 315leaves, 13 steps):
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45x2+/-1+ax 3x*y/-1+ax 45x+/1-ax +/1+ax ArcCosh[ax]

128a*+/1-ax 128a-/1-ax 64 a*
3x3+4/1-ax V1+ax ArcCosh[ax] . 45~/-1+ax ArcCosh[ax]?2 9x2+/-1+ax ArcCosh[ax]2
322 128a°+/1-ax 16a*/1-ax
3x4+/-1+ax ArcCosh[ax]? 3x+/1-a2x? ArcCosh[ax]® x3+/1-a2x? ArcCosh[ax]3 . 3+/-1+ax ArcCosh[ax]*4
16a~/1-ax ga* 4 a? 32a5/1-ax

Result (type 3, 427 leaves, 14 steps):

45x2~/-1+ax V1+ax 3x*+/-1+ax V1+ax 45x(l1-ax) (1+ax)ArcCoshfax] 3x*(1-ax) (1+ax)ArcCosh[ax]

12823 V1-a2x? 128aV1-a’x? 64a*\/1-a2x? 32a2V/1-a?x?
45+/-1+ax vV1+ax ArcCosh[ax]?2 9x2+-1+ax V1+ax ArcCosh[ax]? 3x*+-1+ax \/1+ax ArcCosh[ax]?2
1282° V1 -a?x? 16a3V1-a?x? 16av1-a2x?
3x (1-ax) (1+ax)ArcCosh[ax]® x*(l1-ax) (1+ax)ArcCoshlax]® 3+/-1+ax \/1+ax ArcCosh[ax]*
8a*+/1-a2x? 4a%2+1-a%x? ’ 32a5V1-a2x?

Problem 254: Result valid but suboptimal antiderivative.

x3 ArcCosh[a x]3
J dx

1-aZx?

Optimal (type 3, 243 leaves, 10 steps):
40x+-1+ax 2x3+/-1+ax 40+/1-ax \/1+ax ArcCosh[ax] 2x?+/1-ax v/1+ax ArcCosh[ax]

9a3+/1-ax 27a+/1-ax 9a* 9a?
2x+/-1+ax ArcCosh[ax]? x3+/-1+ax ArcCosh[ax]? 2+V1-a?x? ArcCosh[ax]® x?*+/1-a%x? ArcCosh[ax]?3
a’v/1-ax 3av/1-ax 3a* 3a’

Result (type 3, 329 leaves, 11 steps):

40x+/-1+ax Vi+ax 2x3+/-1+ax J1+ax 4@ (1-ax) (1+ax) ArcCosh[ax]

9a3+v1-a2x? 27aV1-a2x? 9a%*+v1-a2x?
2x? (1-ax) (1+ax) ArcCosh[ax] 2x+/-1+ax /1+ax ArcCosh[ax]2
9a%2+/1-a%2x? alv/1-a2x?

x3v/-1+ax v/1+ax ArcCosh[ax]?2 2(1—ax) (1+ax) ArcCosh[ax]3 x2 (1—ax) (1+ax> ArcCosh[ax]3

3avi1-a?x? 3a%+V1-a%x? 3a2+/1-a%x?
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Problem 255: Result valid but suboptimal antiderivative.

x? ArcCosh[ax]3
J dx

Vi-a?x?
Optimal (type 3, 188 leaves, 6 steps):
3%V -lrax 3x+/1-ax v/1+ax ArcCosh[ax] 3+/-1+ax ArcCosh[ax]?2

8avl-ax 43’ 8aly/1-ax
3x2+-1+ax ArcCosh[ax]? x+/1-a%2x? ArcCosh[ax]3 +/-1+ax ArcCosh[ax]*
- +
4a+1-ax 22’ 8a3+/1-ax

Result (type 3, 257 leaves, 7 steps):

3x2v/-1+ax 1+ax 3x(l-ax) (1+ax)ArcCoshfax] 3+/-1+ax v/1+ax ArcCosh[ax]?
- - +
8a+V1-a?x? 4a2+1-23a%*x? 8a3+/1-a%x?

3x2v/-1+ax V1+ax ArcCosh[ax]2 X (1-ax) (1+ax)ArcCoshlax]® +/-1+ax /1+ax ArcCoshl[ax]*
R

4a+1-a%x? 2a2+V1-a%x? 8a3+v1-a%x?

Problem 256: Result valid but suboptimal antiderivative.

x ArcCosh[ax]?
J dx

V1-aZx?
Optimal (type 3, 110leaves, 4 steps):
6x+-1+ax 6+1-ax v/1+ax ArcCosh[ax] 3x+/-1+ax ArcCosh[ax]? +/1-a2x? ArcCosh[ax]?3
avl-ax a’ avl-ax a?

Result (type 3, 153 leaves, 5steps):

6xV-1+ax VJ1+ax 6 (l-ax) (1+ax)ArcCoshlax] 3x+/-1+ax \/1+ax ArcCosh[ax]? (l1-ax) (1+ax)ArcCoshlax]>

2 x2 a?+\/1-a?x? avi1-aZx? a2+/1-a2x?

avl-a“x

Problem 257: Result valid but suboptimal antiderivative.

ArcCosh[ax]?
J— ax

V1-azx?
Optimal (type 3, 32leaves, 1step):
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v -1+ax ArcCosh[ax]?
4a+1-ax

Result (type 3, 45leaves, 2steps):

v-1+ax vV1+ax ArcCosh[ax]*

4a+/1-a2x?

Problem 258: Result valid but suboptimal antiderivative.

ArcCosh[ax]3
J— ax

xV1-a?x?
Optimal (type 4, 265 leaves, 10 steps):
2+/-1+ax ArcCosh[ax]?ArcTan[eArcCoshiax] ] 34 /-1+ax ArcCosh[ax]2?Polylog|2, -i eArccoshiax]]

+

Vi-ax Vi-ax
3i+/-1+ax ArcCosh[ax]?Polylog[2, i efr<coshiaxl|  6i+/-1+ax ArcCosh[ax] PolylLog[3, —i eArcCoshiax] ]|
6i+/-1+ax ArcCosh[ax] Polylog|3, i e*c<Coshiaxl| 6i+/-1+ax Polylog[4, —ierrccoshiaxl]  6i+/-1+ax Polylog[4, i eArccoshiax] ]

Result (type 4, 356 leaves, 11 steps):

2~/-1+ax /1+ax ArcCosh[ax]3ArcTan|eArcCoshiax] |

V1-a?x?
3i+/-1+ax \/1+ax ArcCosh[ax]2?Polylog|2, -i eArccoshlax]] 334 +/-1+ax +/1+ax ArcCosh[ax]2Polylog|2, i eArcCoshiax]]
+ +
1-a2x? 1-a2x?

6i+V-1+ax 1+ax ArcCosh[ax] PolyLog[3, -i efrccoshiaxl] 6j+/-1+ax \/1+ax ArcCosh[ax] PolylLog|3, i eArccoshiax]]

1-a2x? V1-a?x?
6iv-1+ax V1+ax PolyLog[4, -ierrcCoshiaxl]  6j+/-1+ax \/1+ax Polylog|4, i eirccoshiax]|
+
V1-a?x? V1 -a?x?

Problem 259: Result valid but suboptimal antiderivative.

ArcCosh[ax]3
J— dx

x2 1 - a?x?

| 125
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Optimal (type 4, 166 leaves, 7 steps):
av/-1+ax ArcCosh[ax]?® +/1-a?x? ArcCosh[ax]® 3a+/-1+ax ArcCosh[ax]?Log|1 +e?Arccoshiax]]

V1-ax X Vv1-ax
av/-1+ax ArcCosh[ax] Polylog|2, -e?Arccosh(ax] | a+V/-1+ax PolylLog[3, -e2ArcCoshiax]]
+
V1-ax 2vV1-ax

Result (type 4, 229 leaves, 8 steps):

av/-1+ax V1+ax ArcCosh[ax]® (1-ax) (1+ax)ArcCosh[ax]? 3av/-1+ax V/1+ax ArcCosh[ax]2Log|[1 + e2ArcCoshiax]|

1-a2x? xV1-a?x? V1-azx?
3av-1+ax V/1+ax ArcCosh[ax] PolyLog[ “"CC“h[aX]] 3av/-1+ax V1+ax PolyLog[ @2ArcCoshia J}
+
V1-a%x? 2+/1-a2x?

Problem 260: Result valid but suboptimal antiderivative.

ArcCosh[ax]?
J— dx

x3V1-a?x?
Optimal (type 4, 460 leaves, 18 steps):
av/-1+ax ArcCosh[ax]? +/1-a?x? ArcCosh[ax]® 6a?+/-1+ax ArcCosh[ax] ArcTan|eArcCoshiax] |

- +

2x/1-ax 2x? Vi-ax
a®+/-1+ax ArcCosh[ax]?ArcTan |eArccoshiax] } 3ia’?+/-1+ax PolylLog|2, Arccosh(ax] |
3ia2+/-1+ax ArcCosh[ax]?PolylLog|2, -i eArcCoshiax] } 3ia2+/-1+ax Polylog[2, i eArccoshiax]]
2V1ax Jiax )
3ia2+/-1+ax ArcCosh[ax]2PolylLog [2, i @ArcCoshax] ] 3ia2+/-1+ax ArcCosh[ax] PolylLog [3, — i @ArcCoshax] ]
2T ax ) JToax )
3ia?+/-1+ax ArcCosh[ax] Polylog[3, i erccoshiax] ] 3ia’+/-1+ax PolylLog|4, efrcCoshiaxl| 3 a2+/-1+ax PolylLog|4, i eArccoshiax]]

Result (type 4, 614 leaves, 19 steps):
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3a+v/-1+ax /1+ax ArcCosh[ax]? (1-ax) (1+ax)ArcCosh[ax]?

2x\/1-a2x? 2x24/1-a%2x?
6a2+/-1+ax V1+ax ArcCosh[ax] Ar‘cTan[eA'"CC“h[aX]] a2/ -1+ax \/1+ax ArcCosh]a x]3Ar‘cTan[eA”C°5h[aX]}
+
3ia2+/-1+ax /1+ax Polylog|2, -iefrcCoshiaxl] 34 a2+/-1+ax \/1+ax ArcCosh[ax]?Polylog|2, -1 eArccoshiax]]
1-aix? ) EEra
3ia?+/-1+ax \/1+ax Polylog|2, i efrccoshiax]| 34 a2+/-1+ax /1+ax ArcCosh[ax]?PolyLog|2, i eArccoshiax]|
+ +
1-a2x? 2V 1-a2x?

3ia?+/-1+ax \/1+ax ArcCosh[ax] PolyLog[3, -iefrccoshiaxl| 34 a2+/-1+ax /1+ax ArcCosh[ax] Polylog|3, i eArccoshiax]]

V1-a2x? V1-aZx?
3ia?2+/-1+ax V1+ax Polylog[4, -iefrccoshiaxl] 3 32+/-1+ax \/1+ax Polylog|4, i eirccoshiax]|
+
Newper Vi-a?x

Problem 261: Result valid but suboptimal antiderivative.

3

(Fx)" (a+bArcCosh[cx])
J dx

1-c2x?
Optimal (type 8, 32leaves, 0steps):

(fx)" (a+bArcCosh[cx])?

Unintegrable| » X]

1-c2x?

Result (type 8, 69 leaves, 1 step):

. " 3
V-1+cx v/1+cx Unintegrable| Ax Do bhreCosh ex - x|
AV -1+cx /1+cx

1-c?x?

Problem 267: Result valid but suboptimal antiderivative.

x*V1-c?x?
J dx
a +bArcCosh[cx]

Optimal (type 4, 339 leaves, 12 steps):
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\J1-cx Cosh[zf’} CoshIntegral| %ﬁu—} \J1-cx Cosh[“f} CoshIntegral| %ﬁu—]

- + +
32bc®vV-1+cx 16bc®+-1+cx
6a 6 (a+b ArcCosh[c x]) . L r2a] cf 2 (a+b ArcCosh[c x1)
mCosh[ ba} CoshIntegral| &2 Pcbos exh] ) V1-cx Logla+bArcCoshicx]] ) mSmh[ ba} SinhIntegral| %2 Pcbos =
32bc®+/-1+cx 16bc>+/-1+cx 32bc®+/-1+cx
msinh[%} SinhIntegral [ #(@-oArcCoshicxl). a*bA'"CS"Sh x| msinh[%} SinhIntegral [ &-(@roArcCoshlexl). a*bA'"CE"Sh x|
16bc>\/-1+cx 32bc>/-1+cx

Result (type 4, 430 leaves, 13 steps):
V1-c2x? Cosh| ZT"”] CoshIntegral| Zf + 2 ArcCosh[cx] |

- +

32bc®vV-1+cx V1+cx
V1-c?x? Cosh[%] CoshIntegr‘al[% +4 ArcCosh|c x]] V1-c?x? Cosh[sf] CoshIn'tegr‘al[ﬁja + 6 ArcCosh|c x]]

+ —

16bc5+/-1+cx V1+cx 32bc5v/-1+cx V1+cx

. 2 . 2
VI-c2x? Logla+bArcCosh[cx]] V1- c2x? Sinh| ?a} SinhIntegral| Ta + 2 ArcCosh[cx] |
+

16bc®/-1+cx V1+cx 32bc®v/-1+cx V1+cx

V1-c2x? Sinh| 473] SinhIntegral| 4?3 +4ArcCosh[cx]]| +V1-c?x? Sinh| sf] SinhIntegral| Gf + 6 ArcCosh[cx] |

16bc5v/-1+cx V1+cx 32bc®/-1+cx V1+cx

Problem 268: Result valid but suboptimal antiderivative.
J x3V/1-c2x?

a + b ArcCosh[c x]

dx

Optimal (type 4, 297 leaves, 12 steps):

mCosh{ﬂ CoshIntegr‘al[4L]-""*t”""cc;Sh exl] mCosh[%ﬂ CoshIntegral [ >-(2oArcCoshicx]). a*bA"E"Sh X1 ]

8bct/ Ticx + 16bct " Trcx +
mCosh[%ﬂ CoshIntegral [ >-(a+bArctoshiex]). a*““g‘”h X1 msinh[i} SinhIntegr'al[4%””“‘“;DSh exL]
16bctTrcx ) 8bct/Trcx )
msinh[%} SinhIntegr‘al[J—I—ﬁ3 a*bA"S"Sh X } msinh[%“} SinhIntegr‘al[J—[—LL5 a*bA'"CEOSh £x }
16bctTrcx 7 16b v Trcx

Result (type 4, 371 leaves, 13 steps):
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V1-c?x? Cosh| i] CoshIntegral [i +ArcCosh[cx]| ~/1-c2x? Cosh| 373] CoshIntegral| 373 +3 ArcCosh[cx] |
- +

+

8bc*v/-1+cx V1+cx 16bc*v/-1+cx V1+cx

V1-c2x? Cosh| Sf] CoshIntegral| Sf +5ArcCoshcx]] +/1-c2x? Sinh| i] SinhIntegral [i + ArcCosh[c x] |
+

16bc*/-1+cx V1+cx 8bc*V/-1+cx V1+cx
1-c?x? Sinh[%a] SinhIntegral[sTa+3ArcCosh[c x]| V1i-c2x? Sinh[s?a] SinhIntegral[‘r’T""+5ArcCosh[c x] |

16bc*+/-1+cx V1+cx 16bc*v/-1+cx V1+cx

Problem 269: Result valid but suboptimal antiderivative.
J x?/1-c?x?

a+bArcCosh[cx]

dx

Optimal (type 4, 139 leaves, 6 steps):

aa 4 (asb ArcCoshicx]). . 427 cs 4 (3b ArcCoshic x|}
V1-cx Cosh[%2] CoshIntegral[ #la:bArctoshlexll | g =) ooy arcCoshcx]] V1-cx Sinh[22] sinhIntegral | 4(esbArctoshloxi) |

8bc3v-1+cx 8bc3v-1+cx 8bc3v-1+cx
Result (type 4, 178 leaves, 7 steps):
V1-c2x? Cosh| 47""} CoshIntegral| 47"” +4 ArcCosh[cx] |

8bc3vV/-1+cx V1+cx

. 4 . 4
VI-cZx? Log[a+bArcCosh[c x] ] ) V1-c2x? Slnh[f} SlnhIntegr‘al[f+4ArcCosh[c x] |

8bc3v/-1+cx V1+cx 8bc3v/-1+cx V1+cx

Problem 270: Result valid but suboptimal antiderivative.
J xV1-c?x?

a+bArcCosh[cx]

dx

Optimal (type 4, 197 leaves, 9 steps):

V1-cx Cosh[?] CoshIntegr‘al[%ﬂ} V1-cx Cosh[22] CoshIntegral[MMAr‘—csmM}
- +

+

4bc?+/-1+cx 4bc?+-1+cx

V1-cx Sinh| i} SinhIntegral| %ﬂ} V1-cx Sinh| 373} SinhIntegral| ﬂ%ﬂu—}

4bc?\/-1+cx 4bc?+/-1+cx
Result (type 4, 245leaves, 10 steps):
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V1-c?x? Cosh| i] CoshIntegral [i +ArcCosh[cx]| +/1-c?x? Cosh 373] CoshIntegral| 373 +3 ArcCosh[cx] |
- +

+

4bc2+/-1+cx \/1+cx 4bc2+/-1+cx VJ1+cx
V1-c?x? Sinh[i] SinhIntegr‘al[§+Ar‘cCosh[c x]} V1-c?x? Sinh[3

@

c
| sinhIntegral] 37"‘ +3 ArcCosh[cx] |

o

4bc2+/-1+cx V1+cx 4bc2\/-1+cx V1+cx

Problem 271: Result valid but suboptimal antiderivative.

a+bArcCosh[c x]

dx

Optimal (type 4, 139leaves, 6 steps):

2a 2 (asb ArcCosh[c x]). o r2a7 cq .
V1-cx Cosh[22] CoshIntegral[ 2iaseArceshiexll [ g =) oo arcCosh[c x]]  V1-cx Sinh[2%] SinhIntegral | 2(a:Arcroshioxl) |
2bcvV-1+cx 2bcm 2bcm

Result (type 4, 178 leaves, 7 steps):
V1-c2x? Cosh| 273} CoshIntegral| ZTE + 2 ArcCosh[cx] ]

2bcv-1+cx V1+cx

. 2 . 2
V1-c2x? Log[a+bArcCosh[cx]] . v1-c?x? Sinh [ f} SinhIntegral [ Ta + 2 ArcCosh[c x] }

2bcv-1+cx V1+cx 2bcv-1+cx V1+cx

Problem 272: Result valid but suboptimal antiderivative.
J V1-c?x?
x

a+bArcCosh[cx])

dx

Optimal (type 8, 116 leaves, 6 steps):
V/-1+cx Cosh| i] CoshIntegral [ 2:bArccoshiexl |

b
b+/1-cx

msinh[ﬁ] SinhIntegr‘al[—‘—La*b‘““cifSh cx

+

+Unintegrable | ! » X]

bv1-cx xV1-c2x? (a+bArcCosh[cx])
Result (type 8, 176 leaves, 7 steps):
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V1-c2x? Cosh| i} CoshIntegral [i + ArcCosh[c x] |

bv/-1+cx V1+cx

~ 242 < al cs a V1 -c?x? Unintegrable L X
V1-c2x Slnh[b] SlnhIntegr‘al[b + ArcCosh[c x] | g {xmm(mbAr‘cCosh[cx]) > X]
bv/-1+cx v/1+cx vV-1+cx V1l+cx

Problem 273: Result valid but suboptimal antiderivative.
X2 (

a+bArcCosh[cx])

dx

Optimal (type 8, 65leaves, 3 steps):

cvV-1+cx Log[a+bArcCosh[cx]] . 1
_ +Unintegrable | » X]
bvV1-cx x2\/1-c?*x* (a+bArcCoshlcx])

Result (type 8, 115leaves, 4 steps):

V1-c?x? Unintegrable 1 X
C \/:l.*C2 X2 Log[a+bAr‘cCosh[c X]] g [XZ\/—1+CX \/1+cx (a+bArcCosh[cx]) ? ]

bv/-1+cx V1+cx vV-l+cx V1l+cx

Problem 274: Result valid but suboptimal antiderivative.
X3 (

a+bArcCosh[cx])

dx

Optimal (type 8, 30leaves, 0steps):
V1-c2x?

x> (a+bArcCosh[cx])

Unintegrable| » X]

Result (type 8, 67 leaves, 1step):
V1-c?x? Unintegr‘able[ Lex lox e x]

x3 (a+b ArcCosh[c x

v-1l+cx V1+cx
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Problem 275: Result valid but suboptimal antiderivative.
J V1-c?x?
x4 (

a+bArcCosh[cx])

dx

Optimal (type 8, 30leaves, 0steps):

Unintegrable| » X]
x* (a+bArcCosh[cx])

Result (type 8, 67 leaves, 1step):
V1-c2x? Unintegrable | -ieeX deex— ]

x* (a+b ArcCosh[c x])

\/—1+cx \/1+cx

Problem 276: Result valid but suboptimal antiderivative.

dx

x3 (1 ~c? x2)3/2
Ja +bArcCosh[c x]
Optimal (type 4, 397 leaves, 15 steps):

3v/1-cx Cosh| i} CoshIntegral| %“—XL} 34/1-cx Cosh| 373] CoshIntegral| w[c—m—}

64bci1rcx i 64bci 1o cx )
mCosh[%} CoshIntegr‘al[J—LLLS a*bAPCSC’Sh X } \/mCosh[%a} CoshIntegr‘al[J—LLH a*bAPCSOSh X }
64bct v/ 12 cx ) 64bct v/ 1ocx )
BWSinh[ﬂ SinhIntegr‘al[%ﬂL} BWSinh[%"] SinhIntegr‘al[wM}
6abci/Trcx _ 6abci/Trcx _
msinh[%“} SinhIntegral [ >-(2bArctoshiex]). a*bA’"CS"Sh Xl ] msinh[%“} SinhIntegral [ 7-(abArctoshiex]). a*bA“E“h X1
64bci1scx ) 64bci 1o cx

Result (type 4, 497 leaves, 16 steps):
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3v/1-c2x? Cosh| i] CoshIntegral [i +ArcCosh[cx]| 3+/1-c2x? Cosh| 373] CoshIntegral| %"‘ +3 ArcCosh[cx] |

+ +

64bc*/-1+cx Vi+cx 64bc*/-1+cx V/1+cx
A1 -c?x? Cosh[sf] CoshIntegr‘al[Sf+5Ar‘cCosh[c x]] Vi1-c2x? Cosh[%a] CoshIntegr‘al[%a+7Ar‘cCosh[c x] |

+

64bc*/-1+cx V1+cx 64bc*/-1+cx V1+cx
3+/1 - c?x2 Sinh[i] SinhIntegr‘al[§+Ar~cCosh[c x]| 3V1-c2x? Sinh[%a] SinhIntegral[sTa+3ArcCosh[c x] |

64bc*/-1+cx V1+cx 64bc*/-1+cx V1+cx
\1-c?x? Sinh[sf’] SinhIntegr‘al[S?a+5Ar‘cCosh[c x]] Vi1-c2x? Sinh[%a] SinhIntegr‘al[%"’+7Ar‘cCosh[c x] |

+

64bc*/-1+cx V1+cx 64bc*/-1+cx V1+cx

Problem 277: Result valid but suboptimal antiderivative.

dx

X2 (1-c? x2)3/2
Ja +b ArcCosh[c x]
Optimal (type 4, 339leaves, 12 steps):

V1-cx Cosh| ZTa] CoshIntegral [ 2(asbArcCoshlexll ] /3 —cx Cosh[%2] CoshIntegral [ #-(a:bArcCoshiexl) |
+

b b b

32bc3\/-1+cx 16bc3\/-1+cx
mCosh[%} CoshIntegral [ &-(@-oArcCoshicxl). a*bA'"f“h S Toex Log[a + b ArcCosh[c x] | \/msinh[zf} SinhIntegral | 2(2roArcCoshlexl). a*bA'"CE"Sh £x
326/ 1rcx 7 16bc v/ ~1rcx 7 326/ “1rcx 7
msinh[%ﬂ SinhIntegral [ #/(2oArcCoshicx]). a*bA"E"Sh X1 ] msinh[%ﬂ SinhIntegral [ &-(2oArcCoshicx]). a*bA"E"Sh X1 ]
16bc " Trcx + 32bc " Trcx

Result (type 4, 430 leaves, 13 steps):
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V1-c2x? Cosh| %} CoshIntegral| ZTE + 2 ArcCosh[cx] ]

+

32bc3v/-1+cx V1+cx

V1-c2x? Cosh| %a] CoshIntegral| 47"" +4ArcCoshcx]] +/1-c2x? Cosh| %a] CoshIntegral| Gf + 6 ArcCosh[c x] ]

16bc3v/-1+cx V1+cx 32bc3/-1+cx V1+cx

. 2 . 2
VI-cZx? Log[a+bArcCosh[c x]] ) V1-c2x2 Slnh[f} SlnhIntegr‘al[f+2ArcCosh[c x] |

16bc3v/-1+cx V1+cx 32bc3v/-1+cx V1+cx
\1-c?x? Sinh[“f] SinhIntegr‘al[“?a+4Ar‘cCosh[c x]] Vi1-c2x? Sinh[ﬁf] SinhIntegr‘al[%"’+6Ar‘cCosh[c x] |
+

16bc3v/-1+cx V1+cx 32bc3vV/-1+cx V1+cx

Problem 278: Result valid but suboptimal antiderivative.

dx

x (1-c2x2)??
Ja +b ArcCosh[c x]
Optimal (type 4, 297 leaves, 12 steps):

V1-cx Cosh| i} CoshIntegral| wﬂ} 34/1-cx Cosh| ST""} CoshIntegral| wﬂ)—}
- +

8bc2+/-1+cx 16bc2\/-1+cx
mCosh[sf} CoshIntegral [ >-(@oArcCoshlexl). a*bA'"CE“h x| msinh[i} SinhIntegr‘al[4%”"“““;’Sh exl]
16bc? Y/ 12 cx ) 8bc? v 1rcx )
3msinh[3f} SinhIntegral [ >-(2bArcCoshicx]). a*bA“s“h X1 ] msinh[%ﬂ SinhIntegral [ >-(2oArcCoshicx]). a*bA"s“h X1 ]
16bc?/~Trcx ) 16bci " Trcx

Result (type 4, 371 leaves, 13 steps):

V1-c?x? Cosh| i] CoshIntegral [i +ArcCosh[cx]| 3+/1-c2x? Cosh| 373] CoshIntegral| %a +3 ArcCosh[cx] |
- +

8bc2+/-1+cx V1+cx 16bc2+/-1+cx V1+cx
\/1-c2x? Cosh[sf] CoshIntegr‘al[SfUr5Ar'cCosh[c x]] Vi1-c2x? Sinh[i] SinhIntegr‘al[§+ArcCosh[c x] |
+

16bc2+/-1+cx V1+cx 8bc2+/-1+cx V1+cx
3+1-c?x? Sinh[%a] SinhIn'tegr‘al[E'Ta +3 ArcCosh|c x}] V1-c?x? Sinh[s?a} SinhIntegr‘al[%a +5ArcCosh|c x}]
+

16bc2v/-1+cx V1+cx 16bc2v/-1+cx V1+cx
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Problem 279: Result valid but suboptimal antiderivative.

1_223/2
J ( cx) dx

a+bArcCosh[cx]

Optimal (type 4, 239 leaves, 9 steps):

mCosh[%‘"] CoshIntegral [ #(2oArcCoshliexl). a*"A"s“h exll] mCosh[%"'] CoshIntegral [ #(2oArcCoshlicxl). a*bA”s"Sh exll]

2bcvV-1+cx 8bcv-1+cx
. 2a . 2 (a+b ArcCosh . 4a . A4 (a+b ArcCosh
3V1-cx Log[a+bArcCoshfcx]] V1-cx Sinh[2%] SinhIntegral[ 2 ebAnc-oshicxil | ) V1-cx Sinh[%2] SinhIntegral [+ a:Arcsoshioxiy |
8bcv-1+cx 2bcvV-1+cx 8bcv-1+cx

Result (type 4, 304 leaves, 10 steps):
V1-c2x? Cosh| 2?3} CoshIntegral | ZTE + 2 ArcCosh[cx] ]

2bcv/-1+cx V1+cx

4 4
\V1-c2x? Cosh[f] CoshIntegr‘al[f+4Ar‘cCosh[c x] | ) 3+/1- cZxZ Log[a+bArcCosh[c X] ]

8bc/-1+cx V1+cx 8bc+/-1+cx V1+cx
V1-c?2x? Sinh [ Z?a] SinhIntegral [ ZTa + 2 ArcCosh[c x] ] V1-c?2x? Sinh [ 4?3] SinhIntegral [ 473 +4 ArcCosh [c x] ]
+

2bcv-1+cx V/1+cx 8bcv-1+cx V1+cx

Problem 280: Result valid but suboptimal antiderivative.

JX< (1-c2x?)%? i

a+bArcCosh[cx])

Optimal (type 8, 215leaves, 15 steps):

SWCOSh[ﬁ] CoshIntegral{wﬂL]
N +
4b+1-cx
V-1+cx Cosh[22] CoshIntegral | WM] 5+ -1+cx sinh[2] sinhIntegral] %ﬂ}
+ _
4b+/1-cx 4b+1-cx
msinh[%] SinhIntegral{w@ﬁ 1
+ Unintegr‘able[ B x]
4b+1-cx xm(aerAr'cCosh[cx])

Result (type 8, 301 leaves, 16 steps):
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5v1-c2x? Cosh|?| CoshIntegral [i +ArcCosh[c x] |

a
b —
4b~/-1+cx V1+cx
V1-c2x? Cosh[32] CoshIntegr‘al[%aJr3Ar‘cCosh[c x]] 5vV1-c2x? Sinh[ﬁ] SinhIntegr‘al[§+ArcCosh[c x] |
4b+/-1+cx \/1+cx

w

+

= |

4b~-1+cx V1+cx
al cs 3a V1 -c?x? Unintegrable L X
] SlnhIntegr‘al[ by T3 ArcCosh[c x] ] ) & [XN/71+cx V1cx (atbArcCoshicx]) ]

\/—1+cx \/1+cx

w

V1-c?x? Sinh[

=

4b+/-1+cx \/1+cx

Problem 281: Result valid but suboptimal antiderivative.

(1-c2x?)%?

j dx
x? (a+bArcCosh[cx])

Optimal (type 8, 163 leaves, 9 steps):
-/ 2a 2 (a+bArcCosh[cx])
cV-1+cx Cosh[zb}CoshIntegr*al[z o s " ] 3cV/-1+cx Log[a+bArcCosh[cx]]

2b+/1-cx 2bv1-cx

a+b ArcCosh[c x

cV-1+cx Sinh[22] SinhIntegral [ 2 (2:bArccoshiex]) | 1
b b +Unintegrable | » X|

2b+/1-cx x?\/1-c?x* (a+bArcCoshlcx])

Result (type 8, 240 leaves, 10 steps):
cV1-c2x? Cosh[zf] CoshIntegral| zf + 2 ArcCosh[cx] ] ) 3¢/1-cZx? Log[a+bArcCosh[cx] ] )

2bv-1+cx V1+ecx 2bv-1+cx V1+cx

1 ,X]

T 2v2 2a] ¢y 2a V1 -c?x? Unintegrable
cV1-c?x? Sinh| . | sinhIntegral| . +2 ArcCosh|c x] | ) g [szm (206 ArcCosh (e x))
\/—1+cx \/1+cx

2bv-1+cx V1+cx

Problem 282: Result valid but suboptimal antiderivative.

(1-c? x2>3/2

J dx
x? (a+bArcCosh[cx])

Optimal (type 8, 30leaves, 0 steps):

(1-c2x2)°?
Unintegrable | s

x]
x> (a+bArcCosh[cx])




Result (type 8, 68 leaves, 1step):
mUnintegr‘able[ (Leex)?? (1rex)¥2 x|

x> (a+b ArcCosh[c x]) ’

\/—1+cx \/1+cx

Problem 283: Result valid but suboptimal antiderivative.

(1-c2x?) 3/2
j dx
x* (a+bArcCosh[cx])
Optimal (type 8, 30leaves, 0 steps):
(1-c2x?) 3/2

Unintegrable | » X]
x* (a+bArcCosh[cx])

Result (type 8, 68 leaves, 1 step):
V1-c2x? Unintegrable [ L1:cx?2 (eex)?2 1y ]

x* (a+b ArcCosh[cx]) °

vV-1+cx V1+cx

Problem 284: Result valid but suboptimal antiderivative.

dx

J x3 (1—c2x2)5/2

a+bArcCosh[cx]
Optimal (type 4, 397 leaves, 15 steps):

b

3 (a+bArcCosh[cx

31/1-cx Cosh| ﬁ} CoshIntegral [ &ArcCoshlexL] /3 —c'x Cosh]| 375‘} CoshIntegral|
- +

128bc*v/-1+cx 32bc*V-1+cx
34/1-cx Cosh[%"’} CoshIntegr‘al[wﬂU—} V1-cx Cosh{gf‘} CoshIntegral [ >-(2oArcCoshicx]).
+
256bc*/-1+cx 256bc*+/-1+cx

3V/1-cx Sinh| i} SinhIntegral [ #PATCCOshiexl] /3 ¢ x Sinh| 373} SinhIntegral|

b

(a+b ArcCosh[c x])

128bc*+/-1+cx 32bc*/-1+cx
34/1-cx Sinh[%’} SinhIntegr‘al[Ua”’”c;—"ShMﬂ V1-cx Sinh[gf} SinhIntegr‘al[ﬂwL
256bc*v-1+cx 256bc*\/-1+cx

Result (type 4, 497 leaves, 16 steps):
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b
+ —

128bc*v/-1+cx V1+cx 32bc*v-1+cx V1+cx
341 - c?x? Cosh[%a] CoshIn‘cegr‘al[%a +7ArcCosh[cx]] V1-c2x? Cosh[%‘"] CoshIntegr‘al[QTa +9 ArcCosh[c x] ]
+

3v/1-c2x? Cosh| i] CoshIntegral [i +ArcCosh[cx]] /1-c?x? Cosh[22] CoshIntegral] 37"‘ +3 ArcCosh[cx] |

+

256bc*vV-1+cx V1+cx 256bc*v-1+cx V1+cx
3+/1 - c?x2 Sinh[i] SinhIntegr‘al[§+Ar~cCosh[c x]| Vi-c2x? Sinh[%a] SinhIntegral[s?a+3Ar~cCosh[c x] |

+

128bc*/-1+cx V1+cx 32bc*/-1+cx V1+cx
3+4/1-c?x? Sinh[%] SinhIntegr‘al[%‘"+7ArcCosh[c x]] Vi1-c2x? Sinh[gf] SinhIntegr‘al[gTa+9ArcCosh[c x] |

256bc*v-1+cx V1+cx 256bc4y-1+cx V1+cx

Problem 285: Result valid but suboptimal antiderivative.

dx

x2 (1 -2 XZ)S/Z
Ja +b ArcCosh[c x]
Optimal (type 4, 439 leaves, 15steps):

mCosh[zTa] CoshIntegral [ 2 (2bArccoshiex]). a*b”cg“h X1 mCosh[%] CoshIntegral [ #-(2bArcCoshlex]). a*bA”E“h X1
+

32bc3\/-1+cx 32bc3/-1+cx
mCosh[%} CoshIntegral [ &-(@-oArcCoshicxl). a*bA'"cs“h x| mCosh[%’"} CoshIntegral [ 820 ArcCoshlexl). a*bA'"CE"Sh S s T ex Log[a + b ArcCosh[c x] ]
3263 1rcx ) 128b 3V 1rcx ) 128b 3V Trcx
msinh[%ﬂ SinhIntegral [ 2(2oArcCoshicx]). a*bA"E"Sh X1 ] msinh[“f} SinhIntegr‘al[‘ﬂ—‘—]—)—a*b”c:’Sh X1 ]
3263y 1o cx ) 3263y 1 cx +
msinh[%’“} SinhIntegral [ &-(abArcCoshiex]). a*bA"CEOSh X1l ] msinh[%ﬂ SinhIntegral [ &(abArctoshiex]). a*bA"C;"Sh X1
32bciTrex 7 128b /T cx

Result (type 4, 556 leaves, 16 steps):
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V1-c2x? Cosh| 273} CoshIntegral| ZTE + 2 ArcCosh[cx] ]

+

32bc3v/-1+cx V1+cx

V1-c2x? Cosh| %a] CoshIntegral| 47"" +4ArcCoshcx]] +/1-c2x? Cosh| %a] CoshIntegral| Gf + 6 ArcCosh[c x] ]

+

32bc3/-1+cx V1+cx 32bc3/-1+cx V1+cx

8 8
V1 -c2x? Cosh[f] CoshIntegral[Ta+8ArcCosh[c x] | ) 5+/1-c2x? Log[a+bArcCosh[cx] ]

128bc3/-1+cx Vi+cx 128bc3/-1+cx V1+cx
\1-c?x? Sinh[zf’] SinhIntegr‘al[%’+2Ar‘cCosh[c x]] Vi1-c2x? Sinh[“f] SinhIntegr‘al[“T"’+4Ar‘cCosh[c x] |

+

32bc3V/-1+cx V1+cx 32bc3vV/-1+cx V1+cx
V1-c?x? Sinh[sf] SinhIntegr‘al[%+6Ar‘cCosh[c x]] V1-c?x? Sinh[sf] SinhIntegr‘al[STa+8Ar‘cCosh[c x}]

32bc3/-1+cx V1+cx 128bc3+v/-1+cx V1+cx

Problem 286: Result valid but suboptimal antiderivative.

dx

J X (1—c2x2)5/2

a+bArcCosh[c x]

Optimal (type 4, 397 leaves, 15 steps):

SWCosh{ﬂ CoshIntegr‘al[%ﬂL} QWCosh[z’f] CoshIntegr‘al[wﬂU—}
_ 64bci A 1icx ) 64bc21:cx )
SmCosh[STa} CoshIntegral [ >-(2bArcCoshiex]). a*bA’"cE"Sh Xl mCosh[%‘} CoshIntegral [ 7-(abArctoshiex]). a*“";““ Xl
64bci 1o cx ) 64bci/-1:cx )
SWSinh[i} SinhIntegr‘al[gLL"’”bA'"Cc;Sh X } QWSinh[?] SinhIn‘cegr‘al[J—[—LL3 a*bA"sOSh ex }
64bc? T+ cx ) 64bc?y/ Trcx ’
5msmh[*‘f} SinhIntegr‘al[wﬂU—} msinh[%ﬂ SinhIntegr‘al[wﬂu—}
6ab ez Trcx _ 6abcz/ Trcx

Result (type 4, 497 leaves, 16 steps):
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+

64bc2+/-1+cx \/1+cx 64bc2+/-1+cx /1+cx
5+/1 - c? x2 Cosh[sf] CoshIntegral| Sf +5ArcCosh[cx]] V1-c2x? Cosh[%a] CoshIntegral| 77’" +7 ArcCosh[cx] ]
+

5+v1-c2x? Cosh| i] CoshIntegral [i +ArcCosh[cx]| 9+1-c2x? Cosh| 373] CoshIntegral| %"‘ +3 ArcCosh[cx] |

+

64bc2v/-1+cx V1+cx 64bc2\/-1+cx V1i+cx
5+/1 - c2 x2 Sinh[i] SinhIntegr‘al[§+Ar~cCosh[c x]] 9vVi-c2x? Sinh[%a] SinhIntegral[sTa+3ArcCosh[c x] |

+

64bc2/-1+cx V1+cx 64bc2y/-1+cx V1+cx
5+/1 - c? x2 Sinh[sb—a] SinhIntegr‘al[STa+SArcCosh[c x]] Vi1-c2x? Sinh[%a] SinhIntegr‘al[%a+7ArcCosh[c x] |

64bc2+/-1+cx V1+cx 64bc2/-1+cx V1+cx

Problem 287: Result valid but suboptimal antiderivative.

17225/2
J (1-c2x?) i

a +bArcCosh[cx]

Optimal (type 4, 339leaves, 12 steps):
15+/1-cx Cosh| ZT""] CoshIntegral | wﬂ)—} 34/1-cx Cosh| 47‘_"] CoshIntegral| wﬂu—}

32bcvV-1+cCcx 16bcvV-1+cx

+

6a 6 (a+b ArcCosh . 2a . 2 (a+b ArcCosh
V1-cx Cosh| ba} CoshIntegral [ &-(@-oArcCoshicxl). reoshiex ] 7 5+1-cx Log[a+bArcCosh[cx]] ) 15+/1-cx Sinh| ba} SinhIntegral [ 2 (2bArcCoshliex]l. reoshiex ] )
32bcvV-1+cx 16bcv-1+cx 32bcvV-1+cx
3+/1-cx Sinh[“f’} SinhIntegr‘al[wﬂU—} V1-cx Sinh[%ﬂ SinhIntegral[%ﬂu—}

16bcvV-1+cx 32bcvV-1+cx

Result (type 4, 430 leaves, 13 steps):
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15+/1-c2x? Cosh| Zf} CoshIntegral| ZTa +2ArcCosh[cx] ]

32bcvV-1+cx V1+cx
341 - c?x? Cosh[“f] CoshIn‘cegr‘al[“?a +4ArcCoshcx]] V1-c2x? Cosh[sf] CoshIntegr‘al[%’"+6Ar‘cCosh[c x] |
. _

16bc/-1+cx V1+cx 32bcv/-1+cx V1+cx

. 2 . 2
5+/1-cZx? Log[a+bArcCosh[cx]] 15 V1-c2x? Slnh[f} SlnhIntegr‘al[Ta+2ArcCosh[c x] |

+

16bcyv-1+cx V1+cx 32bcyv/-1+cx V1+cx
3+4/1-c?x? Sinh[“f] SinhIntegr‘al[“Ta+4ArcCosh[c x]] Vi1-c2x? Sinh[%a] SinhIntegr‘al[%a+6ArcCosh[c x] |

16bc/-1+cx V1+cx 32bcv/-1+cx V/1+rcx

Problem 288: Result valid but suboptimal antiderivative.

JX< (1—c2x2)5/2 ix

a+bArcCosh[cx])

Optimal (type 8, 309 leaves, 27 steps):

11+/-1+cx Cosh[2] CoshIntegral| 4ua*b“"‘c;5h exl ]
- +

8bv1-cx

7V -1+cx Cosh [ %] CoshIntegral | WM] \V/-1+cx Cosh [ Sra} CoshIntegral| ﬂa*b"‘r‘cb—cw‘ﬂl}

B +

16b+/1-cx 16bvV1-cx

11+/-1+cx Sinh| i} SinhIntegral| %ﬂ} 7+/-1+cx sinh| 3Ta] SinhIntegral | wﬂu]

- +

8b/1-cx 16b+/1-cx

msinh[%] SinhIntegral [ >-(22ArcCoshlexll. a*bA”E“h i) ] 1

+Unintegrable| , X]

16b+1-cx xm(a+bAr‘cCosh[cx])

Result (type 8, 421 leaves, 28 steps):
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111 -c2x? Cosh [i] CoshIntegral [i + ArcCosh[c x] |

8bvV-1+cx V1+cx
7+vV1-c2x? Cosh 37""] CoshIntegr‘al[%a+3ArcCosh[c x]] V1-c2x? Cosh|[?

o |y

| CoshIntegral| Sf +5ArcCosh[cx]]

. ,
16bvV-1+cx V1+cx 16bv/-1+cx V1+cx
11/1- c2x? Sinh| ﬁ] SinhIntegral [i +ArcCoshcx]] 7+/1-c2x? sinh| 37""] SinhIntegral| 3?3 +3ArcCosh[cx] ]
N _
8b+/-1+cx V1+cx 16b+/-1+cx V1+cx
— 22 < 5a] cs 5a Vv 1-c2x? Unintegrable 1
V1-c2x? sinh| - | sinhIntegral| 2+ 5 ArcCosh [ x] | X integ [X or Jor (e Arccomn o)’ x|
16b+/-1+cx V1+cx V-1+cx V1+cx

Problem 289: Result valid but suboptimal antiderivative.

(1-c2x?)%?
J dx
x2 (

a+bArcCosh[cx])

Optimal (type 8, 254 leaves, 18 steps):

cV-1+cx Cosh| %a} CoshIntegral| W‘C—XD—} cV-1+cx Cosh| 4?3] CoshIntegral| wﬂu—]

bv1-cx 8b+V1-cx
. 2a . 2 (a+b ArcCosh
15c+v-1+cx Log[a+bArcCosh[cx]] 7C /-1+cx Sinh| ba} SinhIntegral| % Incbos ] N
8b+v1-cx bv1-cx

cV-1+cx Sinh| 473] SinhIntegral| 4—‘%@)—

1
+Unintegrable |

8b+1-cx x?2V/1-c?x?* (a+bArcCosh[cx])
Result (type 8, 357 leaves, 19 steps):

cV1-c2x? Cosh| Zf] CoshIntegral| zf +2ArcCosh[cx]] cV1-c2x? Cosh] 473} CoshIntegral| 473 +4 ArcCosh[cx]]

+

» X]

"
bvV-1+cx V/1+cx 8bv-1+cx V1+cx
. 2 . 2
15¢c+/1-c2x2 Log[a+bArcCosh[cx]] cvV1-c2x? Slnh[f} SlnhIntegr‘al[f+2Ar‘cCosh[c x]}
. _
8b+v-1+cx V1+cx byv/-1+cx V1+cx
22 . 4a . 4a 242 s 1
cV1-c2x? Sinh| - | sinhIntegral| =+ 4 ArcCosh|[c x]| V1-cix UnlntEgr‘able[szm(a+bArccosh[cx]) > x|

8b\/—1+cx \/1+CX \/—1+CX \/1+CX
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Problem 290: Result valid but suboptimal antiderivative.
(1-c2x?)%? 5
X
Jx3 (a+bArcCosh[cx])
Optimal (type 8, 30leaves, 0steps):

(1-c2x?)>?

x> (a+bArcCosh[cx])

Unintegrable| » X]

Result (type 8, 67 leaves, 1step):
V1~ cZx? Unintegrable[ Lleex®? (iex)®2 &y
g

x3 (a+bArcCosh[cx]) ’

\/—1+cx \/1+cx

Problem 291: Result valid but suboptimal antiderivative.

(1-c2x?) >/2
j dx
x* (a+bArcCosh[cx])
Optimal (type 8, 30leaves, 0 steps):
(1-c2x2)°?

Unintegrable | , X
x* (a+bArcCosh[cx])

Result (type 8, 67 leaves, 1step):
V1-cZx? Unintegrable [ Lheex ™ deex®? 1y

x* (a+b ArcCosh[c x])

v-1l+ecx V1+cx

Problem 292: Result valid but suboptimal antiderivative.

4

X
J dx
V1 -a?x? ArcCosh[a x]

Optimal (type 4, 98 leaves, 5 steps):
v -1+ax CoshIntegral[2ArcCosh[ax]] <+ -1+ax CoshIntegral[4ArcCosh[ax]] 3+ -1+ax Log[ArcCosh[ax]]
+ +
2a°+V1-ax 8a’+V1l-ax 8a’>+V1-ax

Result (type 4, 137 leaves, 6 steps):
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v-1+ax V1+ax CoshIntegral[2ArcCosh[ax]] +/-1+ax v/1+ax CoshIntegral[4ArcCosh[ax]] 3+ -1+ax V1+ax Log[ArcCosh[aXx]]
+ +

2a°\1-a2x? 8a°+vV1-a2x?

8a°vV1-a2x?

Problem 293: Result valid but suboptimal antiderivative.

X3
dx
Jx/ 1-a%2x? ArcCosh[ax]
Optimal (type 4, 65leaves, 5steps):

34/ -1+ax CoshIntegral[ArcCosh[ax]] +-1+ax CoshIntegral[3ArcCosh[aXx]]
+
4a*~/1-ax 4a*+/1-ax

Result (type 4, 91 leaves, 6 steps):

3+/-1+ax V1+ax CoshIntegral[ArcCosh[ax]] +/-1+ax 3/1+ax CoshIntegral[3ArcCosh[ax]]
+

43%+/1-a%x? 43%*\/1-a?x?

Problem 294: Result valid but suboptimal antiderivative.

XZ
J dx
V1 -a?x? ArcCosh[ax]

Optimal (type 4, 65leaves, 4 steps):
v/ -1+ax CoshIntegral[2ArcCosh[ax]] +-1+ax Log[ArcCosh[aXx]]
+
2a3+/1-ax 2a3/1-ax

Result (type 4, 91 leaves, 5steps):

v/-1+ax v1+ax CoshIntegral[2ArcCosh[ax]] +/-1+ax /1+ax Log[ArcCosh[aXx]]
+

2a3\/1-a2x? 2a3+/1-a2x?

Problem 295: Result valid but suboptimal antiderivative.

X
J dx
V1 -a?x? ArcCosh[a x]

Optimal (type 4, 28 leaves, 2 steps):
V-1+ax CoshIntegral [ArcCosh[aXx]]
a’?+/1-ax




Result (type 4, 41 leaves, 3 steps):

vV-1+ax V1l+rax CoshIntegral[ArcCosh[a x]]

a?+V1-a%x?

Problem 296: Result valid but suboptimal antiderivative.

1
j dx
V1-a?x? ArcCosh[ax]

Optimal (type 3, 28 leaves, 1 step):
\V-1+ax Log[ArcCosh[aXx]]
avl-ax

Result (type 3, 41 leaves, 2 steps):

v-1+ax V1+ax Log[ArcCosh[ax]]

aVvi1-a?x?

Problem 297: Result valid but suboptimal antiderivative.

1
J dx
X V1-a?x? ArcCosh[ax]

Optimal (type 8, 26 leaves, 0steps):

Unintegrable | ! » X

x+1-a?x? ArcCosh[ax]
Result (type 8, 63 leaves, 1step):

V-1+ax /1+ax Unintegrable| 1 » X]
x+/-1+ax +/1l+ax ArcCosh[ax]
V1-a%x?

Problem 298: Result valid but suboptimal antiderivative.

1
dx
sz V1 -a%x? ArcCosh[ax]
Optimal (type 8, 26 leaves, 0 steps):
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X 1
Un1ntegr‘ab1e[ , x}

x%21/1-a%x? ArcCosh[aXx]
Result (type 8, 63 leaves, 1 step):

v-1l+ax V1l+ax Unintegr‘able[ 1 ,x]
x2+/-1+ax +/1+ax ArcCosh[ax]

1-aZx?

Problem 299: Result valid but suboptimal antiderivative.

x3

J\/1—c2 x? (a+bArcCosh[cx])

dx

Optimal (type 4, 197 leaves, 9 steps):

3+v-1+cx Cosh[ﬁ} CoshIntegral[wﬂL} V-1+cx Cosh[z’f] CoshIntegral[wﬂﬁ]
+

4bc*\/1-cx 4bc*/1-cx
3+/-1+cx Sinh[ﬁ] SinhIntegr‘al[%ﬂL] -1+ cx Sinh{%ﬂ SinhIntegr‘al[%ﬂu—}
4bc*/1-cx 4bct/1-cx

Result (type 4, 245leaves, 10 steps):

3v-1+cx V/1+cx Cosh[i] CoshIntegr‘al[i+Ar‘cCosh[cx]} V-1+cx V1+cx Cosh[sf} CoshIntegr‘al[g’Ta+3Ar‘cCosh[c x] |
abci I ) 4bci VIt )

3+//-1+cx V1+cx Sinh[ﬂ SinhIntegr‘al[ﬁJrArcCosh[c x}] v-1l+cx V1+cx Sinh[%a] SinhIntegr‘al[%a+3Ar‘cCosh[cx]}
abc VT 7 abc VI R

Problem 300: Result valid but suboptimal antiderivative.

x2

J\/1c2 x? (a+bArcCosh[cx])

dx

Optimal (type 4, 139 leaves, 6 steps):

mCosh[zTa} CoshIntegr‘al[wﬁ—xu—} V-1+cx Log[a+bArcCosh[cx]] msinh[zf] SinhIntegr‘al[z—(%M]
263 VI cx ) 263 I-cx _ 263 VI-cx

Result (type 4, 178 leaves, 7 steps):
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V-1+cx V1i+cx Cosh[zf] CoshIntegr‘al[zf+2ArcCosh[c x] |
2bc3/1-c2x?

v-1+cx V1+cx Logla+bArcCosh[cx]] V-1+cx V1+cx Sinh|

+

2a

?} SinhIntegral [ Z?a + 2 ArcCosh[c x] ]

2bc3V1-c?x? 2bc3vV1-c?2x?

Problem 301: Result valid but suboptimal antiderivative.

X

J\/1c2 x? (a+bArcCosh[cx])

dx

Optimal (type 4, 92 leaves, 4 steps):

-1+ cx Cosh[i} CoshIntegral [ &:RArCCOshlexL ] /7, cx Sinh|

b | sinhIntegral [ 2:ArcCoshicx |

b

o |w

bc?vV1-cx bc2v/1-cx
Result (type 4, 114 leaves, 5steps):

v-1l+cx V1+cx Cosh[i] CoshIntegral[i+Ar‘cCosh[cx]} v-l+cx V1+cx Sinh[ﬁ] SinhIntegral[i+Ar‘cCosh[cx]}

bc2/1-c2x? bc2/1-c2x?

Problem 302: Result valid but suboptimal antiderivative.
J 1
V1-c?x? (a+bArcCoshlcx])

dx

Optimal (type 3, 35leaves, 1step):
\V-1+cx Log[a+bArcCosh[cx]]
bcvV1-cx

Result (type 3, 48 leaves, 2 steps):

v-1+cx V1+cx Logla+bArcCosh[cx]]

bcv1l-c?x?

Problem 303: Result valid but suboptimal antiderivative.
1

JX\/lczx2 (a+bArcCosh[cx])

dx
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Optimal (type 8, 30leaves, 0steps):

1
Unintegrable | » X]

XxV1-c?x* (a+bArcCosh[cx])

Result (type 8, 67 leaves, 1step):

v-1l+cx V1+cx Unintegrable[ L ,x]
x+ -1+cx /1+cx (a+bArcCosh[cx])

1-c2x?

Problem 304: Result valid but suboptimal antiderivative.
J 1
x2\/1-c?x? (a+bArcCosh[cx])

dx

Optimal (type 8, 30leaves, 0steps):

Unintegrable| ! , X]

x2\/1-c?*x* (a+bArcCoshlcx])

Result (type 8, 67 leaves, 1step):

V-1+cx v/1+cx Unintegrable| 1 > X]
x2+/-1+cx /1+cx (a+bArcCosh[cx])
V1-c2x?

Problem 305: Result valid but suboptimal antiderivative.

2

X
dx
J (1-c2x?)*? (a+bArcCosh[cx])

Optimal (type 8, 30leaves, 0steps):
X2
Unintegr‘able[ ) x]
(1-c2x?)*? (a+bArcCosh[cx])

Result (type 8, 68 leaves, 1 step):

2

V-l+cx V1+cx Unintegr‘able[ X

X
(-1+c x)3/2 (1+cx)3/2 (a+bArcCosh[c x]) ? ]

V1-c?x?
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Problem 306: Result valid but suboptimal antiderivative.

X

J(1 -c2x%)*? (a+bArcCosh[cx])

dx

Optimal (type 8, 28 leaves, 0 steps):

Unintegrable | X » X]

(1-c? x2)3/2 (a+bArcCosh[cx])

Result (type 8, 66 leaves, 1step):

-1+cx V1+cx Unintegrable X X
v v g [ (~1+c x)¥/2 (1+cx)¥/2 (a+b ArcCosh[cx]) ~ ]
V1-c?x?

Problem 307: Result valid but suboptimal antiderivative.

1
dx
J(1 -c? x2)3/2 (a+bArcCosh[cx])

Optimal (type 8, 27 leaves, 0 steps):

1
Unintegrable | » X]

(1-c2x2)*? (a+bArcCosh[cx])

Result (type 8, 65leaves, 1step):

~1+cx V/1+cx Unintegrable 1 X
\/ \/ g [ (-1+cx)¥2 (1+cx)3/2 (a+bArcCosh[c x]) ’ ]
V1-c?x?

Problem 308: Result valid but suboptimal antiderivative.
J 1
x (1-c? x2)3/2 (a+bArcCosh[cx])

dx

Optimal (type 8, 30leaves, 0 steps):

1
Unintegrable [ » X]

x (1-c2x2)*? (a+bArcCosh[cx])

Result (type 8, 68 leaves, 1step):
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~1+cx v1+cx Unintegrable 1 X
v v g [x (~1+cx)¥/2 (1+c x)¥? (a+b ArcCosh[cx]) ~ ]

1-c2x?

Problem 309: Result valid but suboptimal antiderivative.

J ! dx
x? (1-c2x2)*? (a+bArcCosh[cx])

Optimal (type 8, 30leaves, 0steps):

Unintegrable| ! , X]

X2 (1-c? x2)3/2 (a+bArcCosh[cx])

Result (type 8, 68 leaves, 1step):

~1+cx 1+cx Unintegrable L X
v v & [xz (~1+cx)¥/2 (1+c x)¥2 (a+b ArcCosh[cx]) ~ }
V1-c?x?

Problem 310: Result valid but suboptimal antiderivative.

dx

XM (1— c? x2)3/2
Ja +b ArcCosh[c x]
Optimal (type 8, 30leaves, 0steps):
X" (1-c? x2>3/2

a+bArcCosh[cx]

Unintegrable| , X|

Result (type 8, 68 leaves, 1 step):

V1-c?x? Unintegrable [ X (1rex) V2 (1rcx) ¥ s x}

a+b ArcCosh[c x]

\/—1+cx \/1+cx

Problem 311: Result valid but suboptimal antiderivative.
J x"/1-c2x2

a+bArcCosh[c x]

dx

Optimal (type 8, 30leaves, 0steps):



. X" /1 - c? x?
Unintegrable| , X|
a+bArcCosh[cx]

Result (type 8, 67 leaves, 1step):
mUnintegr‘able[m, x]

a+b ArcCosh[c x]

\/—1+cx \/1+cx

Problem 312: Result valid but suboptimal antiderivative.

Xm

J\/1—c2 x? (a+bArcCosh[cx])

dx

Optimal (type 8, 30leaves, 0 steps):

Xm
Unintegrable| » X]

V1-c?x? (a+bArcCosh[cx])

Result (type 8, 67 leaves, 1step):

m

V-1+cx \/1+cx Unintegrable| X » X]
v/ -1+cx v/ 1+cx (a+bArcCosh[cx])
V1-c2x?

Problem 313: Result valid but suboptimal antiderivative.

Xm
J(l—czxz)z’/2 (a+bArcCosh[cx]) >

Optimal (type 8, 30leaves, 0 steps):
Unintegrable| X! » X]
(1-c2x2)*? (a+bArcCosh[cx])

Result (type 8, 68 leaves, 1step):

-1+cx V1+cx Unintegrable X0 X
\/ \/ & [ (-1+c x)3/2 (1+cx)3/2 (a+bArcCosh[c x]) ? ]
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Problem 314: Result valid but suboptimal antiderivative.

Xm

dx
J(1 -c2x%)*'? (a+bArcCosh[cx])

Optimal (type 8, 30leaves, 0 steps):
Unintegrable | X » X]
(1-c2x?) >/2 (a+bArcCosh[cx])

Result (type 8, 67 leaves, 1step):

v-1+cx V/1+cx Unintegrable X X
& [ (-1+c x)%/2 (1+c x)%/2 (a+b ArcCosh[c x]) ? ]
V1-c?x?

Problem 320: Result valid but suboptimal antiderivative.
J x31-c?x?

(a+bArcCosh[cx] )2

dx

Optimal (type 4, 350 leaves, 22 steps):

+b ArcCosh . a 3 (a+b ArcCosh . 3a
7x3\/—1+cx Vitex Vi +\/1—cx CoshIntegral [ 2r2Arccoshiexl '"Cb"s €x ]Slnh[Z] 73\/1—cx CoshIntegral [ 2(@r0ArcCoshlexll ] ginp | ba]

b

bc (a+bArcCosh[cx]) 8b2c4/—1+cx 16b2c*/-1+cx
541 - cx CoshIntegral |(asArcCoshiexl) a*bA"?Sh X1 ] Sinh{sf’} mCosh[i} SinhIntegr‘al[—L]-a*b’*'"cc';’Sh exl]
1607 /T cx ) 8b2cty Trcx )
BWCosh[%} SinhIntegral [ >-(2+bArcCoshiex]). a*bA’"cE“h e - mCosh[STa] SinhIntegral [ >-(2bArccoshiex]). a*bA’"c;"Sh X1l ]
1667t/ Trcx + 1667t/ Trcx

Result (type 4, 429 leaves, 23 steps):
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X (1-cx)Vivcx Vi-c2x? V1-c2x? CoshIntegr‘al[§+Ar‘cCosh[c x] | Sinh[i]
N _

bcy/-1+cx (a+bArcCosh[cx]) 8b2c*vV-1+cx V1+cx

3v/1-c?x? CoshIntegral| %a +3ArcCosh[cx] ] Sinh| %a]

16b2c*+/-1+cx V1+cx

5+/1-c?x? CoshIntegral] ST"’ +5ArcCosh[cx] | Sinh| ST"’] V1-c2x? Cosh| i] SinhIntegral [ﬁ + ArcCosh[c x] |

+

16b2c*v/-1+cx V1+cx 8b2c*v/-1+cx Vi1+cx
31/1-c¢?x? Cosh[%] SinhIntegr‘al[?+3Ar‘cCosh[c x}] 51-c?x? Cosh[sf} SinhIntegr‘al[STa+5ArcCosh[c x}]
+

16b%2c*v-1+cx V1+cx 16b2c*v/-1+cx V1+cx

Problem 321: Result valid but suboptimal antiderivative.
f X N1- e
(

a+bArcCosh[cx] )2

dx

Optimal (type 4, 154 leaves, 16 steps):

W 1icx Viiex Vi Vil-cx CoshIntegral[%ﬁu—] Sinh[%a] J1-cx Cosh[%a] SinhIntegral[ﬂ%ﬁu—]
- - +

bc (a+bArcCoshlcx]) 2023 _1rcx 2023\ _1rcx
Result (type 4, 185leaves, 17 steps):

x2 (1-cx) VIvex V1-c2x? V1-c?x? CoshIntegr‘al[“f+4Ar‘cCosh[c x] | Sinh[“f]

+

bcy/-1+cx (a+bArcCosh[cx]) 2b2c3/-1+ecx V1+cx

V1-c?x? Cosh [ %] SinhIntegral [ 473 +4 ArcCosh[c x] ]

2b2c3/-1+cx VJ1+rcx

Problem 322: Result valid but suboptimal antiderivative.

xV1-c?x?
J dx
(a+bArcCosh[cx])?

Optimal (type 4, 248 leaves, 14 steps):
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b b

a+bArcCosh[c x] ] a 3 (a+bArcCoshfcx]) ] 3a
) x_Tlicx Visex VI_ a2 ) V/1-cx CoshIntegral [ 2:Arccoshiexl | Slnh[Z} ) 34/1-cx CoshIntegral |2 asbArcCoshicxl) | Slnh[3ba]

bc (a+bArcCosh[cx]) 4b2c*\/-1+cx 4b2c?\/-1+cx
Vv1-cx Cosh[i} SinhIntegr‘al[%ﬂL} 3+v1-cx Cosh[%a} SinhIntegr‘al[wM}
+
4b%2c?2+/-1+cx 4b%2c?2~/-1+cx
Result (type 4, 418 leaves, 15steps):
x (1-cx) Virex Vi-c2x? 3v1-c2x? CoshIntegr‘al[ﬁJrAr‘cCosh[c x] | Sinh[%] \V1-c2x? CoshIntegr‘al[%ﬂL} Sinh[ﬁ}
_ + _

bcv-1+cx (a+bAr‘cCosh[cx]) 4b%2c2+/-1+cx V1+cx b2c2+/-1+cx V1+cx

31/1-c2x? CoshIntegral| 3f +3ArcCosh[cx] | Sinh]| 373] 31/1-c2x? Cosh]| i} SinhIntegral| i +ArcCosh[c x] |
+

+

4b2c2+/-1+cx V1l+cx 4b2c2+/-1+cx V1+cx
34//1-c2x2 Cosh[%’"] SinhIntegr‘al[g'Ta+3ArcCosh[c x]] V1i-c2x? Cosh[i] SinhIntegral[%ﬂL]

4b2c2~+/-1+cx V1l+cx b2c2+/-1+cx V1+cx

Problem 323: Result valid but suboptimal antiderivative.
J V1-c2x?

(a+bArcCosh[cx])?

dx

Optimal (type 4, 146 leaves, 7 steps):

2 (a+b ArcCosh . 2a 2a7 cs 2 (a+b ArcCoshlc x]1)
_\/—1+cx Viiex Vi-a2x _\/1—cx CoshIntegral [ 2o ArcCoshlexll "cb“ -] sinh | ba} +\/1—cx Cosh| ba}SmhIntegr‘al[ a "cb"s ex]

bc (a+bArcCoshlcx]) b2c/-1+cx b2c/—1+cx
Result (type 4, 177 leaves, 8 steps):

(1-cx) Vieex V1o Vi-c2x? CoshIntegr‘al[zf+2Ar‘cCosh[c x] | Sinh[zf]
- +
bcy/-1+cx (a+bArcCosh[cx]) b2c/-1+cx V1+cx

V1-c?x? Cosh [ Z?a] SinhIntegral [ Zf + 2 ArcCosh[c x] ]

b2cv/-1+cx V1+cx

Problem 325: Result valid but suboptimal antiderivative.
J V1-c2x?
X2 (

a+bArcCosh[cx])

dx
2



Optimal (type 8, 97 leaves, 1step):

1

x> (a+b ArcCosh[c x])

x|

Vlicx Vitex V1-2x2 2vV1-cx Unintegr‘able[3
- +
bcx? (a+bArcCosh[cx]) bcv-14+cx
Result (type 8, 115leaves, 2 steps):

1

(1-cx) Vi+ex Ji_ax? 2V1-c2x2 Unin‘cegr‘able[x3
+

(a+b ArcCosh[c x]) ’

x|

bcx2y/-1+cx <a+bArcCosh[cx]) bcv-1+cx V/1+cx

Problem 326: Result valid but suboptimal antiderivative.

x3 (a+bArcCosh[cx] )2

dx

Optimal (type 8, 30leaves, 0 steps):

1-c?2x?

Unintegrable| , X|
x> (a+bArcCosh[cx] )2

Result (type 8, 67 leaves, 1 step):
V1-c?x? Unintegr‘able[ Lex lex x}

x3 (a+b ArcCosh[c x])?

\/—1+CX \/1+CX

Problem 327: Result valid but suboptimal antiderivative.
f ViZed
x4 (

a+bArcCosh[cx])

dx
2

Optimal (type 8, 30leaves, 0steps):
V1-c?x?

Unintegrable | » X]
x* (a+bArcCosh[cx])?

Result (type 8, 67 leaves, 1step):
V1-c2x? Unintegrable [ ireX LeX— x|

x* (a+bArcCosh[cx])?

\/—1+cx \/1+cx
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Problem 328: Result valid but suboptimal antiderivative.

dx

x2 (1-c2x2)%?
J(a +bArcCosh[c x] )2

Optimal (type 4, 354 leaves, 21 steps):

x21rcx Viscx (1-c2x2)¥? VJ1-cx CoshIntegral[Z—‘%ﬁu—] Sinh[zf] VJ1-cx CoshIntegral[wﬂ)—} Sinh[“f]

+

bc (a+bArcCosh[cx]) 16b2 3/ _1rcx 423/ 1icx
3 \/ﬁCoshIntegr‘al[J—Lﬁ6 a*bAPCEOSh X } Sinh[%a} mCosh{%} SinhIntegr‘al[J—Lﬁ2 a*bA"?Sh £X }
162 34/ 1scx ) 1662 34 11 cx )
mCosh[“f} SinhIntegr‘al[wﬂLﬂ 3 \/mCosh[%a} SinhIntegr‘al[ﬂ%M}
avrc Trox _ 1602/ 1rcx

Result (type 4, 439 leaves, 20 steps):
X2 (1-cx)? (1+cx)?2V1-c2x ) V1-c2x? CoshIntegr‘al[zTa + 2 ArcCosh[cx] | Sinh[zf’]

bcv-1+cx (a+bArcCosh[cx]) 16b2c3v/-1+cx V1+cx

V1-c2x? CoshIntegral| 47"‘ +4 ArcCosh[cx] | Sinh| 47"‘}

+

4b2c3+/-1+cx V/1+cx
3v/1-c2x? CoshIntegr‘al[%a+6ArcCosh[c x] | Sinh[%a] V1-c2x? Cosh[zf] SinhIntegr‘al[ZTa+2ArcCosh[c x] |

+ +

16b2c3vV-1+cx V1+cx 16b2c3v/-1+cx V1+cx
V1-c?x? Cosh[%] SinhIntegr‘al[“Ta+4ArcCosh[c x]] 3+/1-c?x? Cosh 6?3] SinhIntegr‘al[GTa+6ArcCosh[c x}]

4b2c3+/-1+cx V1+cx 16b2c3+/-1+cx V1+cx

Problem 329: Result valid but suboptimal antiderivative.

J( x (1-c2x?)%? i

a+bArcCosh[cx])?

Optimal (type 4, 348 leaves, 24 steps):
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xV/-1rcx Vivex (1-c2x2)¥? VJ1-cx CoshIntegral [ 2:bArccoshicxl | Sinh[i} 91 - cx CoshIntegral [ 2-a:bArcCoshiexl) | Sinh[%’}
. _

b b

+

bc (a+bArcCoshlcx]) 8b2c2+/-1+cx 16b2c2/—1+cx
5\/ﬁCoshIntegr‘al[J—K—D—5 a*bA"CEOSh = } Sinh[%a} mCosh[ﬂ SinhIntegr‘al[—[—La*““c;’Sh X }
1662 24/ 11 cx ) 8622/ 11 cx )
9mCosh[3f} SinhIntegral [ >-(@-oArcCoshicxl). a*bA"s“h ] s \/ﬁCosh[sf] SinhIntegral [ >-(@oArcCoshicxl). a*bA"cs"Sh x|
16b2 c2/“Trcx 7 1662 c2/“1rcx

Result (type 4, 429 leaves, 23 steps):

x (1-cx)? (1+cx)¥2V1- 2 \V1-c2x? CoshIntegr‘al{§+Ar‘cCosh[c x] | Sinh[ﬁ]
.

bcv-1+cx (a+bAr‘cCosh[cx]) 8b2c2+/-1+cx V1+cx

9+/1-c?x? CoshIntegral]| 373 +3ArcCosh[cx] | Sinh| 373]

+

16b2c2+/-1+cx V1+cx

5+1-c2x? CoshIntegral| Sf +5ArcCosh[cx] | Sinh| Sf] V1-c2x? Cosh| ﬁ] SinhIntegral [i + ArcCosh[c x] |

+

16b2c2+/-1+cx V1+cx 8b2c2+/-1+cx V1+cx
94/1-c2x2 Cosh[%a] SinhIntegr‘al[g'Ta+3Ar‘cCosh[c x]] 5vV1-c2x? Cosh[sf} SinhIntegr‘al[STa+5Ar‘cCosh[c x] |

16b2c2+/-1+cx V1+cx 16b2c2+/-1+cx V1+cx

Problem 330: Result valid but suboptimal antiderivative.

J( (1-c2x?)%? i

a+bArcCoshicx] )2

Optimal (type 4, 246 leaves, 11 steps):

V-lvex Vivex (1-c¢2x2)¥? Vi1-cx CoshIntegral | 2 (a:bArcCoshiexl) | Sinh[zf} V1-cx CoshIntegral | atbArcoshicxl] | Sinh[“f}
- - +

b b

+

bc (a+bArcCosh[cx]) b2c+/-1+cx 2b2c+/-1+cx
V1-cx Cosh[%a} SinhIntegral | 2(@=oArcCoshlexl). a*bAPCSC’Sh L] 41— cx Cosh[“f} SinhIntegral [ #(2roArcCoshlexl). a*““g““ x|
b’c+/-1+cx 2b%2c/-1+cx

Result (type 4, 305 leaves, 11 steps):
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(1-cx)? (1+cx)¥2/1-c2xd V1-c2x? CoshIntegr‘al[zTa+2ArcCosh[c x] | Sinh[zf]
bcy/-1+cx (a+bArcCosh[cx]) b2c/-1+cx V1+cx

V1-c2x? CoshIntegral| 473 +4 ArcCosh[cx] | Sinh| 473}

+

+

2b2c/-1+cx V1+rcx
A1 -c?x2 Cosh[zf] SinhIntegr‘al[ZTa+2Ar‘cCosh[c x]] Vi1-c2x? Cosh[“f] SinhIntegr‘al[“T"’+4ArcCosh[c x] |

b2c/-1+cx V1+cx 2b2cv/-1+cx V1+rcx

Problem 332: Result valid but suboptimal antiderivative.

17223/2
J (1-c2x?) x

x? (a+bArcCosh[cx] >2

Optimal (type 8, 156 leaves, 3 steps):

32 B . ~1+c% x? B . —1+c? x?
V-l+cx J1+cx (1 _c2 x2> 2+/1-cx Unintegrable [ % (arb ArcCosh e x)) * x] 2c+/1-cx Unintegrable [ X (ab ArcCosh (e x]) ? x}
bcx? (a+bArcCoshlcx]) bcv—-14+cx b/—-1+cx
Result (type 8, 189leaves, 2 steps):
2 3/2 V1-c2x? Uni —1ec? X2 "2 %2 Uni 1P
(1-cx)? (1+cx) Ny 2+/1-c2x? Unintegrable| R —— x| 2cV1-c2x? Unintegrable| < abarccomnlox )’ x|

bcx?+/-1+cx (a+bArcCosh[cx]) bcvV-1+cx V1+cx bv-1+cx Vi+cx

Problem 333: Result valid but suboptimal antiderivative.

1_223/2
j ( CX) dx

x? (a+bArcCosh[cx] )2

Optimal (type 8, 30leaves, 0steps):
(1-c2x?)%?

x> (a+bArcCosh[cx] )2

Unintegr‘able[ , x}

Result (type 8, 68 leaves, 1step):
V1~ cZx? Unintegrable | -lrex)2 (dsex)®2
g

x3 (a+bArcCosh[cx])2’

\/—1+cx \/1+cx



Problem 334: Result valid but suboptimal antiderivative.

(1 _ CZ X2>3/2
dx
JX4 (a+bArcCosh[cx] >2

Optimal (type 8, 106 leaves, 2 steps):

e . -1+c2x?
V-1+cx V1+cx (l—c2 X2>3/2 4v1-cx Un1ntegr‘able[xs (a+b ArcCosh[cx]) ’ X]

bcx* (a+bArcCoshlcx]) bcv-14+cx
Result (type 8, 126 leaves, 2 steps):

2.2 . -1+c?x?
(1—cx)2 (1+cx)3/2 1_ 22 ) 4+/1-c?x Un1n‘cegr‘able[x5 A x|
bex*v-1+cx (a+bAr‘cCosh[cx]) bcvV-1+cx V/1+cx

Problem 335: Result valid but suboptimal antiderivative.

dx

x2 (1—c2x2)5/2
5

a+bArcCosh[cx] )2

Optimal (type 4, 454 leaves, 30 steps):

2\ "Trcx Virex (1-c2x)%? Vi-cx CoshIntegral [ 2 (abArcCoshlexll | gnp [

b

| V1-cx CoshIntegral]
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4 (a+bArcCosh[cx]) } Sinh[“f]

b

bc (a+bArcCosh[cx]) 16b2c3v/-1+cx

b

a+b ArcCosh[c x

34/1-cx CoshIntegral | &@ArcCoshlexl) | ginh | 673} V1-cx CoshIntegral[ 8 (abArcCoshicx]).

16b2c3\/-1+cx 16b2c3\/-1+cx
mCosh[zTa} SinhIntegral [ #(abArctoshiex]). a*““g“" X1 ] mCosh[“f} SinhIntegr‘al[M—‘—U—"’”b‘“‘CCOSh €x
+
16b2c3\/-1+cx 8b2c3+-1+cx
3mCosh[6f} SinhIntegr‘al[J—[—LL6 a*bA"c§°Sh £x } mCosh[gf} SinhIntegr‘al[J—I—ﬁ8 a+b ArcCosh[c x
+

16b2c3/-1+cx 16b%2c3\V/-1+cx

Result (type 4, 565 leaves, 29 steps):

+

8b2c3+/-1+cx
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X (1-cx)? (1+cx)2V1- 22 V1-c2x? CoshIntegr‘al[zTa+2ArcCosh[c x] | Sinh[zf]

bcy/-1+cx (a+bArcCosh[cx]) 16b2c3v/-1+cx V1+cx

V1-c2x? CoshIntegral| 473 +4 ArcCosh[cx] | Sinh| 473}

+

8b2c3/-1+cx V1+cx
3+4/1-c?x2 CoshIntegr‘al[%a+6ArcCosh[c x] | Sinh[%"’] \1-c?x? CoshIntegr‘al[STa+8Ar‘cCosh[c x] | Sinh[sf]

- +

16b2c3+/-1+cx V1+cx 16b2c3+/-1+cx V1+cx
V1-c?x? Cosh[zf] SinhIntegr‘al[% +2ArcCosh|c x]] V1-c?x? Cosh[“f] SinhIn'l:egr‘al[“Ta +4 ArcCosh|c x]]
+

16b2c3v/-1+cx V1+cx 8b2c3/-1+cx V1+cx
3+/1 - c?x2 Cosh[sf] SinhIntegr‘al[%a+6ArcCosh[c x]] Vi-c2x? Cosh[sf] SinhIntegr‘al[STa+8Ar‘cCosh[c x]]

.
16b2c3+/-1+cx V1+cx 16b2c3+/-1+cx V1+cx

Problem 336: Result valid but suboptimal antiderivative.

dx

J x(l—c2x2>5/2
(a+bArcCosh[cx])?

Optimal (type 4, 448 leaves, 30 steps):

xV-1rcx Viscx (1-c2x2)%? 5V1-cx CoshIntegr‘al[%ﬂL] Sinh[ﬁ} 271 -cx CoshIntegr‘al[wﬁu—} Sinh[%ﬁ}
. _

+

bc (a+bArcCoshlcx]) 64b2c2/-1+cx 64b2c2/-1+cx
25/1-cx CoshIntegral[la:bArctoshlexll | sinh[22]  7+/1-cx CoshIntegral [ Z{aRArctoshlexll [ sinh [ 22 ]
64b% 21/ "1 Cx 7 64b% 2/ “T1Cx 7
SWCosh[ﬂ SinhIntegr‘al[%ﬂL} 27 mCosh[%} SinhIntegr‘al[wﬂl]
64b7 2411 cx ) 64b7 24/ 12 cx )
25 mCosh[sf] SinhIntegral [ >-(2bArcCoshicx]). a*bA"CS"Sh ] 7 mCosh[%} SinhIntegral [ Z-(a+bArcCoshiex]). a*bA"s"Sh exl)]
64022/ Trcx + 64b? 2/ T cx

Result (type 4, 555 leaves, 29 steps):
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x (1-cx)? (1+cx)¥2V1- 2 5+/1-c2x? CoshIntegr‘al[§+Ar‘cCosh[c x] | Sinh[i]
N _

bcy/-1+cx (a+bArcCosh[cx]) 64b2c2/-1+cx V1+cx

27 /1 - c2x? CoshIntegral| 3?3 +3ArcCosh[cx]] Sinh|[ 3?3]

+

64b2c2/-1+cx V1+cx
251 -c2x2 CoshIntegr‘al{sTa+5Ar‘cCosh[c x] | Sinh[%a] 7V1-c2x2 CoshIntegr‘al[%+7Ar‘cCosh[c x] | Sinh[%’}

64b2c2~+/-1+cx V1+cx 64b2c2+/-1+cx V1+cx
54/1-c?x? Cosh[%] SinhIntegr‘al[i+Ar‘cCosh[c x]} 271 -c?x? Cosh[%a] SinhIntegr‘al[%a+3Ar‘cCosh[c x]}
+ _
64b2c2+/-1+cx V1+cx 64b2c2+/-1+cx V1+cx

25+/1-c2x? Cosh| 573] SinhIntegral| Sf +5ArcCosh[cx]] 7+/1-c2x? Cosh| 773] SinhIntegral| 77"‘ +7 ArcCosh[cx] |
+

64b2c2~+/-1+cx V1+cx 64b2c2~+/-1+cx V1+cx

Problem 337: Result valid but suboptimal antiderivative.

1_225/2
J (1-c*x?) i

(a+bArcCosh[cx])?

Optimal (type 4, 351 leaves, 14 steps):

Volrex Virex (1-c¢2x2)¥? 15V1-cx CoshIntegr‘al[z—(%M] Sinh[%a] 34/1-cx CoshIntegr‘al[%ﬂu—] Sinh[“f]
_ . _

bc (a+bArcCoshlcx]) 16b2c/-1+cx 4b2c~/-1+cx
3+/1-cx CoshIntegral [ 8{asbArcCoshlcx]] a*“"cs"s“ xl) ] Sinh[%’“} 15 mmsh[zf} SinhIntegral [ 2(a:bArcCoshicxl) a*b“"s“h cxll ]
1662V ITcx ) 1662V Trcx )
BWCosh[“f} SinhIntegral [ #(@-oArcCoshicxl). a*bA"s“h x| 3mCosh[6f] SinhIntegral [ &-(@oArcCoshicxl). a*“"g"s“ x|
N ) 1662 Trcx

Result (type 4, 436 leaves, 14 steps):
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(1-cx)? (1+cx)¥2/1- 22 15/1-c2x2 CoshIntegr‘al[zTa+2Ar‘cCosh[c x]] Sinh[%a]

+

bcy/-1+cx (a+bArcCosh[cx]) 16b2cv-1+cx V1+cx

31/1-c2x? CoshIntegral| 473 +4 ArcCosh[cx] | Sinh| %a} 31/1-c2x? CoshIntegral| 673 + 6 ArcCosh[cx] | Sinh]| 673]

+

4b2c/-1+cx V1+cx 16b2c+/-1+cx V1+cx
15+/1 - c? x? Cosh| ZT""] SinhIntegral] ZTa + 2 ArcCosh[cx] |

16b2c+/-1+cx V1+cx
31/1-c¢?x? Cosh[%] SinhIntegr‘al[%’+4Ar‘cCosh[c x}] 3vV1-c?x? Cosh[%a} SinhIntegr‘al[GTa+6ArcCosh[c x}]
+

4b2c-1+cx V1+cx 16b%2c/-1+cx V1+cx

Problem 339: Result valid but suboptimal antiderivative.

(1-c2x?)>?
dx
sz (a+bArcCosh[cx] )2

Optimal (type 8, 160 leaves, 3 steps):

) x] 4c\V1-cx Unintegrable[—(ﬂ);, x}

x> (a+b ArcCosh[c x]) X (a+bArcCosh[c x])

2
V-olvex Vivex (1-c2x?)®2 2V1-cx Unintegrable [ —— (1<)
+

+

bcx? (a+bArcCosh[cx]) bcv/—-1+cx bv—-1+cx
Result (type 8, 193 leaves, 2 steps):
(1—cx)3 (1+cx)5/2 1- 22 2+/1-c2x? Unintegrable| (1ec2x?)® , X 4c1-c2x? Unintegr‘able[—(’h—czxz)z— x|
+

x> (a+b ArcCosh[c x]) X (a+b ArcCosh[c x]) ’
+

bcx?y/-1+cx (a+bArcCosh[cx]) bcv-1+cx Vi1+cx bv-1+cx Viscx

Problem 340: Result valid but suboptimal antiderivative.

(1-c2x?)>?
J dx
x? (a+bArcCosh[cx] >2
Optimal (type 8, 30leaves, 0 steps):
(1-c2x?)%?

x> (a+bArcCosh[cx] )2

Unintegr'able[ R x}

Result (type 8, 67 leaves, 1 step):



V1-c2x? Unintegrable| (1sex)*? (1rex) 2 x|

x3 (a+bArcCosh[cx])?’

\/—1+CX \/1+CX

Problem 341: Result valid but suboptimal antiderivative.

1_225/2
J ( CX) dx

x* (a+bArcCosh[cx])?

Optimal (type 8, 30leaves, 0steps):
(1-c2x?)%?

x* (a+bArcCosh[cx] )2

Unintegr‘able[ s x}

Result (type 8, 67 leaves, 1step):
V1-c2x2 Unintegrable | -(lex®2 (Leex) ™2 ©y
g

x* (a+bArcCosh[cx])2’

\/—1+cx \/1+cx

Problem 342: Result valid but suboptimal antiderivative.
XS

J\/1—c2x2 (a+bArcCosh[cx])?

dx

Optimal (type 4, 337 leaves, 13 steps):

b

x5V -1+cx i 54/-1+cx CoshIntegral [ MM} Sinh [ ﬂ ) 15+ -1+ cx CoshIntegral [
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3 (a+bAr‘c§osh cX } Sinh[?}

bcv1-cx (a+bArcCosh[cx]) 8b2cb+/1-cx

5+/-1+cx CoshIntegral [-(a:bArcCoshicxl) | Sinh[sf] 5v-1+cx Cosh|

b

} SinhIntegr-al [ a+b ArcCosh[c x

o |w

+

16 b% c®/1-cx 8b2c®+/1-cx
15/ -1+cx Cosh[%a} SinhIntegr‘al[ﬂa*bA"s—mMﬂ 54 -1+cx Cosh[sf] SinhIntegr‘al[ﬂwﬂu
+
16b2cb+/1-cx 16b2cb+/1-cx

Result (type 4, 424 leaves, 14 steps):

16 b%2c®\/1-cx
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x5V _1icx Viiex 5/-1+cx V1+cx CoshIntegr‘al[i+Ar‘cCosh[cx}] Sinh[i]
_bcm<a+bAr‘cCosh[cx1) _ 8b2c6+/1-c2x2 .
15/ -1+cx V1+cx CoshIntegr‘al[%a+3Ar‘cCosh[c x] ] Sinh[%a}
16b2cV/1-c2x? _
5/-1+cx V1+cx CoshIntegr‘al[Sf+5Ar‘cCosh[c x]} Sinh[%a] 5/-1+cx V1+cx Cosh[ﬁ] SinhIntegr‘al[s+Ar‘cCosh[cx]]
16 b2 cb+/1-c?x? ' 8b2cb/1-c?x? ’

15vV-1+cx V1+cx Cosh[%"] SinhIntegr‘al[%a+3ArcCosh[c x]] 5v/-1+cx V/1+cx Cosh[sf] SinhIntegr‘al{STa+5Ar‘cCosh[c x] |

+

16 b2 c® /1 - c? x? 16 b2 c® /1 - c? x?

Problem 343: Result valid but suboptimal antiderivative.

X4
J dx
1-c2x? (aerAr'cCosh[cx])2

Optimal (type 4, 236 leaves, 10 steps):

7 x4 1icx 7 V-1+cx CoshIntegr‘al[wﬂﬁ} Sinh[zf} ) V-1+cx CoshIntegral[wﬂu} Sinh[%’} )
bcv1-cx (a+bArcCosh[cx]) b2c®>+/1-cx 2b2c®v/1-cx

V-1+cx Cosh[zf] SinhIntegral[wM] V-1+cx Cosh[“f} SinhIntegr‘al[wM]
+

b2c>\/1-cx 2b2c®v/1-cx

Result (type 4, 301 leaves, 11 steps):

i x*\-1+cx V1+cx 7\/—1+cx V1+cx CoshIntegr'al[ZTa+2Ar‘cCosh[cx]}Sinh[zf] i
bcv1-c?2x? (a+bArcCosh[cx]) b2c®/1-c?2x?

V-1+ex Vi+cox CoshIntegr‘al[“f+4Ar‘cCosh[c x] | Sinh[%"‘]

+
2b2c>+/1-c?x?

V-1+ex V1+cx Cosh{zf} SinhIntegr‘al[zTa+2Ar‘cCosh[c x]] V-1+cx V1+cx Cosh[“f] SinhIntegr‘al[“f‘+4Ar‘cCosh[cx]]

+
b2 c>+/1-c?x? 2b2c5/1-c?x?
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Problem 344: Result valid but suboptimal antiderivative.
X3

J\/1c2x2 (a+bArcCosh[cx])?

dx

Optimal (type 4, 237 leaves, 10 steps):

+b ArcCosh . a 3 (a+bArcCosh . 3a

) 3 1icx ) 3+/-1+cx CoshIntegral [ 2PArccoshiex] ";S ex }Slnh[m ) 3+/-1+cx CoshIntegral [ 2{eArccoshliexl "b°5 -] sinh | ba] )
bcy/1-cx (a+bArcCosh[cx]) 4b2c*1-cx 4b2c*1-cx

3+/-1+cx Cosh[i] SinhIntegr‘al[%ﬂL] 3+/-1+cx Cosh[%"’} SinhIntegr‘al[w&U—}

+
4b%c*+/1-cx 4b%c*+/1-cx

Result (type 4, 298 leaves, 11 steps):
) 3V 1icx Viiex _3\/—1+cx V1+cx CoshIntegr‘al[i+Ar‘cCosh[cx}]Sinh[i] )

bcv1-c*x? (a+bArcCosh[cx]) 4b2c*V1-c2x?

3+v/-1+cx VJ1+cx CoshIntegr‘al[%ﬁ+3Ar‘cCosh[c x] | Sinh[g’f]

+
4b2c*/1-c?x?

3+/-1+cx V1+cx Cosh[ }SinhIntegr‘al[iJrArcCosh[c x}] 3+/-1+cx V1+cx Cosh[%a] SinhIntegral[s?a+3Ar‘cCosh[cx]]

a
b
+

4b%2c*1-c?x? 4b%2c*1-c?x?

Problem 345: Result valid but suboptimal antiderivative.
XZ

J\/1c2x2 <a+bAr‘cCosh[cx])2

dx

Optimal (type 4, 136 leaves, 7 steps):

2 (a+b ArcCosh . 2a 2a7 4 2 (a+b ArcCosh
) X2\ 1icx ) V/-1+cx CoshIntegral | 2{a:2Arccoshiexly "°b°s L] sinh | ba} ) V/-1+cx Cosh| ba] SinhIntegral [ 2-(2ArcCoshlexll. ’"‘b“ ex1h]
bcvV1l-cx (a+bAr‘cCosh[cx]) b2c3V1-cx b2c3v/1-cx

Result (type 4, 175leaves, 8 steps):
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2 . 2
) x2\ 1icx Viicx _\/—1+cx V1+cx CoshIntegr‘al[Ta+2ArcCosh[cx]}Slnh[f] )
bcv1i-c*x? (a+bArcCosh[cx]) b2c3+/1-c?2x?

V-1+ex Vl+cx Cosh[zf} SinhIntegr‘al[zTa+2ArcCosh[c x] |

b2c3v1-c2x?

Problem 346: Result valid but suboptimal antiderivative.

X

Jx/l—czx2 (a+bArcCosh[cx])?

dx

Optimal (type 4, 130leaves, 5steps):

+bArcCoshicx] | cs [ a al s +bArcCosh [ x]
) XV 1icx ) V/-1+cx CoshIntegral]? '"Cg’s ex }Slnh{i} ) -1+ cx Cosh[Z] SinhIntegral]? ”C;’S XL ]
bcv1-cx (a+bArcCosh[cx]) b2c2+/1-cx b2c2+/1-cx
Result (type 4, 169 leaves, 6 steps):
xvV_lrcx Viicx V-1l+cx V1+cx CoshIntegr‘al[@M} Sinh[ﬂ

- - +

bcvV1-c2x? (a+bArcCosh[cx]) b2c2+/1-c2x?

V-l+cx V1+cx Cosh[ﬂ SinhIntegr‘al[%ﬂ}

b2 c2+/1-c?x?

Problem 347: Result valid but suboptimal antiderivative.
1

J\/1c2x2 <a+bAr‘cCosh[cx])2

dx

Optimal (type 3, 37 leaves, 1step):
V-1+cCX
bc+/1-cx (a+bArcCosh[cx])

Result (type 3, 50 leaves, 2 steps):

V-l+cx V1+cx

bcv1i-c?x? (a+bArcCosh[cx])
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Problem 348: Result valid but suboptimal antiderivative.

1
J dx
xV1-c2x? (a+bArcCosh[cx])?

Optimal (type 8, 84 leaves, 1step):

——— 1
B V-1+cx B “lrcx Unlntegr‘able[xz (a+b ArcCosh[cx]) ’ X]
bcxv1-cx (a+bArcCoshcx]) bcvV1l-cx

Result (type 8, 110leaves, 2 steps):

vV licx Y1scx V-1+cx v/1+cx Unintegrable| 1 x|

x? (a+bArcCosh[cx]) ’

bcxv1-c?x? (a+bArcCoshcx]) bcvV1l-c?x?

Problem 349: Result valid but suboptimal antiderivative.

1
J dx
x?1/1-c2x? (a+bArcCosh[cx])?
Optimal (type 8, 84 leaves, 1step):
. 1
7 Jiicx ) 2+v/-1+cx Unintegrable| b arecomiox ) x|
bcx?+/1-cx (a+bArcCosh[cx]) bcvV1l-cx
Result (type 8, 110leaves, 2 steps):
. 1
) N N 2+/-1+cx V1+cx Unlntegr‘able[X3(a+bArcCosh[cx]),x}
bcx?V1-c?x? (a+bArcCosh[cx]) bcv1l-c?x?

Problem 350: Result valid but suboptimal antiderivative.

x3

J(1— c2x?)*'? (a+bArcCosh[cx])?

dx

Optimal (type 8, 30leaves, 0 steps):

x3

Unintegrable [ » X]

(1-c2x2)*? (a+bArcCoshcx])?
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Result (type 8, 68 leaves, 1step):

3
v-1+cx v1+cx Unintegrable % X
g [ (~1+cx)¥/2 (1+c x)¥/2 (a+b ArcCosh[c x])2 "~ }

1-c?x?
Problem 351: Result valid but suboptimal antiderivative.

X2

J(1c2 x2)%? (a+bArcCosh[cx])?

dx

Optimal (type 8, 106 leaves, 2 steps):

2+/-1+cx Unintegrable| X » X]

(-1+c2x?) 2 (a+b ArcCosh[c x])

x2+/-1+cx V/1+rcx

- +

bc(l—czxz)B/2 (a+bArcCosh[cx]) bcv1l-cx

Result (type 8, 127 leaves, 2 steps):

2V -1 1 Unint bl X
x2 m \/ rex \/ +ex Unintegra e[ (—1+c2x2)2 (a+b ArcCosh[c x]) ? X}
- +
bc(1-cx)V1+cx \1-c2x? (a+bArcCosh[cx]) bcv1l-c2x?

Problem 352: Result valid but suboptimal antiderivative.

X

J(1c2 x2)3/2 (a+bArcCosh[cx] )2

dx

Optimal (type 8, 28 leaves, 0steps):

X

Unintegrable| » X]

(1-c2x?)*? (a+bArcCosh[cx])?

Result (type 8, 66 leaves, 1 step):

v-1+cx \/1+cx Unintegrable X X
g [ (-1+c x)3/2 (1+c x)¥/2 (a+bArcCosh[c x])?2 ? }
V1-c?x?

Problem 353: Result valid but suboptimal antiderivative.

J ! dx
(1-¢2x2)*? (a+bArcCosh[cx])?

Optimal (type 8, 101 leaves, 2 steps):



2c~/-1+cx Unintegrable|

V-1+cx V1l+cx

X X]

(-1+c? xz)2 (a+b ArcCosh[c x]) ?

- +

bc(l—c2x2)3/2 (a+bAr‘cCosh[cx]) bv1-cx

Result (type 8, 122 leaves, 2 steps):

’\/ﬁ 2C\/—1+CX
-1+

V/1+cx Unintegrable|

X
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(-1+c2x?) 2 (a+b ArcCosh[c x])

, X|

- +

bc(1-cx)V1+cx V1-c2x? (a+bArcCosh[cx])

Problem 354: Result valid but suboptimal antiderivative.

J = dx
x (1-c2x?)*? (a+bArcCosh[cx])?

Optimal (type 8, 30leaves, 0steps):
1

Unintegrable| » X]

x (1-c2x?)*? (a+bArcCosh[cx])?

Result (type 8, 68 leaves, 1 step):

bV1-c2x?

v-l+cx V1+cx Unintegr‘able[ 1 ,x}

X (-1+cx)3/2 (1+cx)3/2 (a+b ArcCosh[c x] )2

1-c?x?

Problem 355: Result valid but suboptimal antiderivative.
j 1
x? (1-¢2x2)*? (a+bArcCosh[cx])?

dx

Optimal (type 8, 30leaves, 0steps):
1

Unintegrable| , X|

x? (1-c2x2)*? (a+bArcCosh[cx])?

Result (type 8, 68 leaves, 1 step):

v-l+cx V1+cx Unintegr‘able[ 1 ,x]

X2 (-1+c x)¥/2 (1+cx) /2 (a+bArcCosh[c x] )2

\1-c?x?
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Problem 356: Result valid but suboptimal antiderivative.

x4

J(1— c2x?)*'? (a+bArcCosh[cx])?

dx

Optimal (type 8, 108 leaves, 2 steps):

4+ -1+cx Unintegrable[ X , x]

(-1+c2x?) 3 (a+b ArcCosh[c x])

x4 -1+cx V/1+rex
bc(l—czxz)S/2 (a+bArcCosh[cx]) bcv1l-cx

Result (type 8, 129 leaves, 2 steps):

4+/-1+cx v1+cx Unintegrable x X
x*v-1+cx v i Vi g [ (-1+c2x?)? (a+b ArcCosh[c x]) ’ }

bc (1—cx)2 (1+cx)3/2\/1—c2x2 (a+bArcCosh[cx]) bcv1l-c2x?

Problem 357: Result valid but suboptimal antiderivative.

x3

J(1— c2x2)*’? (a+bArcCosh[cx])?

dx

Optimal (type 8, 30leaves, 0 steps):

x3

Unintegrable| » X]

(1-c2x?)*? (a+bArcCosh[cx])?

Result (type 8, 67 leaves, 1 step):

3
-1+cx v1+cx Unintegrable x X
v v & [ (~1+cx)%/2 (14c x)5/2 (a+b ArcCosh[cx])2’ ]
V1 -c?x?

Problem 358: Result valid but suboptimal antiderivative.
X2

J(1— 2 XZ)S/Z (a+bArcCosh[cx] )2

dx

Optimal (type 8, 30leaves, 0 steps):

X2

Unintegrable | » X]

(1—c2x2)5/2 (a+bArcCosh[c x])2
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Result (type 8, 67 leaves, 1step):

V-1+cx V/1+cx Unintegrable| X x|

(~1+cx)5/2 (14+cx)5/2 (a+b ArcCosh[cx])2

1-c2x?

Problem 359: Result valid but suboptimal antiderivative.

X
J(lcz x?)*? (a+bArcCosh[cx])? >

Optimal (type 8, 28 leaves, 0steps):

X

Unintegrable| » X]

(1-¢2x?)*? (a+bArcCosh[cx])?

Result (type 8, 65 leaves, 1 step):

v-1+cx V/1+cx Unintegrable X X
& [ (-1+c x)5/2 (1+c x)5/2 (a+b ArcCosh[c x])? ’ ]
V1-c2x?

Problem 360: Result valid but suboptimal antiderivative.

1
dx
J(1 ~c2x?)*'? (a+bArcCosh[cx])?

Optimal (type 8, 101 leaves, 2 steps):

4c+/-1+cx Unintegrable| X » X]

(-14c2x?) 3 (a+b ArcCosh[c x])

v-1l+cx V1+cx
bc(l—czxz)S/2 (a+bAr‘cCosh[cx]) bv1-cx

Result (type 8, 122 leaves, 2 steps):

. X
Trcx 4c+/-1+cx /1+cx Unintegrable| i) moarecom i) x|
be(1-cx)? (1+cx)*?V1-c2x? (a+bArcCoshlcx]) bv1-c2x2

Problem 361: Result valid but suboptimal antiderivative.

J = dx
x (1-c2x?)*? (a+bArcCosh[cx])?

Optimal (type 8, 30leaves, 0 steps):
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1
Unintegr‘able[ s x}
x (1-c2x?)*? (a+bArcCosh[cx])?
Result (type 8, 67 leaves, 1 step):
V-1+cx v/1+cx Unintegrable| L » X]
X (~1+cx)5/2 (1+cx)5/2 (a+b ArcCosh[c x])2

1-c2x?

Problem 362: Result valid but suboptimal antiderivative.

J ! dx
X2 (1-c2x?) 5/2 (a+bArcCosh[cx] )2
Optimal (type 8, 30leaves, 0steps):
1
Unintegr‘able[ , x}

x? (1-c2x2)*? (a+bArcCosh[cx])?

Result (type 8, 67 leaves, 1 step):

v-1+cx vV1+cx Unintegrable 1 X
& [xz (-1+c x)5/2 (1+c x)%/2 (a+b ArcCosh[c x])2 ’ ]
V1-c?x?

Problem 363: Result valid but suboptimal antiderivative.

dx

J (Fx)" (1—c2x2)3’/2
(a+bArcCosh[cx])?
Optimal (type 8, 32leaves, 0steps):
(Fx)" (1—c2x2)3/2

(a+bArcCosh[cx])

Unintegrable| = x|
Result (type 8, 70 leaves, 1 step):

. LI 3/2 3/2
V/1-c2x? Unintegrable [ (FX=lrexiio (e 2 -y ]

(a+b ArcCosh[cx])?

v-1l+cx V1+cx



Problem 364: Result valid but suboptimal antiderivative.
J (Fx)"V1-c2x?

(a+bArcCosh[cx] )2

dx

Optimal (type 8, 32leaves, 0steps):

(fx)m 1-c2x?

Unintegrable | » X]
(a+bArcCosh[cx] )2

Result (type 8, 69 leaves, 1 step):
mUnintegr‘able[ 7y oleex yisex x|

(a+b ArcCosh[c x])

\/—1+CX \/1+CX

Problem 365: Result valid but suboptimal antiderivative.
J (Fx)"
V1-c2x? (aerAr'cCosh[c:x])2

dx

Optimal (type 8, 91 leaves, 1 step):

- . £y 1
) (fx>mm ) fmv/-1+cx Un1ntegr‘ab1e[4—)—a+bmccosh[cx] » X|
bc+/1-cx (a+bArcCosh[cx]) bcv1-cx
Result (type 8, 117 leaves, 2 steps):
(fx)m\/—1+cx Jitcx fmv/-1+cx V1+cx Un1ntegrable[a+bArcCosh[cx] , X|
- +
bcvV1-c?2x? (a+bArcCosh[cx]) bcv1l-c2x?

Problem 366: Result valid but suboptimal antiderivative.
(fx)"
J(1 -c? x2)3/2 (a+bArcCosh[cx] )2

dx

Optimal (type 8, 32 leaves, 0 steps):
(£x)"

(1-c2x?)*? (a+bArcCosh[cx])?

Unintegrable| » X]
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Result (type 8, 70leaves, 1step):

~1+cx V1+cx Unintegrable ()l X
\/ \/ & [ (-1+cx)¥2 (1+cx)3/2 (a+bArcCosh[c x])? ? }
V1-c?x?

Problem 367: Result valid but suboptimal antiderivative.
(Fx)"
J (1-¢2x2)%? (a+bArcCosh[cx])?

dx

Optimal (type 8, 32leaves, 0steps):
(fx)"

Unintegr‘able[ ) x]

(1-¢2x?)*? (a+bArcCosh[cx])?

Result (type 8, 69 leaves, 1 step):

v-1+cx V1+cx Unintegrable )" X
& [ (-1+c x)5/2 (1+c x)%/2 (a+b ArcCosh[c x])2 ’ ]
V1-c?x?

Problem 368: Result valid but suboptimal antiderivative.

J ! d
X
V1 -a?x? ArcCosh[ax]?

Optimal (type 3, 32leaves, 1 step):
Vv-1+ax
2a+/1-ax ArcCosh[ax]?

Result (type 3, 45leaves, 2 steps):

v-1+ax V1+ax

2a+/1-a%2x? ArcCosh[ax]?

Problem 380: Result optimal but 1 more steps used.

Jx! c-a’cx® VArcCosh[ax] dx

Optimal (type 4, 205leaves, 10 steps):



1 P v c-a?2cx? ArcCosh[ax]3/2
— x4/ C-a*cx? \/ArcCosh[ax] - +
2 3av/-1+ax V1+ax

\E\/c—azcxz Erf[v/2 +/ArcCoshlax] | \/?\/c—azcxz Erfi[+/2 +/ArcCosh[ax] |

16av-1+ax V1+ax 16av-1+rax V1+ax
Result (type 4, 205 leaves, 11 steps):
e A2 w2 3/2
1x«/c—azcx2 v/ ArcCosh[ax] - c-a’cx? ArcCoshlax] +
2

3av/-1+ax V1l+ax

ﬁ\/cfazcxz Erf[v/2 +/ArcCoshlax] | \/?\/cfazcxz Erfi[+/2 +/ArcCosh[ax] |

16a+v/-1+ax V1l+ax 16a+v/-1+ax V1l+ax

Problem 381: Result optimal but 1 more steps used.

J\/Ar‘cCosh[a X]
Ve-a%cx?

dx

Optimal (type 3, 48 leaves, 1step):

2+/-1+ax \/1+ax ArcCosh[ax]3/2
3a+/c-a?cx?
Result (type 3, 48 leaves, 2 steps):

2+v/-1+ax \/1+ax ArcCosh[ax]3/2

3a+vc-aZcx?

Problem 382: Result optimal but 1 more steps used.
J\/Ar‘cCosh[a X] dx

)3/2

(c-a?cx?

Optimal (type 8, 94 leaves, 1step):

av/-1+ax V/1+ax Unintegrable| X » X]
X \VArcCosh[a x] (1-a% x?) / ArcCosh [a x]
+
cvVec-atcx? 2cvVc-aZcx?

Result (type 8, 94 leaves, 2 steps):
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av/-1+ax /1+ax Unintegrable| % x|

J
(1-a%x2) y/ ArcCosh [a x]

x \/ ArcCosh[a x]

+

cvVec-atcx? 2cvVc-aZcx?

Problem 385: Result optimal but 1 more steps used.
Jxlcfazcx2 ArcCosh[ax]32dx

Optimal (type 4, 302leaves, 11 steps):

3+ c-a%cx? /ArcCosh[a x 3ax?2+/c-a?cx? \/ArcCosh[ax 1
v [ax] v v [ ]+—X\/C—aZCX2 ArcCosh[ax]3/2-

16av/-1+rax V1+ax 8v/-1+ax V1+ax 2
T 2 2 PAS 2 2 9
e aZcx® ArcCoshiax152 3./~ Ve-a?cx? Erf[v/2 +/ArcCoshlax] | 3.[% ~/c-a?cx? Erfi[/2 V/ArcCosh[ax] |
[aXx] ) 2 . 2
5av/-l+ax V1+ax 64a~-1+ax V1+ax 64a~-1+ax V1+ax

Result (type 4, 302 leaves, 12 steps):

3+ c-a%cx? /ArcCosh[a x 3ax?®+vc-a%cx® ArcCosh[ax 1
[ax] v [ ]+—x«/c—a2cx2 ArcCosh[ax]3/2-

16a+/-1+ax V1l+ax 8+v-1+ax V1l+ax 2
7 w2 I PR :
Ve _aZcx@ ArcCoshiaxi52 3.2 Vc-a?cx? Erf[+/2 v/ArcCosh[ax] | 3.[% +Jc-a?cx® Erfi[+/2 v/ArcCoshlax] |
[aXx] . 2 . 2
5a+v/-1l+ax V1+ax 64a~-1+ax V1+ax 64a~-1+ax V1+ax

Problem 386: Result optimal but 1 more steps used.
JAr‘cCosh[a x]3/2
Vec-a?cx?

Optimal (type 3, 48 leaves, 1step):

dx

2+v/-1+ax V/1+ax ArcCosh[ax]>/2
5ay/c-aZcx?
Result (type 3, 48 leaves, 2 steps):

2+v/-1+ax V/1+ax ArcCosh[ax]>/2

5a‘/c-atcx?
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Problem 387: Result optimal but 1 more steps used.
JAr‘cCosh[a x]3/2

dx

(c—azcxz)g’/2

Optimal (type 8, 94 leaves, 1 step):

x ArcCosh [a x]3/? 3av/-1+ax V1+ax Unintegrable[
+

cvVec-atcx? 2cc-a?cx?

X ~/ ArcCosh [a x]
» x|

1-a?x?

Result (type 8, 94 leaves, 2 steps):

xArcCosh[ax]¥? 3aV-l+ax V1+ax Unintegrable|
+

cVec-atcx? 2cvc-a2cx?

X / ArcCosh[a x]
» X

1-a2x?

Problem 389: Result optimal but 1 more steps used.
J\/ c - a%cx?® ArcCosh[ax]”/?dx
Optimal (type 4, 330 leaves, 13 steps):

15 S 5+ c-a?cx? ArcCosh[ax]3?2 5ax?+c-a%cx? ArcCosh[ax]®? 1 S .
— X1/ c-a“cx® \VArcCosh[ax] + - nJ € -a?cx?® ArcCosh[ax]®/?-
32

+ — X
16a+v-1+ax V1+ax 8+v-1+rax V1+ax 2
Vc-aZcx? ArcCosh[ax]7/2 15 /f Vec-a%cx? Er‘-F[\/Z v/ ArcCosh[a x] ] 15 /’Zl Ve-a%cx? Er‘-Fi[\/Z v/ ArcCosh[a x] ]
N _
7av/-1+ax /1+ax 256a+-1+ax V/1+ax 256a+/-1+ax V/1+ax

Result (type 4, 330 leaves, 14 steps):

15 S 5/ c-a?cx? ArcCosh[ax]3/?2 5ax?+c-a%cx? ArcCosh[ax]3?2 1 S 52
— X/ C-a‘cx® \VArcCosh[ax] + - A/ € - a%cx* ArcCosh[ax] -
32

+ — X
16a\/—1+ax \/1+ax 8\/71+ax \/1+ax 2
Vc-aZcx? ArcCosh[ax]7/2 15 /§ Ve-a?cx? EP-F[\/?\/Ar'cCosh[ax] ] 15 /’Zl Vvec-aZcx? Er‘-Fi[\/?\/Ar'cCosh[ax] ]
+ _
7a\/71+ax \/1+ax 256a\/—1+ax \/1+ax 256a\/—1+ax \/1+ax

Problem 390: Result optimal but 1 more steps used.

ArcCosh[ax]>%/2
J dx

Vec-a?cx?
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Optimal (type 3, 48 leaves, 1step):

2+v/-1+ax \/1+ax ArcCosh[ax]7/2
7avc-a’cx?
Result (type 3, 48 leaves, 2 steps):

2+vV-1+ax V1+ax ArcCosh[ax]7/2

7avc-a?cx?

Problem 391: Result optimal but 1 more steps used.
JAr‘cCosh [ax]®/?

(c—azcxz)g/2

dx

Optimal (type 8, 94 leaves, 1step):

xArcCosh[ax]%2 5aV-l+ax Vl+ax Unintegr‘able[%‘;—xﬂ, x|
+
cVec-azcx? 2cVec-atcx?
Result (type 8, 94 leaves, 2 steps):

x ArcCosh [a x] 5/2 5av-1+ax V1+ax Unintegr‘able[ws—ﬂ, q
+

1-a% x?
cVec-atcx? 2c/c-atcx?

Problem 393: Result optimal but 1 more steps used.
Jwaz—xz Ar‘cCosh[i} dx
]
Optimal (type 4, 211 leaves, 10 steps):
mAr‘cCosh[i 3/2 a\/?\/az—x2 Erf[vV2 Ar‘cCosh[i] ] a\/?\/az—x2 Erfi[v/2 Ar‘cCosh[f} ]

/—1+— [1 16 [—1+1 [1+ 2% 16 [-1+ % /1+5
a a a a

Result (type 4, 211 leaves, 11 steps):

X4/ a ArcCosh




7 Inverse hyperbolic functions.nb | 179

a/a?-x2 ArcCosh[*]* WWEPF[W ArcCosh[*] | a\EWEr‘fi[ﬁ ArcCosh[*] |

1 5 x
— XA/a - Ar‘cCosh -
2 [ / [ [ [ [
—1+* 16 -1+ % 1+2% 16 -1+ % 1+2%
a a a a

Problem 394: Result optimal but 1 more steps used.
f lAr‘cCosh

Optimal (type 3, 50leaves, 1 step):
[-1+% [1+% ArcCosh 3/2
3+va?-x?

Result (type 3, 50 leaves, 2 steps):

a [-1+% [1+% ArcCosh[*]*?
a a a
3+va?-x?

Problem 395: Result optimal but 1 more steps used.

ArcCosh | *|

a
J\ (az_xz)3/2 dx

Optimal (type 8, 97 leaves, 1 step):

[-1+% [14% Un1ntegr‘ab1e X » X]
APCCOSh (1——) Ar‘cCosh{ }

2

2a3+va?-x

Result (type 8, 97 leaves, 2 steps):
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S14 % \/:Unintegr‘able[ X » X]
ArcCosh|[ ] \/7"" : (1-%) [arccosh| ]

+
a2 - x? 2a3+a?-x?

a2

Problem 398: Result optimal but 1 more steps used.

J\/ a’? - x? ArcCosh]| i] 2 ax

a

Optimal (type 4, 316 leaves, 11 steps):

aVa?-x? Ar‘cCosh 2+/a% - x? ArcCosh

x ArcCosh [ X]3/2 -

2 a
16 [-1+% [1+7% 1 X 1k

a\/az—iszr‘cCosh[ﬂS/Z 3a\/?\/a27x2 Er‘f[\/? Ar‘cCosh[i] ] 3a\/?x/a27x2 Er‘fi[x/? Ar‘cCosh[i] ]

5/71+§ 1+§ 64l71+§ l1+§ 64l71+§ 1+§
Result (type 4, 316 leaves, 12 steps):

a?-x* _|ArcCosh| i] -x? | ArcCosh|

x ArcCosh | X]3/2 -

2 a
16 [-1+% 1+2% _1+_ 1+_
a a

ava’-x* ArcCosh|X] 132 3a\/7v 2-x? Erf[V2. ArcCosh (] | 33\E Va2 - x? Erfi[vV2 ArcCosh[*] |

+
5 [-1+% [1+% 64 [-1+% [1+2% 64 [-1+% [1+%
a a a a a a

Problem 399: Result optimal but 1 more steps used.
ArcCosh | i] 32

dx
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Optimal (type 3, 50 leaves, 1step):
l71+— l1+— ArcCosh 5/2
5+/a% - x?

Result (type 3, 50 leaves, 2 steps):

a [-1+4% 1+ ArcCosh[*]*"
5+/a% - x?
Problem 400: Result optimal but 1 more steps used.
ArcCosh [ *] 32
I E——
JA (az _X2>3/2
Optimal (type 8, 97 leaves, 1step):

x ArcCosh [ *]%/2 -1+ J1+7 Un1ntegr‘ab1e , ]

ﬁ 2 a? X
Result (type 8, 97 leaves, 2 steps):

?Ar‘cCosh[ ] ]
5 32 3 [-1+% [14% Un1ntegrable X
xArcCosh a
a%+/a?

NEra AN

Problem 401: Result valid but suboptimal antiderivative.

j X dx
\/1-x2 ~/ArcCosh[x]

Optimal (type 4, 65leaves, 6 steps):
Vr /~1+x Erf[v/ArcCosh(x] | /7 v/-1+x Erfi[+/ArcCosh(x] |
+
24/1-x 2+/1-x

Result (type 4, 83 leaves, 7 steps):
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Vo A/-1+x V1+x Erf[+/ArcCosh(x] | ~/m V/-1+x V1+x Erfi[+/ArcCosh[x] |
21 -x? 2vV1-x?

Problem 402: Result optimal but 1 more steps used.

(c-a?cx?)®?

J dx
v/ ArcCosh[a x]

Optimal (type 4, 438 leaves, 18 steps):

5c2+/c_alcx? \/ArcCosh[ax] 3c>\/7 /c-alcx? Erf[2+/ArcCosh[ax] | 15¢*,[5 Vec-a’cx Erf[+/2 VArcCosh[ax] |
- - +

+

8a\/—1+ax \/1+ax 64a\/—1+ax \/1+ax 64a\/—1+ax \/1+ax
C2 lg \/C—azcx2 EP'F[\/? \/Ar'CCOSh[aXJ ] 3C2“/7T 4/c_a2cx2 Er‘fi[z’/Ar‘CCOSh[aX} ]
- +
64a+/-1+ax V1+ax 64a+/-1+ax V1+ax
15 c? /f Ve -a?cx? Er‘-Fi[\E\/Ar‘cCosh[ax} ] c? /g vec-a%cx? Er‘fi[x/s v/ ArcCosh[a x] ]
+
64a+/-1+ax Vl+ax 64a+/-1+ax /1+ax

Result (type 4, 438 leaves, 19 steps):
5c2v/c-aZcx? ArcCosh[ax] 3c2+/n Vc-a?cx? Erf[2+/ArcCoshlax] | 15 cz\/?\/c—azcxz Erf[+/2 V/ArcCosh[ax] |

+

8a+v-1+rax v/1+ax 64a+/-1+ax V1l+ax 64a+/-1+ax /1+ax
c2 /g Ve-a2cx? Erf[\/6 VArcCosh[ax] | 3¢2+/7 v/c_aZcx? Erfi[2+/ArcCosh[ax] |
- +
64a+/-1+ax V1+ax 64a+/-1+ax V1+ax
15 c2 [Z Ve-aZcx? Erfi[v/2 v/ArcCoshfax] | 2 [Z Vec-a?cx? Erfi[+/6 \/ArcCosh[ax] |
+
64a~-1+ax V1+ax 64a~/-1+ax V1l+ax

Problem 403: Result optimal but 1 more steps used.

J (c-a?cx?)??
\/ArcCosh[a x]
Optimal (type 4, 294 leaves, 13 steps):

dx
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3c\c-a2cx? \/ArcCosh[ax] ¢V Vc-a?cx? Erf[2+/ArcCosh[ax] | <5 Vc-a?cx? Erf[\/2 \/ArcCosh[ax] |
_ N _

4a+/-1+ax J1+ax 32a+v/-1+ax V1l+ax 4a+/-1+ax /1+ax
cVr Vec-a?cx? Erfi[2+/ArcCosh[ax] | C«/;_T Ve-a’cx? Er‘-Fi[\/T VArcCoshlax] |
+
32a+/-1+ax V1l+ax 4a~-1+ax V1+ax

Result (type 4, 294 leaves, 14 steps):
3cVc-a2cx? \/ArcCosh[ax] ¢V Vc-a?cx? Erf[2+/ArcCosh[ax] | C\E Vc-a?cx? Erf[\/2 +/ArcCosh[ax] |
_ N _

4a+/-1+ax J1+ax 32a+/-1+ax V1+ax 4a+/-1+ax V1+ax
cvVr Ve-a?cx? Erfi[2+/ArcCosh[ax] | C«/;_T Ve-a’cx? Er‘fi[ﬁ VArcCoshfax] |
+
32a+/-1+ax V1l+ax 4a~-1+ax V1+ax

Problem 404: Result optimal but 1 more steps used.
Ve-aZex?
Optimal (type 4, 175leaves, 8steps):
Jc-aZcx? +/ArcCosh[ax] Emﬂ‘ﬂﬁm} \/?ma‘fi[ﬁvm}
N N

av/-1+rax V1l+ax 4a~/-1+ax V1l+ax 4a~/-1+ax V1l+ax

dx

Result (type 4, 175leaves, 9steps):
Vc-aZcx? \/ArcCosh[ax] \/?\/c—azcxz Erf[v2 V/ArcCosh[ax] | \/?\/c—azcxz Erfi[+/2 +/ArcCosh[ax] |
- + +

av/-1+ax V1+ax 4a+/-1+ax J1+ax 4a+/-1+ax J1+ax

Problem 405: Result optimal but 1 more steps used.

1
J dx
vc-a2cx? v/ArcCosh[ax]

Optimal (type 3, 46leaves, 1 step):

2+v-1+ax V1+ax /ArcCosh[ax]
avc-atcx?
Result (type 3, 46 leaves, 2 steps):
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2+v/-1+ax V/1+ax ArcCosh[aXx]

avc-aZcx?

Problem 406: Result valid but suboptimal antiderivative.
1

J (c-a%cx?)*2/ArcCosh[ax]

dx

Optimal (type 8, 26 leaves, 0 steps):

Unintegrable| ! » X]

(c-a?cx?)*?+/ArcCosh[ax]

Result (type 8, 67 leaves, 1 step):

V-1+ax v/1+ax Unintegrable| 1 , X
(-1+ax)¥? (1+ax)3/2 [ ArcCosh[ax]
cvec-aZcx?

Problem 407: Result valid but suboptimal antiderivative.
J 1
(c-a%cx?)®?/ArcCosh[ax]

dx

Optimal (type 8, 26 leaves, 0steps):

Unintegrable| ! » X]

(c-a? cxz)S/2 +/ArcCosh[a x]

Result (type 8, 66 leaves, 1step):

V-1+ax /1+ax Unintegrable| 1 » X]
(-1+ax)5/2 (1+ax)%2 [ ArcCosh[ax]
c2\/c-a%cx?

Problem 410: Result valid but suboptimal antiderivative.
J Ve-a%cx?

ArcCosh[ax]3/2

dx

Optimal (type 4, 170leaves, 9 steps):
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T 2 2 pAS 2 2 4
2V 1rax Visax Ve_alcx? [Z N c-a?cx? Erf[+/2 +/ArcCosh[ax] | [Z N c-a?cx? Erfi[V/2 +/ArcCosh[ax] |
B \/ + \/ + B 2 . 2
a/ArcCosh[ax] av-l+rax V1+ax av-l+rax V1+ax

Result (type 4, 176 leaves, 10 steps):
2 (1-ax) Virax Vc-aZcx ﬁ\/cfazcxz Erf[+/2 V/ArcCosh[ax] | \/?\/cfazcxz Erfi[v2 v/ArcCosh[ax] |
- +

a+v-1+ax /ArcCosh[a x] av-1+ax V1+ax av-1+ax V1+ax

Problem 411: Result optimal but 1 more steps used.

1

dx
J\/ c - a%cx? ArcCosh[ax]3/?
Optimal (type 3, 46leaves, 1step):

2+/-1+ax V1+ax

aV/c-a2cx? +/ArcCosh[ax]

Result (type 3, 46 leaves, 2 steps):

2+/-1+ax V1+ax

avc-a2cx® +/ArcCosh[ax]

Problem 412: Result valid but suboptimal antiderivative.
J 1
(c-a?cx?)*?ArcCosh[ax]3/2

dx

Optimal (type 8, 109 leaves, 2 steps):

4a+/-1+ax J1+ax Unintegr‘able[ X ,x}
2\/71+ax \/1+ax (71+a2x2)2 ArcCosh[ax]
- +
a (c—azcxz)g’/zx/Ar'cCosh[ax] cvVec-a2cx?
Result (type 8, 120 leaves, 2 steps):
4a~/-1+ax v/1+ax Unintegrable| X » X]
2vV-1+ax (-1+a? XZ)2 ArcCosh[ax]

- +

ac (1—ax) V1+ax Vc-a?cx? \/ArcCosh[a x] cvVc-aZcx?
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Problem 413: Result valid but suboptimal antiderivative.
J 1
(c-a%cx?)®?ArcCosh[ax]3/2

dx

Optimal (type 8, 109 leaves, 2 steps):

8a+/-1+ax \/1+ax Unintegrable| X » X]
2\/—1+ax \/1+ax (—1+azxz)3«/Ar‘cCosh[ax]
a (c-a?cx?)*?+/ArcCosh[ax] c2vc-aZcx?
Result (type 8, 120leaves, 2 steps):
8a+/-1+ax \/1+ax Unintegrable| x » X]
2V -1+ax (—1+a2x2)3 ArcCosh[ax]
ac? (1-ax)? (1+ax)*?~/c-a?cx? V/ArcCosh[ax] c2v/c-a2cx?

Problem 415: Result valid but suboptimal antiderivative.
J Ve-a%cx?

ArcCosh[a x]°/?

dx

Optimal (type 4, 201 leaves, 7 steps):
2/ -1+ax V1+ax Vec-alcx? 8x+Vc-a2cx?

- +

3 aArcCosh[ax]3/? 3+/ArcCosh[ax]
2+/27m Ve-atcex? EP-F[\/?\/ArcCosh[ax] ] 2+/27m Ve-atcex? Er‘-Fi[\E\/Ar‘cCosh[a X] }
+
3av-1+rax V1+ax 3av-1+ax Vl+ax

Result (type 4, 207 leaves, 8 steps):
2 (1-ax)V1+ax Ve-a2cx? 8xc-alcx?

- +

3a+v-1+ax ArcCosh[ax]3/? 3 +/ArcCosh[ax]

2V2r Vc-a?cx? Erf[v/2 VArcCosh[ax] | 227 Vc-a?cx? Erfi[v/2 /ArcCosh[ax] |
+

3av/-1+ax V1+rax 3a/-1+ax V1+ax

Problem 416: Result optimal but 1 more steps used.

1
j dx
v c-a%cx? ArcCosh[ax]>/?
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Optimal (type 3, 48 leaves, 1step):

2\/—1+ax \/1+ax

3a+vc-a?cx? ArcCosh[ax]3/?
Result (type 3, 48 leaves, 2steps):

2\/—1+ax \/1+ax

3a+vc-a?cx? ArcCosh[ax]3/?

Problem 419: Result optimal but 1 more steps used.
szx/dfczdx2 (a+bArcCosh[cx])"dx

Optimal (type 4, 253 leaves, 6 steps):

4a -
Jd-c2dx? (a+bAr‘cCosh[cx])1*” 2-2(3+n) &% v/d-c2dx2 (a+bAr‘cCosh[cx])” (_M) nGamma[1+n, _ﬂw&}

b b
— + —

8bc3(1+n)\/—1+cx V1+ex 3/ -1+cx V1+cx

4a —
2-2(3+n) &% ~/d-c2dx2 <a+bAr‘cCosh[cx])" (%ﬂ) nGamma[1+n, ﬂ%ﬂu]

3/ -1+cx V1l+cx

Result (type 4, 253 leaves, 7 steps):

4a

Vd-c2dx? (a+bArcCosh[cx])*" 2263m e v y/d-c2dx? (a+bArcCoshicx])" (—4ua*b‘\rcck:’5h ex )m Gamma[1 +n, - #(@pArcioshiexl). a+bArcbc°Sh xlL ]
- +

8bc3(1+n)\/—1+cx V1+cx 3v/-1+cx V1+cx

4a
2206 eb \/d-c2dx? (a+bArcCosh[cx])" (4‘—]-3*“"0’5“ €x )7n Gamma |1 + n, 4{asbArcCoshlcx]) ]
b b

3/-1+cx V1+cx

Problem 420: Result optimal but 1 more steps used.

Jx d-c>dx* (a+bArcCoshlcx])"dx

Optimal (type 4, 379 leaves, 9steps):
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3a
L] -
3-1-n o % A/d - c2dx2 <a+bAr‘CCOSh[CX]>n (7a+bAr‘cC;Jsh cx ) “Gamma[1+n, 73(a+bArck(’:osh cx]) }

8c2+/-1+cx V1+cx

o/ 2 atbArcCoshlcx] | - atbArcCosh x|
esd-c2dx?* (a+bArcCoshcx])" (—a bA"c;’Sh € ) " Gamma[1+n, —a*bA“c:Sh exl ]

+

8c2+/-1+cx V1+cx

atbArcCoshicx] | " a+b ArcCosh[cx].
e/®+/d-c2dx? (a+bArcCosh[cx])" (a bA"CCb"Sh £x ) Gamma[1+n, 2 bA"C;’Sh ex1]

8c2+/-1+cx V1+cx

3a
-1- o - +
31nes v/d-c2dx?* (a+bArcCoshlcx])" (4‘—”*““?5“ X ) " Gamma[1+n, 3{abArcCoshicx]) bA"E“h x|

8c2v/-1+cx V1+cx
Result (type 4, 379leaves, 10 steps):
3-1n e’%m(warccOsh[cx])”

8c2V/-1+cx Vi+cx

2 lexl )~ x1
e»Vd-c?dx? (a+bArcCoshfcx])" (73*“"?5'“ €x ) " Gamma[1+n, 7a*bA"CCb°Sh ex1

atbArcCoshlcx] | " 3 (arbArcCosh[cx1)
_ a+bAr‘cCl:)sh cx ) Gamma[l N, - 3 a+b/—\r‘c§osh cx }

+

8c2+/-1+cx V1+cx

B
e/ +/d - c2dx? (a+bAr‘CCOSh[CX])n <a+bAr‘cC|;)sh cx ) nGamma[1+n, a+bAr‘cC;sh cx }

8c2+/-1+cx V1+cx

3a
1o = a+b ArcCoshlcx] \ -
3-1-n % +/d - c2d x2 <a+bAI"CCOSh[CXJ>n (a+bAr‘cC;sh cx ) nGamma[lJrn, 3§a+bAr‘csosh cx )]

8c2/-1+cx V1+cx

Problem 421: Result optimal but 1 more steps used.
J\/d—CZdXZ (a+bArcCosh[cx])"dx

Optimal (type 4, 253 leaves, 6 steps):

2a

Vd-cZdx® (a+bArcCosh[cx] )" 277" e v \/d-c2dx? (a+bArcCosh[cx])" (—4ua*bArcc:Sh €x )m Gamma[1 + n, - 2(abArcCoshiex]). a*bA'"cs"Sh XL
_ N _

2bc(1+n)\/—1+cx V1+cx cvV-1+cx /1+cx

2a
_3- — -n +
23"ew \/d-c2dx? (a+bArcCoshcx])" (4‘—”*“\"?5“ X ) Gamma[1+n, 2la:bArcCoshiex) bA“;““ exl) ]

cv-1+cx V1+cx

Result (type 4, 253 leaves, 7 steps):
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2a -
Vd-c2dx? (a+bArcCoshcx])*" 23 "e v A/d-c2dx? (a+bArcCoshicx])" (—4ua*b”°ct:’5h ex ) nGamma[1+n, - 2 (asbArcCoshcx]). a+bArc§°Sh x|
- +

2bc(1+n)\/—1+cx V1+cx cvV-1+cx V1+cx

2a

-3- - + - +
23 "ev v/d-c2dx?® (a+bArcCoshicx])" (4[—]-3 bA“C;Sh €x ) " Gamma 1+ n, 2{:bArcCoshiex]) bA"E“h X1

cvV/-1+cx V1+cx

Problem 422: Result valid but suboptimal antiderivative.
J\/d -c?dx? (a+bArcCosh[cx])"

X

dx

Optimal (type 8, 211 leaves, 6 steps):

devv-1+cx V1+cx (a+bArcCosh[cx])" (—4‘—La*“"c;5h ex )m Gamma[1+n, —4'—”*“"?5“ =

2+/d-c?dx?

-
de?*~/-1+cx V1+cx (a+bArcCosh[cx])" (Q—La*b”cc;s" ox ) nGamma[lJrn, Q—La*b“cc;”h €x

+

(a+bArcCosh[cx])"

+dUnintegrable [ ) x]
2+/d-c?2dx? x+vd-c?dx?

Result (type 8, 245leaves, 7 steps):

- arbArcCoshiex] | " a+b ArcCosh[cx]
esd-c2dx® (a+bArcCosh[cx])" (— a*bA"CSSh €x ) Gamma[1+n, —a*bA"cb"Sh =

2\/—1+cx \/1+cx

e®~/d-c?dx? (a+bArcCosh[cx])" (4%“"?5“ = )_n Garmma [ 1+ n, 2:eArccoshicxl | Vd-c?dx? Unintegrable[%ﬂ)—", x|
2v/-1+cx V1+cx V-1+cx V1+cx

Problem 423: Result valid but suboptimal antiderivative.

J\/d -c2dx? (a+bArcCosh[cx])"

x2

dx

Optimal (type 8, 91 leaves, 3 steps):

cdvV-1+cx V1+cx (a+bAr‘cCosh[cx])1+n (a+bArcCosh[cx])"
- +dUnintegrable| s X]
b(1+n)Vd-c2dx? x2+/d-c?dx?

Result (type 8, 125leaves, 4 steps):
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. \/ﬁ . (a+b ArcCosh[cx])"
cVd-c2dx? (a+bArcCosh[cx] )" i d-cidx Unlntegrable[xz Trex vhiex x]

b(1+n)\/—1+cx V1+cx v-1l+cx V1+cx

Problem 424: Result optimal but 1 more steps used.
sz (d- czdxz)g’/2 (a+bArcCosh[cx])"dx

Optimal (type 4, 658 leaves, 12 steps):

6a _
dm (a+bAr~cCosh[cx})1*“ 2-7-n 3-1-nd e % A/d_ c2dx? (a+bAr‘cCosh[cx])” (_a+bAr‘cCl;)sh cx ) ”Gamma[1+n, _6(a+bAr‘chsh cx )]

+

16bc3(1+n)\/—1+cx V1+cx 3vV-1+cx V1+cx

4a
-7- - + - +
272"de » Vd-c?dx?* (a+bArcCoshcx])" (—4% bA"C:Sh ex ) " Gamma[1+n, - 4(asbArcCoshicx]) bAPCbC“h x|

+

3V -1+cx V1+cx

2a _
27"de v Vd-c?dx? (a+bArcCoshcx])" (—Q—MMPC?S“ X ) " Gamma[1+n, - Z(asbArcCoshex]) a*bA'"CE“‘h ex1). ]

3vV-1+cx V1+cx

2a _
27"der Vd-c2dx? (a+bArcCosh[cx])" (4[—]-3*“"“;5“ € ) " Gamma[1+n, 2(abArcCoshicxl) a*bA"s“h exl)]

3 -1+cx V1+cx

4a
_7- — + - 4
272ndes \/d-c?dx? (a+bArcCosh[cx])" <4ua bA"c:Sh ex ) " Gamma 1+ n, 4(2:bArcCoshiex]) bA”C§°Sh exll

+

3/ -1+cx V1+cx

6a _
270 31ndes A/d- c2dx2 (a +bArcCosh[c x] )n (a+bArcCt:)sh cx ) n Gamma [1 in, 6 (a+bAr‘c;osh cx }

3/ -1+cx V1l+cx

Result (type 4, 658 leaves, 13 steps):
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6a -
d m <a + bAI"CCOSh[CX] >1+n 2-7-n 3-1-n4 eiT‘/d _c2dx2 (a + bAr‘cCosh[c X])n (7 a+bAr‘cC|:sh cx ) ”Gamma[1+ n, - 6 (a+bAr‘c:)Iosh cx]) ]

+

16bc3(1+n)\/—1+cx V1+cx 3v/-1+cx V1+cx

4a
-7- . + - +
272"de v /d-c2dx? (a+bArcCosh[cx])" (—4[—]-3 bAPCC:Sh £x ) " Gamma[1+n, - #(a:bArcCoshicxl) bA"Cs“h —

+

3 -1+ecx V1+cx

2a _
27"de » Vd-c?2dx® (a+bArcCosh[cx])" (—Q—L"‘”M"C?Sh ex ) " Gamma[1+n, - Z{asbArcCoshiex]) a*bAPCE"Sh XL

3v-1+cx V1+cx

2a _
27"des \/d-c2dx? (a+bArcCosh[cx])" (4‘—“”“"“:5“ ex ) " Gamma[1+n, 2(abArcCoshicxl) a*bA"s“h exl) ]

3vV-1+cx V1+cx

4a
-7- - + - +
272"des \/d-c?dx? (a+bArcCosh[cx])" <4LL‘" bA"CCb"Sh € ) " Gamma[1+n, #{abArcCoshicxl) bA"Cs"Sh XL ]

+

3v-1+cx V1+cx

6a -
271 31ndes /d-c2dx? (a+bArcCosh[cx])" (—ua*“"cc;”h cx ) nGamma[1+n, 6 (arbArcCosh[cx]). a*“’"cg“h ex ]

c3vV-1+cx V1+cx

Problem 425: Result optimal but 1 more steps used.

JX (dfczdxz)”2 (a+bArcCosh[cx])"dx

Optimal (type 4, 578 leaves, 12 steps):
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S5a -
51nde s \/d-c2dx? (a+bArcCoshcx])" (— Q—La*b”cc;s" €x ) " Gamma [1+n, - >{(aArcCoshlex]]. a*bAPCS"Sh XL

32¢2y/-1+ecx V1+cx ’
30de s AdocZdxZ (a+bArcCosh[cx])" (74‘—La*b”cc;5h ex )7n Gamma[1+n, - 2-(abArcCoshlexl) a*“";““ ex1) ]
32c2+/-1+cx V1+cx i
desVd-c2dx® (a+bArcCosh[cx])" (—%ﬂ)fn Gamma 1+ n, —%“—XL]
16c2+/-1+cx V1+cx '
de?b/d-c2dx® (aerAr'cCosh[cx])n (w@)fn Gamma[1+n, Wﬂ}
16c2v/-1+cx V1+cx .
30des Vd-2dxZ (a+bArcCosh[cx])" (Q—L"’”““C;Sh ex )m Gamma[1 + n, 2-la:bArcCoshiexl) a*bA“s"Sh x|
32¢2+/-1+cx V1+cx '
5‘1‘”de?m (a+bArcCosh[cx])" (%)7n6amma{l+n, wﬂﬁ]
32c2/-1+cx J1+cx
Result (type 4, 578 leaves, 13 steps):
5’1’"de_%m (a+bArcCosh[cx])" <74‘—La*“"°c;$h €x )m Gamma[1+n, - >(abArctoshlexl), a*bA"cs“h X1
- +

32c2/-1+cx /1+cx

3a _
3"de » Vd-c2dx? (a+bArcCosh[cx])" ké—u‘*b‘“‘c?” X ) " Gamma[1+n, - 3(asbArcCoshex]) a*“”;“" xl)

32c2/-1+cx V/1+cx

de»Vd-c?dx® (a+bArcCosh[cx])" (—4ua*b”cc;5h € )_n Gamma 1+ n, —4‘—”””“:5“ <x1]

+

16c2/-1+cx VJ1+cx

de?’?/d - c2dx2 (a+bAF‘CCOSh[CX] )n (a+bAr‘chosh cx )’” Gamma[1+n, a+bAr~cCt:35h cx }

16c2/-1+cx V/1+cx

3a _
3"des /d-c2dx? (a+bArcCosh[cx])" (%ﬂ]—) nGamma[lJrn, wﬂu—]

+

32c2/-1+cx V/1+cx

5a -
51"der Vd-c?dx?* (a+bArcCoshcx])" (4‘—“*““?5“ X ) " Gamma[1+n, S-{abArcCoshicxl) a*“";“" exlL]

32c2+/-1+cx V1+cx
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Problem 426: Result optimal but 1 more steps used.

J(d—czdxz)”2 (a+bArcCosh[cx])"dx

Optimal (type 4, 450 leaves, 9 steps):
a+b ArcCosh[c x )—n Gamma[l +n, - 4 (a+b ArcCosh[c x]) ]

4a
3dvd-c2dx? (a+bAr‘cCosh[cx})1*" 2203Mde v Vd-c2dx® (a+bArcCoshicx])" (* . )

+

8bc(1+n)\/—1+cx V1+cx cv-1+cx V1+cx

2a -
23nde v VJd-c2dx? (a+bArcCosh[cx])" (—4‘—]-3”’““;5“ €x ) nGamma[1+n, _ 2 (asbArcCoshfcx]). a*bA"c?Sh XL

cV-1+cx V1+cx

2a
_3_ — + - (a+ [ex])
23N"der Vd-c?dx?* (a+bArcCoshcx])" (abAFCC:ShCX ) nGamma[lJrn, 2 abArCEOSh x|
N

cV-1+cx V1+cx

4a
- + — -
2-203+n) deb /d - c2dx2 (a+bAr‘cCosh[cx})” (a+bAr‘chosh cx ) nGamma[lJrn, 4(a+bAr‘csosh cx )]

C\/—1+cx \/1+cx

Result (type 4, 450 leaves, 10 steps):
a+b ArcCosh[c x )*" Gamma[l in, - 4 (a+b ArcCosh[c x]) ]

3dVd-c2dx® (a+bArcCoshlcx])*" 223 de v /d-c?dx? (a+bAr‘cCosh[cx}>"(— N .

+

8bc(1+n)\/—1+cx V1+cx cv-1+cx V1+cx

2a _
23"de » \d-c?dx? (a+bArcCosh[cx])" (— 4[—La*bA"C;5h = ) " Gamma[1+n, - Z(atbArcCoshicx]) a*bA"CE"Sh ex)]

cvV-1+cx V1+cx

2 (a+bArcCosh[cx

2a -
23"dev Vd-c2dx? (a+bArcCosh[cx])" (M'C—XL) nGamma[1+n, —(—bu)—]

b
+

cvV-1+cx V1+cx

4a -
22033 deb \/d-c2dx? <a+bAr‘CCOSh[CX} >n (a+bArcC;sh cx ) nGamma[lJrn, 4§a+bAr‘c;osh cx]) ]

cv/-1+cx V1+cx

Problem 427: Result valid but suboptimal antiderivative.

dx

J(d—czdxz)g’/2 (a+bArcCosh[cx])"

X

Optimal (type 8, 414 leaves, 15 steps):
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3a -
31nd2e v \/-1+cx V1+cx (a+bArcCoshicx])" (—w) nGamma[lJrn, —M}

b b
8\/d-cZdx?
5d2e v /—1+cx V1+cx (a+bArcCosh[cx])" (—%ﬂ)fnGamma[brn, —%ﬂﬂ
8\Vd-c2dx?
5d2e2’~/—1+cx V1+cx (a+bAr‘cCosh[c x])n (4‘—“”’”“05“ £x )7nGamma[1+n, a+b ArcCoshe x]. }

b b
8+Vd-c?dx?

3a _
31nd2esr \/-1+cx V1+cx (a+bArcCoshfcx])" (4[—””“"“5“ ex ) " Gamma 1+ n, 2{azbArcCoshicx])
b b 2 .
+d? Unintegrable [

8+/d-c?dx? x\/d-c?dx?

+

(a+bArcCosh[cx])"

> x|

Result (type 8, 441 leaves, 16 steps):

3a -
31 nde s /d-c2dx? (a +bArcCosh[c x] )n (_ a+b ArcCosh|[c x ) ”Gamma[1+ n, - 3 (a+bArcCosh[cx]) ]

b b
- +

8+v-1+cx V1+cx

5dev+d-c2dx? (a+bArcCosh[cx])" (—4‘—L"”b’*"?5h ex )m Gamma[1+n, —4[—“*“"?5“ <xl]

8\/—1+cx \/1+cx

5de?’b~/d - c2dx2 <a+bAr‘CCOSh[CX]>n (a+bAr‘chosh cx )—n Gamma[1+n, a+bAr‘cC:osh cx ]

+

8+v-1+cx V1+cx

3a n
-1-n - _ 2 2 n [a+bArcCoshfcx] | " 3 (a+bArcCosh[cx]) d~/d-c2dx? Unintesrable [ {2sbArcCosh[cx X
31 "der Vd-c*dx* (a+bArcCosh[cx]) ( . ) Gamma [1+n, 5 ] V g {Xmm, ]

8v-1+cx V1+cx vV-1+cx V1l+cx

Problem 428: Result valid but suboptimal antiderivative.

(d-c?dx?)*? (a+bArcCosh[cx])"
J dx

x2

Optimal (type 8, 291 leaves, 9 steps):
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3cd?+/-1+cx V1+cx (a+bArcCoshicx])*" 1
- +
2b (1+n)Vd-c*dx? Vd-c?dx?

_2a a+bArcCosh[cx]\™" 2 (a+bArcCosh[cx]

23 %cd2e v V/-1+cx V/1rcx (a+bAr~cCosh[cx])”(f * [cX] Gamma[1+n,7 ( )],
b b

2a -

23ncd?er \/-1+cx V1+cx (a+bArcCoshicx])" (Q—La*b”cc;s“ X ) " Gamma[1+n, 2{abArcCoshicxl) a*“”;"s“ xl) ]

N
Vd-c?dx?

(a+bArcCosh[cx] )"
x2/d-c?dx?
Result (type 8, 320 leaves, 10 steps):

d? Unintegrable |

> x|

2

3cdVd-c2dx? <a+bAr'cCosh[cx])1+” 23ncde s /d-c2dx? (a+bArcCosh[cx])" (—4ua*b‘\"cc;5h €x )7n Gamma[1 +n, - 2(2:bArcCoshlex]). a*bA“s“h X1
- +

2b(1+n>\/—1+cx A1+cx vV-1+cx V1+cx

23N cdes V- cZdx® (a+bArcCosh[cx] )" (%ﬂ)’” Gamma[1 + n, Z_(%M] dvd-c2dx? Unintegr‘able[%%&, x|

v-1l+cx V1+cx v-1l+cx V1+cx

Problem 429: Result optimal but 1 more steps used.

sz (d- c2dx2)5/2 (a+bArcCosh[cx])"dx

Optimal (type 4, 870leaves, 15 steps):
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8a _
5d2m (a+bAr‘cCosh[cx])1”‘ 2-11-3n 42 e*j«/diczdxz (a+bAr‘cCosh[cx])” (7a+bAr‘cC;>sh cX ) nGamma[lJrn, 78(a+bAr‘ck()Zosh cXx )}

- +

128bc3(1+n)\/—1+cx V1+cx 3/-1+ecx V/1+cx

6a -
270 31ng2e A\ /d-c2dx? (a+bArcCosh[cx])" (—4ua*b‘\“c;5h cx ) nGamma[1+n, _ 6 (asbArcCoshcx]) a*bA"f’“h ex11]

+

3/ -1+cx V1+cx

4a

B _4a _
2-2 (4+n) dZ(e b 1/d7c2dxz (a+bAr‘cCosh[cx])” (7a+bAr‘cC:sh cX ) nGamma[lJrn, 74(a+bAr‘c§osh cXx )}

+

3V -1+cx V1+cx

2a
-7- - + - +
27"d2e v \/d-c2dx? (a+bArcCosh[cx])" (74LL3 bA”C;Sh cx ) " Gamma[1+n, - 2(asbArcCoshicx]) bA"cs“h Xl ]

3/ 1+cx V1i+cx

2a
-7- - + - +
27"d?es \/d-c?dx? (a+bArcCosh[cx])" (—ua bA"C;Sh X ) " Gamma[1+n, 2(a:bArcCoshicxl) bA"CE"Sh ex)]

3/ -1+cx V1+cx

4a
— ks -n
224 d2ev \/d-c?dx® (a+bArcCoshfcx])" (4ua bA'"‘c:Sh ex ) Gamma [1+n, 4 a*bA'"Cs"Sh L]

+

3/ -1+cx V1+cx

6a _
2-7-n 31042 % +/d - c2 d x2 (a+bAr‘cCosh[cx] )n (a+bAr‘chosh cx ) nGamma[1+n, 6 (a+bAr‘c§osh cx]) }

3V -1+cx V1+cx

8a
-11- B A/ a+bArcCosh[cx] |~ ( )
2-11-3n 42 5 d_c2dx? (a+bAr‘cCosh[cx})” (a+b/—\r‘ccl:)sh cx ) nGamma[1+n, 8 a+bAr‘chsh cx ]

3V -1+cx V1+cx

Result (type 4, 870 leaves, 16 steps):
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8a —
5 g2 m (a + b ArcCosh[c X])1+n 2-11-3n 42 o 5 +/d _ c2 d x2 (a +bArcCosh[c x] )n (7 a+bAr‘cC;>sh[cx] ) nGamma[l in, - 8 (a+bAr‘c§osh[cx]) }
_ + _

128bc3(1+n)\/—1+cx V1+cx 3V/-1+ecx V/1+cx

6a -
27" 31nd2e v \/d-c2dx? (a+bArcCosh[cx])" (—%ﬂ) nGamma[1+n, —S—‘%M]

+

3/ -1+cx V1+cx

4a

B _4a _
2-2 (4+n) dZ(e b 1/(:|7<:2d)(2 (a+bAr‘cCosh[cx])” (7a+bAr‘cC:sh cX ) nGamma[lJrn, 74(a+bAr‘c§osh cXx )}

+

3vV-1+cx V1+cx

2a
-7- - + - +
27"d2e v \/d-c2dx? (a+bArcCosh[cx])" (74LLa bA"C:Sh cx ) " Gamma[1+n, - 2(asbArcCoshicx]) bA"E“h Xl ]

3/ -1+cx V1i+cx

2a
-7- — + - +
27"d?es \/d-c?dx? (a+bArcCosh[cx])" (—ua bA"c;Sh X ) " Gamma[1+n, 2{abArcCoshicxl) bA“E"Sh ex)]

3/ -1+cx V1+cx

4a
— * -n
2724 g2 e% v/d-c?dx? (a+bArcCosh[c x})" (4ua bA"c;Sh €x ) Gamma[1+ n, 2 a*"““s“h ex ]

+

3/ -1+cx V1+cx

6a _
2-7-n 3-1-n 42 % +/d — c2 d x2 (a + bArcCosh[c x] )n (a+bAr‘chosh cx ) n Gamma [1 “n, 6 (a+bAr‘c§osh cx]) }

3V -1+cx V1+cx

8a
-11- B A/ a+bArcCosh[cx] |~ ( )
2-11-3n 42 &5 d_c2dx? (a+bAr‘cCosh[cx])” (a+b/—\r‘ccl:)sh cx ) nGamma[1+n, 8 a+bAr‘chsh cx ]

3vV-1+cx V1+cx

Problem 430: Result optimal but 1 more steps used.

Jx (d—czdxz)S/2 (a+bArcCosh[cx])"dx

Optimal (type 4, 793 leaves, 15 steps):
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7a
-1- . + - +
71 "d?e » Vd-c?dx?* (a+bArcCoshcx])" (—Q—L"" bAPCC;’Sh ex ) " Gamma[1+n, - Z(asbArcCoshiex]) bA";“h exlL]

128c2+/-1+cx V1+cx

5a _
5"d?’e » Vd-c2dx® (a+bArcCosh[cx])" (—4[—“*“'"“:5“ cx ) " Gamma[1+n, - S(asbArcCoshicx]) a*bA'"CE“h x|

+

128 c2+/-1+cx V1+cx

3a
- - + - +
3'"d2e v \/d-c?dx? (a+bArcCosh[cx])" (—4‘—]-3 bA"C;Sh ex ) " Gamma[1+n, — 3(2sbArcCoshiex]) bA"E““ exl)]

128c2+/-1+cx V/1+rcx

5d2e v /d-c?2dx? (a+bArcCosh[cx])" (—Q—L"‘”“"C;Sh X )m Gamma[1+n, —4ua*b"rcc:5h exL ]

+

128 c2+/-1+cx VJ1+cx

5d2e2/b/d_ c2dx? <a+bAr‘CCOSh[CX} )n (a+bAr‘chosh cx )—n Gamma[1+n, a+bAr‘cC;sh cx ]

128c2+/-1+cx VJ1+cx

3a
- -n
31 Md2es vd-c2dx? (a+bArcCosh[c x})” (4‘—”*“\"?5“ = ) Gamma[1+n, 31a-bArcCosh cx a*“";““ = ]

+

128c2+/-1+cx VJ1+cx

5a _
5"d2er \/d-c2dx? (a+bArcCosh[cx])" (4%“"“;5*‘ € ) " Gamma[1+n, SlabArcCoshicxl) a*bA'"CS"Sh Xl ]

128c2+/-1+cx J1+cx

7a
-1- o + - +
71nd?es \/d-c?dx? (a+bArcCosh[cx])" (—ua bA"CCbC’Sh cx ) " Gamma 1+ n, Z{:bArcCoshiex]) bA"CE“h cxl) |

128c2+/-1+cx J1+cx

Result (type 4, 793 leaves, 16 steps):
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7a
-1- . + - +
71 "d?e » Vd-c?dx?* (a+bArcCoshcx])" (—Q—H bAPCC;Sh cex ) " Gamma[1+n, - Z(asbArcCoshiex]) bA'"CEOSh exlL ]

128c2+/-1+cx V1+cx

5a _
5"d?’e » Vd-c2dx® (a+bArcCosh[cx])" (—4[—“*“'"“;5“ X ) " Gamma[1+n, - S(asbArcCoshicx]) a*bA'"CE"Sh x|

+

128 c2+/-1+cx V1+cx

3a
- - + - +
3"d2e v \/d-c?dx? (a+bArcCosh[cx])" (—4‘—]-3 bA"CCSSh X ) " Gamma[1+n, — 3(2sbArcCoshex]) bA"E““ exl)]

128c2+/-1+cx V/1+rcx

5d2e »Vd-c?dx?* (a+bArcCosh[cx])" (—Q—L"‘”M"C;Sh ex )m Gamma[1+n, —4ua*b"rcc:5h exL]

+

128c2+/-1+cx VJ1+cx

5d2 e2/?/d_ c2dx? <a+bAr‘CCOSh[CX} )n (a+bAr‘chosh cx )’” Gamma[1+n, a+bAr‘chosh cx ]

128c2+/-1+cx VJ1+cx

3a
- - + - +
3'"d2es Vd-c2dx? (a+bArcCosh[cx])" (4‘—“ bA'"CCb"Sh <X ) " Gamma[1+n, 2{abArcCoshicx]) "A"s“h exl) ]

+

128c2+/-1+cx V1+cx

5a —
5"d2ev Vd-c2dx? (a+bArcCosh[cx])" (4M"cb°5h €x ) " Gamma[1+n, S{abArcCoshicxl) a*bA'"cs"Sh Xl ]

128c2+/-1+cx V1+cx

7a
-1- o + - +
71 nd?es \/d-c2dx? (a+bArcCosh[cx])" (—ua bA"CCb"Sh cx ) " Gamma 1+ n, Z{2:bArcCoshiexl) bA"cs“h <xll |

128c2+/-1+cx VJ1+cx

Problem 431: Result optimal but 1 more steps used.

J(d—czdxz)S/2 (a+bArcCosh[cx])"dx

Optimal (type 4, 674 leaves, 12 steps):
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5d?~\/d-c?dx? (a+bArcCosh[cx])™"

- +

16bc (1+n)\/—1+cx V1+cx

6a =
2-7-n 3-1-n 42 o % ~/d — c2 d x2 (a +bArcCosh[cx] >n (_ a+bAr‘cCl:)sh cx ) nGamma[l in, - 6 (a+bAr‘cl():osh cx]) ]

cv/-1+cx V1+cx

4a -
3.272ng2 o % +/d-c2dx? (a+bAr‘CCOSh[CX])n (_ a+bAr‘chosh cx ) ”Gamma[1+n, _4(a+bAr‘cl()Zosh cx]) ]

+

cv-1+cx V1+cx

2a _
15 27 "d?>e » /d-c?dx?* (a+bArcCoshcx])" (—gua*b”cc;”h X ) " Gamma[1+n, - 2{asbArcCoshicx]) a*bA"CEOSh x|

cv-1+cx V1+cx

2a -
15 27 "d?e» Vd-c?dx? (a+bArcCosh[cx])" (4[—””“"?5" = ) nGamma[1+n, 21asbArcCoshicex|l a*bA'"CS"Sh x|

+

C\/—1+cx \/1+cx

4a -
3 272042 e% +/d_ c2dx? <a +bArcCosh[cx] )n (a+bAr‘chosh cx ) nGamma{1+n, 4(a+bAr‘cl():osh cx]) ]

cvV-1+cx V1+cx

6a -
270 3 1ng2en \/d-c2dx? (a+bArcCosh[cx])" (4‘—”*““?“‘ €x ) " Gamma [1+n, SlasbArcCoshicx]] a*b”cs“h x|

cvV/-1+cx VJ1+cx

Result (type 4, 674 leaves, 13 steps):
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5d?\/d-c2dx? (a+bArcCosh[cx])™"

- +

16bc (1+n) v-1+cx V1+cx

6a _
2-7-n 3-1-n 42 o % +/d — c2 d x2 (a +bArcCosh[c x] >n (_ a+bAr‘cCl:)sh cx ) nGamma[l in, - 6 (a+bAr‘cl():osh cx]) ]

cv-1+cx V1+cx

4a -
3.272nd2 e % A/d-c2dx? (a+bAI"CCOSh[CX])n (_ a+bAr'cC;)sh cx ) ”Gamma[1+n, _4(a+bAr‘cl()Zosh cx]) ]

+

cvV-1+cx V1+cx

2a _
15 27 "d?’e » Vd-c?dx?* (a+bArcCoshcx])" (—gua*b”ccb"s" X ) " Gamma[1+n, - 2{asbArcCoshicx]) a*bA"CEOSh x|

cv-1+cx V1+cx

2a -
15 27 "d?e» Vd-c?dx? (a+bArcCosh[cx])" (4[—“”“"?5" = ) nGamma[1+n, 2ia-bArcCoshicx | a*bA'"CEOSh x|

+

C\/—1+cx \/1+cx

4a -
3272042 % +/d - c2dx2 (a +bArcCosh[cx] )n (a+bAr‘chosh cx ) nGamma{1+n, 4§a+bAr'cl():osh cx]) ]

cvV-1+cx V1+cx

6a -
2771 3 1ng2 e \/d-c2dx? (a+bArcCosh[cx])" (4‘—”*““?5*‘ €x ) " Gamma [1+n, SlasbArcCoshicx]] a*b”cs“h x|

cvV/-1+cx V1+cx

Problem 432: Result valid but suboptimal antiderivative.

(d—c:zdxz)S/2 (a+bArcCosh[cx])"
J dx

X

Optimal (type 8, 804 leaves, 27 steps):
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1 _sa a+bArcCosh[cx] ™" 5 (a+bArcCosh[cx]
- —————— 5" dPe v /-1+rcx V1+cx (a+bAr‘cCosh[cx}>"[— : [cx] Gamma[1+n,— ( >}_
32+/d-c?2dx? b b
1 a+bArcCosh[cx] " 3 (a+bArcCosh[cx])

Gamma[1+n, -

|+

3a
5 3'"d*e v v/-1+cx V/1+cx (a+bArcCosh[cx])" (

b b

32+Vd-c?dx?
3a _
3"d*e » \/-1+cx V1+cx (a+bArcCosh[cx])" (7—“*“"‘?5“ ex ) " Gamma[1+n, - 3{asbArcCoshicx]) a*“’"‘;““ cxl) ]
8Vd-c2dx?

11d*e s/ -1+cx V1+cx (a+bArcCoshfcx])" (—4‘—La*b‘\"c°5h ex )7n Gamma[1 +n, - 2:bArcCoshiexl ]

b b
16/ d-c?dx?

11d*e*®~/-1+cx /1+cx (a+bArcCoshicx])" (MﬂynGamma[lJrn, a:b ArcCoshlcx] |

b b
16 vV d - c2d x?

3a -
5 31"d*es /-1+cx /1+cx (a+bArcCoshicx])" (gua*“”c“h = ) nGamma[1+n, 3 (2« ArcCosh[cx]) |

b b
32+d-c?dx?

3a —
3"d*er \/-1+cx V1+cx (a+bArcCosh[cx])" (4‘—“”’”‘“5“ ex ) " Gamma [1 +n, 2{a:bArcCoshicx]) |

b b
8+Vd-c?dx?

5a —
51nd>es \/-1+cx /1+cx (a+bArcCosh[cx])" (4‘—”*“'"“"5“ X ) " Gamma |1+ n, S{a:bArcCoshiex])
b b 3 .
+d? Unintegrable |

32+/d-c?2dx? xVd-c?2dx?

+

+

+

(a+bArcCosh[cx])"

5 x|

Result (type 8, 841 leaves, 28 steps):
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S5a
-1- . + - +
51Md2e » Vd-c2dx? (a+bArcCosh[cx])" (—Q—H bAPCC;Sh X ) nGamma[1+n, - 2-o-bArctosh cx| bA'"CEOSh exlL ]

+

32+/-1+cx V1+cx

3a -
5 3%N"d2e » Vd-c2dx? (a+bArcCosh[cx])" (74‘—“”“"?5“ cx ) " Gamma[1+n, — 3(asbArcCoshex]) a*bA"E“h exlL]

32\/—1+cx \/1+cx

3a -
3"d2e » Vd-c?dx? (a+bArcCosh[cx])" (—4[—]-"’*“"?5“ <X ) " Gamma[1+n, - 3(asbArcCoshicx]) a*bA"E"Sh xll ]

+

8v-1+cx V1+cx

11d?e s Vd-c2dx? (a+bArcCosh[cx])" (—gua*“"cb“h £x )m Gamma 1 +n, —Q—La*bAPCC;Sh ex1]

16/ -1+cx V1+cx

11 d2 e3P \/d - c2 d x2 (a+bAr‘CCOSh[CX] )n (a+bAr‘cC;)sh cx )’” Gamma[1+n, a+bAr‘cCl:)sh cx }

16\/—1+cx \/1+cx

3a _
5 31nd2ew +/d-c?dx? (a+bArcCosh[cx])" (4‘—“‘*“"?5“ ex ) " Gamma[1+n, 2{abArcCoshicx]) a*bA"s"Sh exl) ]

+

32\/—1+cx \/1+cx

3a —
3"d2er Vd-c2dx? (a+bArcCosh[cx])" (4%“"“;’5“ €x ) " Gamma[1+n, 2{abArcCoshicxl) a*bA'"cs"Sh Xl ]

8+ -1+cx V1+cx

5a n
Ing2en \/d-c2dx? n [ a:bArcCoshlcx )’n 5 (asbArcCoshicx1) | d2+/d - c2d x? Unintegrable [ (2:RArcCoshicx X
51nd2er Vd-c?dx? (a+bArcCosh[cx]) ( " Gamma [1+n, ° ] g [X e ]

32+/-1+cx V1+cx V-l1+cx V1l+cx

Problem 433: Result valid but suboptimal antiderivative.

dx

J(d—czdxz)w2 (a+bArcCosh[cx])"
2

X

Optimal (type 8, 485leaves, 18 steps):
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15cd*+/-1+cx V1+cx (a+bArcCosh[cx])™" 1

8b (1+n)Vd-c2dx? Vd-c2dx?

_4a a+bArcCosh[cx]\™" 4 (a+bArcCosh[cx]
2203 cd¥e v \/-1+cx V1+cx (a+bAr'cCosh[cx])”(f : [cX] Gamma[1+n, - ( >]+
b b
1 _2a a+bArcCosh[cx]\™" 2 (a+bArcCosh[cx]
————2¥"cdPe v V-1+cx V1+cx (a+bAr‘cCosh[cx])"(— . Lex] Gamma[1+n, - ( >]—
Vd-c2dx? b b
2a -
22"cd’es 2/-1+cx V1+cx (a+bArcCoshicx])" (4‘—“*““?5" cx ) nGamma[lJrn, 2 (asbArcCoshcx]) a*““;‘”h ex1h] 1
N
Vd-c?dx? Vd-c2dx?
a+bArcCosh[cx] ™" 4 (a+bArcCosh[cx])

Gamma |1l +n,

]+

2203 M cd¥er V/-1+cx V1+cx (a+bAr‘cCosh[cx1)”[

b b

(a+bArcCosh[cx])"
x2+/d-c?dx?
Result (type 8, 522 leaves, 19 steps):

d? Unintegrable | » X]

4a -
15cd?/d-c2dx? (a+bArcCosh[c x])1+n 2203 cd?e v Vd-c2dx® (a+bArcCoshcx])" (74%“"?5" cX ) nGamma[1+n, _ 4 (asbArcCoshfex]) a*b”cs“h exll]
N _

8b(1+n)\/—1+cx V1+cx V-1+ex V1l+cx

2a
N 2 .
22" cd’e » Vd-c2dx? (a+bArcCoshicx])" (7—ua*b”‘c;’5h ex ) " Gamma[1+n, - 2(a:bArcCoshicx]) a*“";““ exl) ]

+

\/—1+CX \/1+CX

2a
L 22 B}
22"cd?er Vd-c2dx? (a+bArcCosh[cx])" (4M"c;’5h X ) " Gamma 1+ n, {asbArcCoshicx]) a*b“'"cbc“h cxl)

Vv-l+cx V1+cx

4a
-2 (3+ o A/ a+b ArcCoshfcx] |~ (
2-2(3) 42 &% d_c2dx? (a +bArcCosh[c x] )n (a+bAr‘cCl:)sh cx ) nGamma[l in, 4 a+bAr‘c§osh cx ]

\/—1+cx \/1+cx

d? mUnintegr‘able[M, x|
x2~/-1+cx V1+cx

\/—1+CX \/1+CX

Problem 434: Result valid but suboptimal antiderivative.

JXB (a+bArcCosh[cx])"
dx

1-c2x?

Optimal (type 4, 323 leaves, 9steps):
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3a

T .
3%"e v y/-1+cx (a+bArcCosh[cx])" (—gua*b”cc:s" ex ) " Gamma[1+n, - 3(asbArcCoshicx]) a*bAPCSOSh x|

8c*V1l-cx

-2 + - +
3es+/-1+cx (a+bArcCosh[cx])" (_4% bA"c;’Sh € ) " Gamma[1+n, - 2bArcCoshicx] bA"CCI;’Sh exl]

8c*V1-cx

-
3e’b/-1+cx (a+bAr‘cCosh[c x])n (4‘—“*“"?5“ £x ) nGamma[1+n, 4%”’”“;5*‘ £x }

8c*V1l-cx

3a
s .
31nes 1/-1+cx (a+bArcCoshicx])" (4[—””“"?5“ ex ) " Gamma 1+ n, 2{abArcCoshicx]) a*“"g"s“ exll]

8c*V1-cx
Result (type 4, 375leaves, 10 steps):

+

3a _
31ne v \/-1+cx V1+cx (a+bArcCosh[cx])" (—4ua+b‘\"cc°5h X ) " Gamma[1+n, - 3(a:bArcCoshicx]) |

b b
8ct\V1-c2x?

3ev/-1+cx Vi+cx (a+bArcCoshicx])" (—4‘—L""*“‘"ccb°sr‘ ex )7n Gamma[1+n, —4[—“”“"“:5“ exl ]

+

8c*vV1-c?x?

3¢/ —1+cx V1+cx (a+bAr‘cCosh[c x})” (4[—]-3*““?5" e )m Gamma[1+n, 4[—”*““?5*‘ ex ]

8ctvV1-c?x?

3a
e .
31NMew 1/-1+cx V1+cx (a+bArcCoshicx])" (—[—La*b”ccb“h £x ) nGamma[1+n, 3 2:-bhrcCoshiex a*bA"cs“h exlL]

8c*V1-c?x?

Problem 435: Result valid but suboptimal antiderivative.

sz (a+bArcCosh[cx])"
dx

1-c2x?

Optimal (type 4, 211 leaves, 6 steps):

2a

m (a+bAr‘cCosh[cx} >1+n 23N 5 A/_1rex (a+bAr‘cCosh[cx])” (7a+b/-\r‘cc:sh[cx] )*“ Gamma[1+n, 72(a+bArc§osh[cx])}
+ _

2bc3(1+n)\/1—cx c3v/1-cx

2a
3 22 fex] | N .
23"ev \/-1+cx (a+bArcCosh[cx])" (a*bA'"CC;Sh ex ) Gamma[1 + n, 2(@rbArcCoshlexly bArcs“h cxll ]

c3V1l-cx
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Result (type 4, 250 leaves, 7 steps):

v-1l+cx V1+cx (a+bAr‘cCosh[cx])1+Ir1

2bc3 (1+n) V1 -c?2x?

+

2a -
23 "e v \/-1+cx V1+cx (a+bArcCosh[cx])" (74[—]-3*“"&““ €x ) nGamma[1+n, _ 2 (asbArcCoshex]) ]

b b
c3V1-c?x?

2a
3= — 4‘7_L -
23Mes v/-1+cx V1+cx (a+bArcCoshicx])" (a*bA”c;Sh X ) " Gamma[1+n, 2{abArcCoshicxl) a*bA'"cE“h XL

c3V1-c?2x?

Problem 436: Result valid but suboptimal antiderivative.

Jx (a+bArcCosh[cx])" 5
X

1-c2x?
Optimal (type 4, 154 leaves, 4 steps):

_2 -n
es/-1+cx (a+bArcCoshicx])" (74%"”“;5*‘ ex ) Gamma[1 +n, 74‘—”*““?5“ <xl]

2c2+/1-cx

a+bArcCosh[cx] | " a+b ArcCosh[cx].
e/®+/-1+cx (a+bArcCosh[cx])" (a bA”cbc’Sh ex ) Gamma[1+n, a*bA"CCk:’Sh ==

2c2y1-cx
Result (type 4, 180 leaves, 5steps):

-2 + - +
es/-1+cx V1i+cx (a+bArcCosh[cx])" (—4LL3 bA"c:Shcx ) nGamma[1+n, _ asbArcCoshfex] bA"CCbc’Sh ex1]

2c2V1-c?x?
e/®+/-1+cx V1+cx (a+bArcCosh[cx])" (4‘—”*“"?5" €x )7nGamma[1+n, —‘—La*bA"C;Sh exl]
2c2\/1-c?2x?

Problem 437: Result valid but suboptimal antiderivative.

(a+bArcCosh[cx])"
J dx

Optimal (type 3, 43 leaves, 1 step):



V-1+cx (a+bArcCosh[cx])™"
bc(l+n)V1-cx

Result (type 3, 56 leaves, 2 steps):

V-1l+cx V1l+cx (aerAr‘cCosh[cx])1+n

bc (1+n) 1-c2x?

Problem 438: Result valid but suboptimal antiderivative.

(a+bArcCosh[cx])"
J dx

xV1-c?x?

Optimal (type 8, 30leaves, 0steps):
(a+bArcCosh[cx])"
xV1-c?x?
Result (type 8, 67 leaves, 1step):

V-1+cx V1+cx Unintegrable[iw&u—", x|
X/ -1+cx /1+cx

Unintegrable | » X]

1-c2x?

Problem 439: Result valid but suboptimal antiderivative.

(a+bArcCosh[cx] )"
J dx

x2 /1 - c?x?

Optimal (type 8, 30leaves, 0 steps):
a+bArcCosh[cx])"

Unintegrable| ( » X]

x2 V1 -c?x?

Result (type 8, 67 leaves, 1step):

V-1+ecx V1+cx Unintegrable[mw x]

x24/-1+cx /1l+cx ?
V1-c?2x?
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Problem 440: Result optimal but 1 more steps used.

jx3 (a+bArcCosh[cx])"
dx

Vd-c?dx?
Optimal (type 4, 379leaves, 9steps):

3a -
31ne v \/-1+cx V1+cx (a+bArcCosh[cx])" (—4ua*b‘\'"cc°5h ex ) " Gamma[1+n, - 3(a:bArcCoshicx]) |

b b
8c*\/d-c2dx?

3evy/-1+cx V1+cx (a+bArcCoshicx])" (—4‘—“*““?5“ ex )7n Gamma[1+n, —4[—“”“"“:5“ <xl]

8c*d-c2dx?

3¢/ —1+1cx V/1+cx <a+bAr‘cCosh[c x})” (4[—]-3*“"&;5" e )m Gamma[1+n, 4[—]-3*““?5*‘ ex ]

8 c*+d-c?dx?

3a
e .
31Mew v/-1+cx V1+cx (a+bArcCoshicx])" (gua*“”cfh ex ) nGamma[1+n, 3 a-bhrcCoshiex a*bA"E"Sh exlL]

8c*vd-c?dx?

+

Result (type 4, 379 leaves, 10 steps):

3a -
31ne v \/-1+cx V1+cx (a+bArcCosh[cx])" (—4‘—”””*"“5" ex ) " Gamma[1+n, - 3(a:bArcCoshiex]) |

b b
8ct\/d-c?2dx?

3ev/-1+cx Vi+cx (a+bArcCoshicx])" (—Q—La*b‘\rcc;s" ex )7n Gamma[1+n, —4ua*b’“‘cc:5h L]

8c*d-c?dx?

3e*+/-1+cx V1+cx (a+bArcCosh[cx])" (4‘—]-"”“"“;5“ €x )m Gamma[1 +n, 4‘—]—3*““?5*‘ <x1]

8c*+d-c?2dx?

3a
~-1- 7 + -
31nes \/-1+cx V1+cx (a+bArcCosh[cx])" (4ua bA"c;Sh ex ) " Gamma 1 + n, 3-{a:bArcCoshiex]) a*“"cs‘”h X1 ]

8c*+vd-c?dx?

+

Problem 441: Result optimal but 1 more steps used.

sz (a+bArcCosh[cx])"
dx

Vd-c?dx?
Optimal (type 4, 253 leaves, 6 steps):
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V-1+cx V1+cx (aerAr‘cCosh[cx])1+n

2bc3 (1+n) Vd-c?dx?

+

2a —
23"e v \/-1+cx V1+cx (a+bArcCosh[cx])" (—4[—]-"’*“\““5“ X ) " Gamma[1+n, - Z(asbArcCoshicx) |

b b
c3/d-c?2dx?

2a
S . _ + -
23 "ev \/-1+cx V1+cx (a+bArcCosh[cx])" (4ua bA"c;Sh ex ) " Gamma 1+ n, 2{2:bArcCoshiex]) a*bA"cs‘”h X1 ]

c3/d-c?dx?

Result (type 4, 253 leaves, 7 steps):

V-1+cx V1+cx (a+bAr~cCosh[cx])1+n

2bc3 (1+n) Vd-c?2dx?

+

2a
L L2 .
23" v y/-1+cx V1+cx (a+bArcCosh[cx])” (—4[—]-3*““?5“ X ) nGamma[1+n, - 2iabArcCosh ex ) a*bA"cs”h = }

c3/d-c2dx?

2a
3= —_— 4"_L -
23Mew 1/-1+cx V1+cx (a+bArcCoshicx])" (a*bANCbC’Sh £x ) nGamma[1+n, 2 2:-bArcCoshiex a*bA'"CE“h exlL]

c3/d-c2dx?

Problem 442: Result optimal but 1 more steps used.

Jx (a+bArcCosh[cx])"
dx

Vd-c?dx?
Optimal (type 4, 182leaves, 4 steps):

-2 + - +
es/-1+cx V1+cx (a+bArcCosh[cx])" (—4ua bA'"CC:Sh” ) nGamma[1+n, _ asbArcCoshex] bA'"CC;Sh ex1]

2c2/d-c?2dx?

B
e/®+/-1+cx V1+cx (a+bArcCosh[cx])" (4‘—]-3*“"?5“ €x ) nGamma[1+n, —‘—La*bA"C;Sh exl]

2c2/d-c?dx?
Result (type 4, 182leaves, 5steps):

-2 + - +
es/-1+cx V1i+cx (a+bArcCosh[cx])" (—4ua bArcct:’Sh” ) nGamma[1+n, _ asbArcCoshfex] bA"Cc;Sh ex1]

2c2\/d-c?2dx?

B
e/®+/-1+cx V1+cx (a+bArcCosh[cx])" (4‘—La*bA“C;5h €x ) nGamma[1+n, 4‘—La*b”cc;’s" exl]

2c2+/d-c?2dx?
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Problem 443: Result optimal but 1 more steps used.

(a+bArcCosh[cx] )"
j dx

Vd-c2dx?
Optimal (type 3, 57 leaves, 1 step):

V-1l+cx V1+cx (aerAr‘cCosh[cx])1+n

bc (1+n) vd-c?dx?

Result (type 3, 57 leaves, 2steps):

V-1l+cx V1+cx (aerAr‘cCosh[cx])1+n

bc (1+n) vd-c?dx?

Problem 444: Result valid but suboptimal antiderivative.

J (a+bArcCosh[cx])"
xvd-c?dx?
Optimal (type 8, 31leaves, 0steps):

dx

a+bArcCosh[cx])"
xVd-c?dx?
Result (type 8, 68 leaves, 1 step):

V-1+cx v/1+cx Unintegrable [ (a:bArcCoshlcx)® =y |

X/ -1l+cx /1+cx ?
Vd-c?dx?

Unintegrable| ( » X]

Problem 445: Result valid but suboptimal antiderivative.

(a+bArcCosh[cx])"
J dx

x2+/d-c?2dx?

Optimal (type 8, 31 leaves, 0 steps):
a+bArcCosh[cx])"

x2/d-c?dx?
Result (type 8, 68 leaves, 1step):

Unintegrable| ( » X]



V/-1+cx V/1+cx Unintegrable | (2:2ArcCoshlexl? -y
X%/ -1+cx /1+CcX

Vd-c?dx?

Problem 446: Result valid but suboptimal antiderivative.

sz (a+bArcCosh[cx])"

(d-c2dx?)*?

dx

Optimal (type 8, 31leaves, 0steps):
x? (a+bArcCosh[cx])"

(d-c2dx?)??

Unintegrable [

Result (type 8, 72leaves, 1 step):

. 2 n
V-1+cx V1+cx Unintegrable| X (abArcCoshlexit =y ]
(-1+cx)3/2 (1+cx)3/?

d+d-c?2dx?

Problem 447: Result valid but suboptimal antiderivative.

JX (a+bArcCosh[cx])" 5
X

(d—czdx2)3/2

Optimal (type 8, 29 leaves, 0 steps):
x (a+bArcCosh[cx])"

(d-c2dx?)*?

Unintegrable|

Result (type 8, 70 leaves, 1 step):

V-1+cx V1+cx Unintegrable| X (3:bArcCoshiex)? &
& [ (-1+cx)3/2 (1+cx)3/z" ]

d+d-c?dx?

Problem 448: Result valid but suboptimal antiderivative.

(a+bArcCosh[cx] )"
J dx

(d-c2dx?)??

Optimal (type 8, 28 leaves, 0steps):
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b ArcCosh "
Unintegrable| (2 +bArcCosh[cx]) » X]

(d-c2dx?)*?

Result (type 8, 69leaves, 1step):

V-=1+cx V/1+cx Unintegrable]| -(@bArcoshiex])® =y
& [ (“1rex)¥? (1eex)¥2 ]

dvd-c?dx?

Problem 449: Result valid but suboptimal antiderivative.

(a+bArcCosh[cx])"
J dx

X (d—czdx2)3/2
Optimal (type 8, 31 leaves, 0 steps):
(a+bArcCosh[cx])"

x (d-c2dx?)*?

Unintegrable [

Result (type 8, 72leaves, 1step):

V-1+cx /1+cx Unintegrable| - Ei?:;c)?:?li:l;/z » X]

d+/d-c?2dx?

Problem 450: Result valid but suboptimal antiderivative.

(a+bArcCosh[cx])"
J dx

x? (d-c2dx?)??

Optimal (type 8, 31leaves, O steps):
(a+bArcCosh[cx])"

x2 (d—czdxz)z’/2

Unintegrable|

Result (type 8, 72leaves, 1 step):

V-1+cx V1+cx Unintegrable| —(a:bArcCoshiexllr ]
X2 (-1+cx)¥/2 (14cx)3/2

d+/d-c?dx?
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Problem 451: Result valid but suboptimal antiderivative.

(fx)" (a+bArcCosh[cx])"
j dx

1-c2x?

Optimal (type 8, 32leaves, 0 steps):
(fx)" (a+bArcCosh[cx])"

Vi-c2x?
Result (type 8, 69 leaves, 1 step):

Unintegrable| » X]

V-1+cx V1+cx Unintegrable [ (FX=(ambArcCoshicxi? =y ]
A/ -1+cx +/1+cx

1-c?x?

Problem 457: Result valid but suboptimal antiderivative.
J(-Fx)m (d-c*d x2)3/2 (a+bArcCosh[cx])"dx
Optimal (type 8, 33 leaves, 0steps):
Unintegrable| (fx)" (d-c?dx?) 3/2 (a+bArcCosh[cx])", x|

Result (type 8, 72leaves, 1 step):
d+/d-c?dx? Unintegrable| (fx)" (-1+cx)*? (1+cx)*? (a+bArcCosh[cx])", x]

V-1+cx V1+cx

Problem 458: Result valid but suboptimal antiderivative.
J(-Fx)m d-c>dx* (a+bArcCosh[cx])"dx

Optimal (type 8, 33 leaves, 0steps):

Unintegrable| (fx)"+/d-c?>dx* (a+bArcCosh[cx])", x|
Result (type 8, 70 leaves, 1step):
Vd-c?dx® Unintegrable| (fx)"+/-1+cx /1+cx (a+bArcCoshicx])", x|

\/—1+CX \/1+CX



214 | 7 Inverse hyperbolic functions.nb

Problem 459: Result valid but suboptimal antiderivative.

(fx)" (a+bArcCosh[cx])"
J dx

Vd-c?dx?

Optimal (type 8, 33 leaves, 0steps):
(fx)" (a+bArcCosh[cx])"

vVd-c?dx?
Result (type 8, 70 leaves, 1 step):

Unintegrable| » X]

V-1+cx V1+cx Unintegrable [ (FX=(ambArcCoshicxi? =y ]
A/ -1+cx +/1+cx

Vd-c?dx?

Problem 460: Result valid but suboptimal antiderivative.

JHX)'" (a+bArcCosh[cx])"

(d-c2dx?)*?

dx

Optimal (type 8, 33 leaves, 0 steps):
(fx)™ (a+bArcCoshcx])"

(d-c2dx?)*?

Unintegrable | » X]

Result (type 8, 74 leaves, 1step):

V-1+cx /1+cx Unintegrable | (asbArcCoshiexl)? =y ]
(-1+cx)¥2 (1+cx)3/2

dvd-c?dx?

Test results for the 296 problems in "7.2.5 Inverse hyperbolic cosine functions.m"

Problem 61: Unable to integrate problem.

(d-c2dx?)*? (a+bArcCosh[cx]) 5
X
J f+gx

Optimal (type 4, 1270 leaves, ? steps):



7 Inverse hyperbolic functions.nb | 215

ad (cf-g) (cf+g)Vd-c?dx* bcd(cf-g) (cf+g)xVd-c?dx? bcd(cf-g)x2Vd-c2dx?

g? ' g3vV-1+cx V1+cx 4g2~/-1+cx V1+cx '
ad<2+3cx—2c2x2)m bcdx(—12—9cx+4c2x2)m bd (cf-g) (cf+g)mAr‘cCosh[cx}

6g ' 36gvV_-1+cx V1+cx : g’ i
admAr‘cCosh[cx]+bd(2+3CX—2C2X2)mAPCCOSh[CX] bdx/mmcmsh[cx}z+

2gV-1+cx V/1+cx 68 4g~/-1+cx VJ1+cx
cd(cf—g)xm(a+bAr‘cCosh[cx}) d(c-F—g)\/m(a+bAr'cCosh[cx])2+
2g? 4bg?>+/-1+cx V1+cx

cd (cf-g) (c-F+g)xm(a+bAr‘cCosh[cx})2+d(cf—g)z(cf+g>2m(a+bAr‘cCosh[cx})2+

2bgd3v/-1+cx V1+cx 2bcgtV/-1+cx VJ1+cx (f+ex)

2ad (cf—g)3/2 (cf+g)3/2mAr‘cTanh[ cfrg VIcx

d(cf-g) (cf+g) (1-c2x?)/d-c?dx® (a+bArcCosh[cx])? Jefg VTicx

2bcg?V/-1+cx Vi+cx (f+gx) g*vV-1+cx V1+cx

bd (cf-g) (cf+g) \mmmcmsh[c x] Log[1+ —<te |
cf—m

g*V-1+cx \/1+cx

bd (cf-g) (cfrg)~/c2f2-g2 \/d_c2dx? ArcCosh[cx] Log[1+ <" e
< )( + ) [ +cf+m]

g*vV-1+cx V1+cx

bd (cf-g) (cf+g)~/c2f2-g2 /d-c2dx® Polylog[2, - <" ] pd(cf-g) (cf+g)/c2f-g* Vd-c?dx? Polylog[2, - <&
(cF-g) (cFre) > e PdlefrE) (g S
+

g*v/-1+cx /1+cx g*v/-1+cx VJ1+cx

Result (type 8, 1150 leaves, 28 steps):
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bcd(cf-g) (cf+g)xVd-c?dx? bc?d(cf-g)x*Vd-c?dx? ad(cf-g) (cf+g) (1-c2x?)Vd-c2dx?

g3v/-1+cx V1+cx 4g2~/-1+cx VJ1+cx g? (1—CX) (1+CX)
bd (cf-g) (cf+g) \Jd - c2dx? ArcCosh[c x] +cd (cf—g)xm (a+bArcCosh[cx])
g’ 2g?
d(cf-g)Vd-c2dx* (a+bArcCoshcx])? cd(cf-g) (cf+g)x/d-c2dx?* (a+bArcCoshicx])?
4bgiy/-1+cx V1+cx ' 2bg3vV/-1+cx Vi+cx '
d(cf-g)?(cf+g)®/d-c2dx?* (a+bArcCoshicx])? d(cf-g) (cf+g) (1-c?x?)Vd-c2dx? (a+bArcCosh[cx])?
2bcghV/-1+cx Vitex (f+gx) ’ 2bcg?y/-1+cx Vi+cx (f+gx)

ad (cf-g) (cfrg)/c2f2-g? V-1+c2x? \/d-c2dx? ArcTanh| grc® fx ]
Jer g [ 1ee

g* (1-cx) (1+cx)

bd (cf-g) (cf+g)/c2f2-g2 +/d-c?dx? ArcCosh[cx] Log[1+ <&
< )( + ) [ +Cf7m]

g*v-1+cx V1+cx

bd (cf—g) (C‘c+g) mmm‘cmsh[cx} Log[1+ L““L]
C‘FJ’\/W

g*vV-1+cx V1+cx

bd <C'F—g) (C-F+g) \mmPolyLog[z, ,wﬁ_]
cf—\/m

g*vV-1+cx V1+cx

bd (cf- cf \Jc2f2 g2 \/d_c?dx? Polylog[2, - <<
( g) (cf+g) g yLog[2, Cﬂm]

g*vV-1+cx V1+cx
cdd-c2dx? Unintegrable[ (-1+cx)*?+/1+cx (a+bArcCosh[cx]), x|

gvV-1+cx V1+cx

Problem 144: Result valid but suboptimal antiderivative.

dx

J (ce+dex)?

(a+bArcCosh[c+dx] )3

Optimal (type 4, 252 leaves, 18 steps):
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e?\/-1+c+dx (c+dx)*/1+c+dx e? (c+dx) 3e? (c+dx)’
_ N _ _
2bd (a+bArcCosh[c+dx])? b?d (a+bArcCosh[c+dx]) 2b*d (a+bArcCosh[c+dx])

)
e? CoshIntegral| %M} Sinh| ﬁ} 9 e? CoshIntegral [ 2 m*“"i’sm“dx]) | sinh] 37"’}

- +

8b3d 8b3d
e? Cosh[ﬂ SinhIntegral| 4[—]-"”“"”;“ crdx | 9e? Cosh[%ﬂ SinhIntegral|? “*bA"CC;’SM“dX” ]
+
8b3d 8b3d

Result (type 4, 311 leaves, 18 steps):

e?v/-1+c+dx (c+dx)?*Vi+c+dx e? (c+dx) 3e? (c+dx)’
_ . _ _
2bd(a+bAr‘cCosh[c+dx})2 b?d (a+bArcCosh[c+dx]) 2b%d (a+bArcCosh[c+dx])
9e? CoshIntegr‘al[ﬁ +ArcCosh[c +dx] | Sinh[%] e? CoshIntegral[%“—de] Sinh[%]
N _
8b3d b3d
9 e? CoshIntegral | %a +3ArcCosh[c+dx] | Sinh| 373} 9 e? Cosh| i} SinhIntegral [i +ArcCosh[c +d x] |
+ +

8b3d 8b3d
9 g2 Cosh[sf} SinhIntegr‘al[%a +3ArcCosh[c+dx]| e? Cosh[ﬁ] SinhIntegral| %‘ﬂﬂ

8b3d b3d

Test results for the 243 problems in "7.3.2 (d x)*m (a+b arctanh(c x"n))*p.m"

Problem 64: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

JX7 (a n bAr‘cTanh[c x2] )Zdlx

Optimal (type 3, 125leaves, 12 steps):
abx? . b2 x* . b2 x2 ArcTanh[c x2 | X bx® (a+bArcTanh|cx?]) i (a+bArcTanh[cx?])? - 18 (a+ barcTanh [cx?] )+ b? Log[1 - c2 x*]
4c®  24c? 4¢3 12 ¢ 8 ct 8 6ct

Result (type 4, 636 leaves, 62 steps):
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abx? 23b2x2  b2x* 7b2x5 b2x8 3b2<1—cx2)2 bz(l—cxz)3 bz(l—cxz)4 5b2 Log[1 - ¢ x?]

8c3 " 192 ¢3 " 128 c? ) 576 c 256 " 32 ¢t . 36 c* : 256 c* 192 c*
2
b? (1-cx?) Log[1-cx?] +bZLog[l—cxz} _bx“ (2a-blog[1-cx?]) +bx5 (2a-blog[1-cx?]) _bes 2a-blog[1-cx?]) +
16 c* 32 ¢4 32 ¢? 48 ¢ 64
48 (1-cx?) 36 (1-cx?)® 16 (1-cx?)® 3 (1-cx?)* 12Llog[1-cx?
LxS(Za—bLog[l—cxz])z—ib(Za—bLog[l—cxz]) ( CX)— (1-cx) + (21-cx) - (1-cx2) - og[1-cx’] _
32 192 c* c* ct c* c*

b(2a—bLog[1—cx2”Log[%(1+CXZH b2Log[1+cx?| b2x®Llog[l+cx?] b2 (1+cx?) Log[l+cx?] b2Log[%(1—cx2HLog[1+cx2}
+ + + +

+

16 c* 24 ¢4 24 c 8 ¢4 16 c*
b2 Log |1+ c x2]2 b? Polylog[2, > (1-cx? b2 PolyLog[2, > (1+cx?
bes(Zabeog[lfcxz])Log[1+cx2}f og[1+cx’] +ib2x8Log[1+cx2]2+ [’2< >]+ [,2< )
16 32¢* 32 16 c* 16 c*

Problem 65: Result valid but suboptimal antiderivative.

st (a+bArcTanh[cx?] )2d1x

Optimal (type 4, 146 leaves, 10 steps):

b2x2 b2ArcTanh|[cx?] bx* (a+bAr‘cTanh[cx2]) (aerAr‘cTanh[cxz])2
- +

6 c? 6c3 6 C * 6c3 *

b (a+bArcTanh[cx?]) Log[—2 b2 Polylog|2, 1 - —2
lx6 (a+bAr~cTanh[cX2])2* ( [ ]) [1—cx2] B { ’ 1-cx2}
6 3¢3 6c3

Result (type 4, 536 leaves, 53 steps):

abx? 19b2x2 5b2x* b2x6 b2 (1-cx?)® b?(1-cx?)’ b?log[l-cx?| b2 (1-cx?) Llog[l-cx?]
. -

62 : 72¢2  144c 108 : 16 c3 ) 108 c3 72 ¢3 12 ¢3
b2 Log[1-cx?]®> bx*(2a-blog[l-cx?

og[1-cx’] s 22 og[1-cx’]] —ibx6 (2a—bLog[1—cx2])+ix6 (2a—bLog[1—cx2])2—

24 c3 24 ¢ 36 24
18 (1 - ¢ x2 9(1-cx2)2 2(1-cx?)® 6locl1-cx? b(2a-blog|[1-cx?|)Log[? (1+cx?

ib(2a—bLog[1—cx2]) < CX)* (1-cx) + 1-cx) - og[1-cx] + ( [ ) [2< )],
72 c3 c3 c3 c3 12 ¢3
b2 Loz (1 2] b2y Los[1 2] b2Log|t (1-cx?)] Log[1+cx?

il +CX}+ x* Log| +CX}+ [2< )] [ ]+ibx6(Zabeog[17cx2])Log[1+cx2}+

12¢3 12 ¢ 12 ¢3 12

2 212 b2 Polylog[2, L (1-cx? b2 PolylLog[2, L (1+cx?
b Log[1+cx} +lb2x6Log[1+cx2] B {12< )]+ [ ’2( + H
24 ¢c3 24 12¢3 12¢3
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Problem 66: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

sz’ (a + bAr‘cTanh[c xz] )Zdlx

Optimal (type 3, 91 leaves, 7 steps):

abx?2 b? szr‘cTanh[cxz] (a+bAr‘cTanh[c thz 1 b2 Log[l—czx“}
+ _

+ = x4 (a+bAr‘cTanh[cx2])2+
2c¢C 2c¢C 4c? 4

4 c?
Result (type 4, 524 leaves, 44 steps):

3abx? b2x* bz(l—cxz)2 b2(1+cx2)2 b? Log[1 - ¢ x?] 3b2(1—cx2)Log[1—cx2] 1
_ . _

+ + -—bx*(2a-blog[1-cx?]) +
4c 16 32¢? 32 ¢? 16 c2 8c? 16
b(1-cx?)? (2a-blog[1-cx?]) (1-cx?) (Za—bLog[l—cxz})2 (1—cx2)2(2a—bLog{1—cx2])2
_ . _
16 c? 8 c? 16 c?

b(2a—bLog[1—cx2”L0g[i(1+CX2H b2Log[1+cx2} 3 b2 (1+cx2) Log[1+cx2]

1
+ —b>x*Log[1+cx?] +
8 c? 16 c? 16

b2 (1+cx?)?Log[1+cx?] b? '—08[% (1-cx?) ] Log[1+cx?]
+

8 c?

_ 4 2 2

16 c2 g 2 +8bX <Za—bLOg[1—Cx}>Log[1+cx]_

o 1 cxt) Log[1+xt)® b (1+cx)? Log1rcxt]? b'Polylog[2, 2 (1-cxt)] bpolytog[2, ¥ (1+cx)]
+ + .

8 c? 16 c2 8 c? 8 c?

Problem 67: Result valid but suboptimal antiderivative.

Jx (a+ b ArcTanh|[c x?| )Zdlx

Optimal (type 4, 94 leaves, 6 steps):

(a+bArcTanh[cx?])? 1, (o bAvcTanh[et])7 - b (a+bArcTanh[cx?]) Log[lsz} b2 PolyLog[2, 1 - lsz]
2c 2

C 2c¢C

Result (type 4, 207 leaves, 28 steps):

) (1-cx?) (2a-blog[1-cx?])? ) b (2a-blog[1-cx?]) Log[% (1+cx?)] ) szog[% (1-cx?)] Log[1+cx?] )
8c 4c 4c

b2 (1+cx?) Log[lJrcxz}z b? Polylog|2, i (1-cx?)] b?Polylog|2, % (1+cx?)]

8c 4c : 4c

lbx2 (2a-blog[1-cx?]) Log[1+cx?] +
4
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Problem 69: Result valid but suboptimal antiderivative.

2

dx

J(a +bArcTanh[cx?])

X
Optimal (type 4, 87 leaves, 5steps):

2

b ArcTanh 212
1C<a+bAr‘cTanh[cxz]>2_ (a+ rcTan [cx ])

1 2
; | - =b?cPolylog|2, -1+
2 2Xx

bc (a+bArcTanh|cx?]) Log|2 -
' <+ [ ]) g[ 1+cx? 2 1+cx?

Result (type 4, 237 leaves, 24 steps):

2abclog[x] -

(1-cx?) (2a-bLog[1-cx?])® 1 i 1 ]

* e (2a-biogla-ex]) og[ 2 10 e -

(1-cx?)] Log[1+cx?] _b (2a-blog[1-cx?]) Log[1+cx?] ) b? (1+cx?) Log[1+cx2}2_
4X2 8X2

lbchog[
4

N |

lbcholyLog[Z, —ox?] + 1bcholyLog[Z, cx?| + lbcholyLog[Z, : (1-cx?)] - 1bcholyLog[Z, 1 (1+cx?)]
2 2 4 2 4 2

Problem 70: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

dx
5

J(a + b ArcTanh | c x?] )2

X

Optimal (type 3, 88 leaves, 9 steps):

. bc <a+bAr‘cTanh[c xz]) X lcz (a+bAr‘cTanh[cx2} )27 (a+bArcTanh|c xz])z

2 x2 4 4 x4

1
+b?c?Log[x] - ~b®c? Log[1 - c? x*]
4

Result (type 4, 360 leaves, 46 steps):
bc(2a-blog[1-cx?]) bc(1-cx?) (2a-blog[l-cx?])

1
b c? Log[x] - — b? c? Log[1 - c X?]| - +
8

8 x? 8 x?

2a-blog[1-cx?])?
icz (Zabeog[lchZ])Z*( : ZEE(4 ) +§bc2 (Zabeog[lfcxz])Log[§(1+cx2)]f

b2clL 1 2 b(2a-blL 1- 2 L 1 2
¢ Log| +CX]—lbzchog[l(l—cxz)}Log[1+cx2]— 22 og[1-cx’]) Log| +CX]+
8 2

8 x4

1
Zb%c?Log|l+cx?]| -
4 g[ : } 4 x?

b2 Log[1 + c x?]?
lbzchog[1+cx2]2— og[1+cx] —lbzczPolyLog[Z,

1 ot . (1—cx2)] —lb2 c?Polylog|2,
X

8

(1+cx2)]

N R
N R
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Problem 77: Result valid but suboptimal antiderivative.

sz’ (a + bAr‘cTanh[c xz] )3 dx

Optimal (type 4, 141 leaves, 9steps):

2 3

3b (a+bAr‘cTanh[cx2}) 3 b x2 (aerAr‘cTanh[cxz})2 (a+bAr‘cTanh[cx2])
+

- +

4 c? 4c 4 c?
3b% (a+bArcTanh|[cx?]) Log[ —2—] 3b*Polylog[2, 1- 2]

1-cx 1-cx?

lx4 (a+bArcTanh[cx?] )3 -
4 2c? 4 c?

Result (type 4, 479 leaves, 155 steps):
3b (1-cx?) (Za—bLog[l—cxz])2 (1-cx?) (Za—bLog[l—cxz])3 (1-cx?)? (2a—bLog[1—cx2])3

16 ¢? 16 c? : 32¢? i
3 b2 (2a—bLog[1—cx2])Log[%<1+cx2)] 3b3LogE(1—cx2)]Log[1+cx2] 3b2x? (2a-blog[l-cx?]) Log[1+cx?]
8 c? : 8 c? : 8c )
3b(2a-blog[1-cx?])?Log[1+cx? 3b3 (1+cx?) Log[1+cx?]?
22 og[1-cx’])" Log[1rcx] +ibx4(2a—bLog[1—cx2])2Log[1+cx2]+ (1+cx?) Log1+cx] -
32 ¢? 32 16 c?
3b2 (2a-b ~c x2 2]? b3 2 513
(2a-blog[1-cx?]) Log[1+cx?] +ib2x4(2abeog[17cx2”Log[1+cx2]27 (1+cx?) Log[1+cx?] X
32¢? 32 16 c?
b3 (1+cx2)2Log[1+cx2]3 3 b3 PolyLog|2, i (1-cx?)] 3b*PolyLog|2, % (1+cx?)]
- +
32 ¢c? 8c? 8c?

Problem 78: Result valid but suboptimal antiderivative.

JX (a + bAr‘cTanh[c xz} )3d1x

Optimal (type 4, 134 leaves, 6 steps):

3b (a+bAr‘cTanh[cx2])2Log[ 2]

bArcTanh[cx2])>
(a.+b ArcTanh [c x?] e (a+bArcTanh[cx?])’ - e
2c¢C 2 2c¢C
3 b? (a+bAr‘cTanh[c xz}) PolylLog[2, 1- 17:)(2] 3 b3 Polylog[3, 1- 1—:x2}
+
2c 4c

Result (type 4, 390 leaves, 82 steps):



222 | 7 Inverse hyperbolic functions.nb

(1-cx?) (2a—bLog[1—cx2”3 3b (23*bL08[1*CX2”2|—08[§ (1+CX2)] 73b (Za—bLog[l—cxz])zLog[1+cx2]

- + +
16 c 8c 16 c

3b>Log[t (1-cx?)]Log[1+cx®]® 3p2(2a_blogl1-cx?]) Logl1 2]2
ibx2 (Za—bLog[l—cxz])zLog{1+cx2]+ [2< )] [ ] + (23 og| CX]> og[1+cx] +
16 8c 16 c

b3 (1 2) Loel1 213 3b2 (2a-blog|1-cx?|) PolyLog[2, L (1-cx?
ibzxz(Za—bLog[l—cxz})Log[lJrcxz]er (1+cx?) Log[1+cx’] - ( [ D [’2( H+
16 16 c 4c

3b%Log[1+cx?| PolyLog|2, i (1+cx?)| 3b*Polylog|3, i (1-cx?)] 3b*Polylog|3, i (1+cx?)]

4c 4c 4c

Problem 80: Unable to integrate problem.

b ArcTanh[c x2] )3
J(a+ rcTan [cx]) i

x3

Optimal (type 4, 125leaves, 6 steps):

b ArcTanh[c x2])?
1c(a+bAr‘cTanh[cx2})3 (2 +bArcTanh[c ] ) +ibc(a+bAr‘cTanh[cx2})2Log[2— 2 -
2 2 x2 2 1+cx?
ib2c (a+bArcTanh[cx?]) Polylog[2, -1+ | - ib3cPolyLog{3, -1+
2 1+cx? 4 1+cx?
Result (type 8, 284 leaves, 16 steps):
1-cx?) (2a-blog[1-cx?])?
ibcLog[cxz} (2a—bLog[1—cx2])2—( cx?) (22 og[t-cx]) +
16 16 x?
b® (1+cx?) Log[1+cx?]’?
ib3cLog[7cx2} Log[1+cx2}27 (21+cx?) Log[1+cx’] 73b2c(2abeog[17cx2])PolyLog[Z,lfcxz]Jr
16 16 x2 8

ib3c Log[1+cx?| PolyLog[2, 1+cx?] - ib3cPolyLog[3, 1-cx?| - ib3cPolyLog[3, 1+cx?] +
8 8 8

(—2a+bLog[1—cx2}>2Log[1+cx2]

-2 bL 1- 2 L 1 212
3 :X]*inUnintegrable[( at og[ CX]) Og[ +cx}

3
—b Unintegr‘able[
8 X 8 x3

» x|

Problem 81: Unable to integrate problem.

b ArcTanh|c x2])>
J(a+ rcTan [cx]) x

X5

Optimal (type 4, 139 leaves, 8steps):
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2

3b b ArcTanh 2
Ebc2 (a+bAr‘cTanh[cx2”2— ¢ (a+bhrcTan [cx ]) +lc2 (a+bAr‘cTanh[cx2})3—
4 4 x? 4
b ArcTanh[cx2])?
(2 +bArcTanh [cx?]) +§b2c2 (a+bArcTanh[cx?]) Log[2 - 2 ]—ibgczPolyLog[Z, -1+ 2
4 x4 2 1+cx? 4 1+cx?

Result (type 8, 437 leaves, 29 steps):

3bc (1-cx?) (2a-blog[1-cx?])?
c(1-cx) (22 og[1-cx*]) +ibc2Log[cx2] (Za—bLog[l—cxz])ZJric2 (2a-blog[1-cx?])?-

32 x? 32 32
(2a—bLog[1—cx2])3 3b3c (1+cx?) Log[1+cx2}2

3
—ab?c?Log[x] -
4

i 3.2 2 272 i 3.2 273
32 x4 32 %2 ‘32b c? Log[-cx?| Log[1+cx?] +32b c?Llog[l+cx?]” -
b3 Log[1 23

og[ +CX ] _ ibs c? PolyLog[2, —CXZ] ¥ ibS c? PolyLog[Z, cXZ] _ ibz c2 (Za—bLog[l—cxz}) PolyLog[Z, lfcxz] _
32 x4 16 16 16

3 b*c? Log[1+cx?] Polylog|2, 1+cx?] - 3 b* c? Polylog(3, 1-cx?] + 32 b* c? Polylog|3, 1+cx?]| +
16 16 16

(72a+bLog[17cx2})ZLog[1+cx2] (-2a+blog[1-cx?]) Log[1+cx2}2

3 .
: » x| - = b?Unintegrable|

3
= b Unintegrable|
8 X 8 x°

5 X]

Problem 82: Result optimal but 1 more steps used.

J(d x) >/2 (a+bArcTanh [cx?] ) dx

Optimal (type 3, 317 leaves, 16 steps):

2bd5/2ArcTan[%\ﬁddE] ﬁde/ZArcTan[l—M] \/7bd5/2Ar‘cTan[1+M}

8bd(dx)3/2 Z(dx)”2 (a+bArcTanh[cx?])

+ + Vd v + -
21c 7c7/4 7c7/4 7c7/4 7d
2 cY/4\[dx
2bd>/2 ArcTanh | Nes ] bd*2Log[Vd ++c Vd x-V2 c¥*/dx | bd>?Log[/d +Vc Vd x+/2 M4 /dx |
- +
7 c7/4 72 /4 72 c7/4

Result (type 3, 317 leaves, 17 steps):

8bd (dx)*? 2bd5/2Ar‘cTan[—“:cl/dﬁdx ] /2 bd>2ArcTan|1- V2 AP dx “g X1 /2 bd*2ArcTan|1+ V2 SRAdx C;/:T ], (dx)”’2 (a+ b ArcTanh[c x?] |
+ + - + -
21c 7c74 7c74 774 7d

2 cY/4\[dx
2bd>/2 ArcTanh | T ] bd>/2Log[+/d +Vc Vd x-V2 c*+/dx | bd¥2Log[Vd ++c Vd x+/2 ¥4 ~/dx ]
- +
7 ¢4 72 7/ 7+/2 /4
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Problem 83: Result optimal but 1 more steps used.

J(d X) 3/2 (a+bArcTanh [cx?] ) dx

Optimal (type 3, 317 leaves, 16 steps):

8bdvdx 2bd3/2Ar‘cTan[—\C°1’/gx ] V2 bd*?ArcTan[1 - Y2 <o dx C:/’/:T 4] /2 bd*/2ArcTan |1+ Y2<rdx c;/; ], (dx)*% (a+ b ArcTanh[c x?])
- + - +

5c 5 c>/4 5 c5/4 5c5/4 5d

2bd2 ArcTanh [ 54 ] g a2 g [/ 4/ @ x- 2 VAVax | b2 Log[vd + VT VA x+vZ c4/dx |
. .
5 c>/4 5+/2 c5/4 5+/2 c5/4
Result (type 3, 317 leaves, 17 steps):

8bd/dx 2bd3/2Ar~cTan[i}dd£} ﬁbd3/2ArcTan[17%@] V2 bd*2ArcTan[1+ %@} 5 (dX)S/Z (a+bArcTanh[c x?] |
_ . _

.
5c 5 c>/4 5 c5/4 5c5/4 5d

1/4 fdx
2bd*/2 ArcTanh [ € Nes ] bd>2Log[Vd ++Vc Vd x-V2 c¥*/dx | bd¥?Log[d +Vc Vd x+/2 M4 dx |
. -

5 c5/4 52 c5/4 5+/2 c5/4

Problem 84: Result optimal but 1 more steps used.

Jm (a +b ArcTanh [c xz} ) dx

Optimal (type 3, 301 leaves, 15 steps):

ZbﬁAr‘cTan[%ddz] \/?b\/?Ar'cTan[l—Lj/ﬁ;\E} \/?b\/?Ar‘cTan[1+ %@} ) (dx)3/2 (a+bArcTanh[cx2])
- + +

3 c3/4 3 c3/4 3 c3/4 3d

2b/d ArcTanh [ <28] oo 1g o C VA x- V2 cV4dx | byd Log v « v A x+ 42 c4/dx |
N _
3 c3/4 3+/2 c3/4 3+/2 c3/4
Result (type 3, 301 leaves, 16 steps):

ZbHArcTan[%ddz] ﬁbﬁArcTan[lfﬁ%@} V2 b+/d ArcTan[1+ %@} 5 (dx)3/2 (a+bArcTanh[c x?] |
+ +

3 c3/4 3 C3/4 3 C3/4 3d

2bV/d ArcTanh [ 0]y g Log A - T VA x-VZ V4 VAX | bV Log[Vd + Ve v x+ VT ¢4 Vax]

334 3+/2 ¢34 34/2 ¢34
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Problem 85: Result optimal but 1 more steps used.

Ja +bArcTanh|c x?] 4
X

\Vdx
Optimal (type 3, 285Ileaves, 15 steps):

2bAr‘cTan[c1’/4Jd_dX] ﬁbArcTan[l—M] ﬁbArCTa“[l*%@] 2+/dx (a+bArcTanh[cx?])
_ + +

— \/? —_
cV/4d cl/aAd cl/Ad d
1/4 d
2bArcTanh [ <2851 b oo [/d « v/ v/d x- V2 cV4/dx | blog[Vd +vc vd x+ 2 4 /dx ]
- +
c”“x/? \Ecl/“\/? \/?cl/zl\/?

Result (type 3, 285leaves, 16 steps):

y / 1/4
ZbArcTan[g“ﬁdQ] ] \/2 b ArcTan[1 - Y22 dx ] ) \/TbAr‘cTan[1+@ﬁ@] . 2+/dx (a+bArcTanh[cx?])

- '\/? -
cl/a \/? cl/a \/? cl/a \/? d
1/4 fd
2bAr‘cTanh[c\/FX] bLog[\/?Jr\E\/?x—\/?cl/“\/dx} bLog[\/?+\/?\/?x+\Ec1/4\/dx}
- +
c”“ﬁ \EC”“\/F \/?clmﬁ

Problem 86: Result optimal but 1 more steps used.

Ja + b ArcTanh [c xz} 4
X

(d X)S/Z

Optimal (type 3, 285leaves, 15 steps):

2bc1/4Ar‘cTan[Cl/4? ;dx] ﬁbc”“Ar‘cTan[l—M} \/Tbcl/4Ar‘cTan{1+M de]

) NS . Nes 2 (a+bArcTanh|[cx?]) X
d3/2 d3/2 d3/2 d\/d—X
1/4 ./
2b c¥/4 ArcTanh [ €204 ﬁx ] bcl/4 Log[vd +Ve Vd x-+/2 V4/dx | bct4Log[vd +Ve Vd x+/2 V4/dx |
. -
d3/2 2 32 2 d32

Result (type 3, 285Ileaves, 16 steps):
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2bc1/4ArcTan[$}£] \/7bc1/4Ar'cTan[17M} \/?bcl/4Ar'cTan[1+M]

3 e e 2 (a+bArcTanh[cx?])
- - + - +
d3/2 d3/2 d3/2 d+dx
/4 \[dx
2b c'/4 ArcTanh | = ] bcl/4Log[Vd ++/c Vd x-v2 ¢V4Vdx | bc4Log[vVd +vc Vd x+V2 V4 dx |
+ _
4372 V2 d32 A2 d3/2

Problem 87: Result optimal but 1 more steps used.

Ja +b ArcTanh|c x?] 4
X

(d X)S/Z

Optimal (type 3, 301 leaves, 15 steps):

2bc3/4Ar‘cTan[°1/4 9] /2 bc¥4ArcTan|1- M] /2 bc¥*ArcTan[1 + M}
rR va 1 IS

2 (a+bArcTanh|c xz])
3 d5/2 3 d5/2 3 d5/2 N

3d (dx)*?

+

2bc¥/* ArcTanh [ 2S5 og[d 1/ Vd x- V2 cMadx | b Log[Vd +vC Vd x+ V2 cVidx |
+
3d>/2 3-/2 d5/2 3+/2 d5/2

Result (type 3, 301 leaves, 16 steps):

2bc3/4Ar‘cTan[M} ﬁbc”“Ar‘cTan[l—M] \/Tbc3/4Ar‘cTan[1+M}
IrE va IS

2 (a +b ArcTanh [c xz] )
3 d5/2 3 d5/2 3 d5/2 N

3d (dx)*?

2b ¢34 ArcTanh | et dx

e ] bc3/4Log[\/d_+\/?\/?x—\/7c1/4\/dx] bc3/4Log[\/?+\/?\/?x+\/7c1/4\/dx]
- +
3d5/2 3+/2 d5/2 3+/2 d5/2

Problem 88: Result optimal but 1 more steps used.

Ja +bArcTanh|c x?]
(d X)7/z

dx

Optimal (type 3, 317 leaves, 16 steps):
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b c 2bc5/4Ar‘cTan[$ﬁrddz] V2 b4 ArcTan|1 - %@} V2 b4 ArcTan(1 + %@] 2 (a+bArcTanh[cx?])
- - + - - +
5d3m 5 d7/2 5d7/2 5d7/2 5d (dx>5/2

1/4 d
2bc5/4 ArcTanh | € ﬁx ] bc**Log[Vd ++c Vd x-V2 V*dx | bcS4Log[Vd +Ve Vd x+/2 P4 /dx |

- +

5d7/2 542 d7/2 5+/2 d7/2
Result (type 3, 317 leaves, 17 steps):

5/4 /4 [dx 5/4 2 cY/4\[dx 5/4 V2 /4 /dx
| sbe _2bc ArcTan| e ]+\/7bc ArcTan|1 i ] _\/Tbc ArcTan |1 + e ]_2(a+bAr‘cTanh[cx2”+
5d3Vdx 5d7/2 5d7/2 5d7/2 5d (dx)°>?

1/4 de
2b c*/*ArcTanh [ € Nes ] bc¥*Log[Vd ++Vc Vd x-v2 c¥*/dx | bcS4Log[Vd +Vec Vd x+/2 M4 dx |

- +

5 d7/2 52 d7/2 5/2 a2

Problem 89: Result optimal but 1 more steps used.

Ja +bArcTanh|c x?] 4
X

(d X)9/2

Optimal (type 3, 317 leaves, 16 steps):

8bc 2bc7/4Ar‘cTan[$4rddE} ﬁbc”“Ar‘cTan[l— L};*@] \Ebc7/4Ar‘cTan[1+ %@} 2 <a+bAr‘cTanh[cx2])
- - - +
21 d3 (d x)3/2 N 7 d9/2 i 7 d9/2 7 d9/2 74 (d x)7/2

1/4 /4
2b ¢7/4 ArcTanh [ €704 ﬁx ] bc”/* Log[vVd +Ve Vd x-+/2 V4/dx | bc”4Log[vd +Ve Vd x+/2 M4/dx |

+ —

7d%2 72 d°2 72 d°2
Result (type 3, 317 leaves, 17 steps):

b c 2bc7/4ArcTan[%\ﬁddE} \/?bc”“Ar'cTan[l—Lj/’/:T@] V2 bc?/*ArcTan |1 + 3%@} 2 (a+bArcTanh[cx?])
- + + - - +
21 d3 (d X)3/2 7d9/2 7d9/2 7d9/2 7d (d X)7/2

e/ sfax. 3 e ax
2bc7/* ArcTanh [ € ] beo Vd +Ve Vd x-+2 V4 /dx bc”/4Log[Vd ++c Vd x++/2 c/*/dx
v g

+ —

7d%? 72 d°2 72 d°2




228 | 7 Inverse hyperbolic functions.nb

Problem 90: Unable to integrate problem.

J\/dx (a + bAr‘cTanh[c xz} >2d1x

Optimal (type 4, 6327 leaves, 238 steps):

7§abxx/d77 ZﬁabmAr‘cTan[l—ﬁcl/“\/;] X ZﬁabmAr‘cTan[1+\/?c1/4W} i
9 3c3/4\/? 3c3/4\/?
21 bzmAr‘cTan[ y1/4 \/_} ZjbzmArcTan[cl/“\/;]z mAr‘cTanh[ 1/4\/—]
c)”“ﬁ 3c3/4\/? 3 (-¢) 3/4\/7
bzmAr‘cTanh[cl/“ \/?]2 mArcTanh[ 1“‘(] Log[ﬁ} 4b2mArcTan[ y1/4 \/7} Log[liw_}
334 x 3 (-0)¥4/x + 3 (-0)¥4/x 7

)14 14/ e WX 2 (-) Y4 [14+) -/C x
[ ] ] 2+/dx ArcTan[ (-c)¥*+/x | Log| i i
[1 =V +(—c)1/4] (1—1‘1 (—c)l/“\/?)

- +

N 3 (-c)¥*/x

b2+/dx ArcTan|(-c)¥*+/x | Log|-
[n ry —(—c)l/“J (1-i (-0 ¥4 |

b2+/dx y1/4 (1) (104 x] ) 1/4 -2
d x Ar‘cTan[ xﬁ} Log [ e ] b2 +/d x Ar‘cTan[ \F] Log[lﬂl - 1/4\F}

)34 % 3 (-c)¥4/x

2 ()4 [17\/ = X

b2+/dx ArcTanh| (-c)¥/*+/x | Log{ﬁ} (J_ﬁ _<_c)1/4] (14 (-0 ¥4 Vx| }
c)3/4+/x 3 (—)¥4x

2 (co)V/a [m/ VT V¥

2~/dx ArcTanh| (- 1/4\/—] Log| -

2 (o) V4 [1, VT VX

b2 +/dx ArcTanh[ (-c)**+/x | Log| ] b?+/dx ArcTanh[ (-c)**+/x | Log|-

[\/fu—c)l/“] ( o ( 1/4 \ﬁ) [ < 7(7c)1/4] ( +( 1/4 r)
+ +
N 3 (-c)¥*/x
N 2 (-c)/4 [1+ e Wx
24/dx ArcTanh )14 Log i) (14 (<)
[ ] [ [ _\/? +(—C)1/4) ( (o 1/4 \/7) } /d X Ar‘CTan[ 1/4 \/—} Log[ 11( - 1/4 rr) }
+ +

—0)hax 3 (—c)¥4q/x
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2 (-0)¥* (1= Vx|
b2 \/dx ArcTanh[c//x ] LOgh cl/"r} 2+/dx ArcTan| (-c)¥4+/x | Log| o] (13 1] ]

+

3¢3/4+/x 3 (—)¥4x

2 (-c)¥/4 (1—c1’4 \/*)
d h 1/4
/dx ArcTanh | (- Vx ] Log| (Cortac) (1 (or/ex | ] ) 4b2+/dx ArcTan[c?/+/x | Log[1 “mr]

-c) ¥t Ax 3¢344/x
2cl/4 [1— -/ -c

. /.
i -\ -c -ct/4

2ct/4 140 v[-c x
| 2b%+/dx ArcTan[c'/*+/x | Log]| i [ i

b2+/dx ArcTan[cl/4+/x | Log|-
[ ] [ (1—1 cl/4ﬂ) [i./_\/j +c1/“] (1—1’1c1/’4 \/T)

3¢3/44/x 3¢344x

b2 A/ d x ArcTan[cl/Zl ,\K] Log[— ( (2(;11/:‘4(11/()1):/4.\/?)\/_) ] 2 b2 /d x ArcTan [C1/4 \/;] Log[ ( (2(;1/4( +/ )7 (1/4 \/7)\/_) ]
1 (-c)l/4_cl/4 —icl/4/x i (—e) YA cl/A) (14 cl/AAx

- +
3¢344/x 3¢344/x
iy (1Y
b2\/dx ArcTan[c/*+/x | Log| = i 21:%/7 | 4b2+/dx ArcTan[c/*+/x | Log[1 cw\ﬁ]
3¢344/x ) 3c3/44/x
2cl/4 1—\/?\/?
b2+/dx ArcTanh[c'/*+/x | Log|[- [
/dx ArcTanh {C1/4 \/—] Log{ } VRV e (1+c1/4 \/7)
1+C1’4\F N .
3¢3/44/x 334 /x
2 cl/4 [1 /- \ﬁ] 2 cl/4 [Lmﬁ
b2 +/d x ArcTanh [cl/“ \/7 Log ] 2b2+/dx ArcTanh [c1/4 &] Log[—
V- +c1/“J 1+c1/“\/_ [ -~ —ct/e (1+c1/4\/7)
3¢34/x 3c3/44/x
2cY/4 |14 -/ WX
b2+/dx ArcTanh[c'/4+/x | Log| [ ] 2 b2 d X ArcTanh[c/4 /3] L 24 (1-(-0) V4 /x )
(1/7\5 Lcl/4 (1+c1/4 \/?) X Arclan {C X } Og[_ ((—c)l//“—cl/“) (1+c1/4 \/7) }
+ +
3¢344/x 3c3/44/x
1/4 (1, (_cy1/4 _c)Y/4 (14c1/4
b2+/dx ArcTanh[c'/*+/x | Log| 2t 1o V) ] 2+/dx ArcTan[ (-c)¥*+/x | Log| 2 (-0 [1ec/t x| ]

((-or/4ret/4) (144 Vx| (-1 ¥oei ) (104 ()4 x)
- +

3@/4& 3(—c)3/4\/;
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2 ()4 (1+c1/“\fj i) (1004 )
Vdx Ar‘cTanh[ )14 \/—] LOg[ ( c)1/’4+C1/4) ( () 1/ \/7) } 2 b? \/d—xArcTan[Cl/“ \/7] LOg[ T \/;/T }
1-i /% +/x

+ +

€)3/4/x 3¢3/44/x
V2 abA/dx Log[l—\/z c4+/x ++/c x} V2 abAa/dx Log[1+\/2 c/4+/x ++/c x} 4
- +—b?x+/dx Log[1-cx?]+

3c¢344/x 3c¢344/x 9

b2/ dx ArcT y1/4 L - c x? b2 +/d x ArcTanh y1/4 L - cx?
x AncTan| (~c) /x| Log[1-cx] | x o ""”[ Vx| Log[1 C”ibxm(zamLog[chZW

—c)3/4\/; _ 3/4\/; 9

2b\/d7xAr'cTan[c1/4\/?} (Za—bLog[l—cxz]) _Zb\/dx Ar‘cTanh[cl/“\g] (Za—bLog[l—cxz]) +lx -~ (2a—bLog[1—cx2”2+
3c3/44/x 3c3/44/x 6

Eabxﬁ/dx Log[1+cx2] ~ 2b%+/dx Ar‘cTan[(—c)l/“\/;} Log[1+cxz} . 2b2+/dx Ar‘cTan{cl/“\/;} Log[1+cx2} .

3 3(—c)3/4\/Y 3c3/4\/;

2b2\/d7xAr‘cTanh[(—c)1/4\g] Log[1+cx2] . 2b2+/dx Ar‘cTanh[cl/“\/?} Log[1+cx2} ) lbzx iy Log[l—cxz} Log[1+cx2] .
_C>3/4\/; 3c3/4\/7 3

2b%~/dx Polylog[2, 1- —2——] 2ib?~/dx Polylog[2, 1- —*——]|
leX\/d—xLog[1+cx2]2+ L CoVix 13 ()X N
6 3 (7C)3/4\/? 3 (7C)3/4\/?

1/4[ 1/ Ve r] 2~ (1] Ve Vx
| ib*~/dx PolylLog[2, 1- ]
[i N +(—c)1/4] (17]1 (—c)l/“\/?)

+ —

—0)34 % 3 (-)¥4/x

b2~/dx PolylLog|2, 1+

iV -vVe ,({)1,’4] (1-i (-0 ¥4 x|

+i oy 1/4
b2 /d x PolyLog[Z, 1.2 ).<1 ( c/) W)] 21 b2+/dx PolyLog[Z, 1—%] 2b%2+/dx PolyLog[Z, 1—%]
1-i (-) V4 Vx 1+i (-c)¥*/x 14 (—c) Y4 /x
- +
—c)3/4\/; 3(7c)3/4\/? 3(7c)3/4\/?

2 (o) (14/7ﬁ Ny 2 (v [1+x/7ﬁ Ny
] b2+/dx PolylLog [2, 1-
[\/ V- —(7c)1/"] (1+ (-0 V4| [\/ - +(7c)1/4] (14 (-0) ¥4 /x|
C)3/4\/7 3<_C>3/4\/Y
)34 |14/ e X 2 (=) Y2 148/ /¢ x
( ] | b>+/dx PolyLog[2, 1- : ( : ] ]

[x/—ﬁ —(—c)l/"‘] (14 (-0) V4V ) [\/—F +<—c>1/“] (14 (=) V4 V)
c)”“& 3<7c)3/4&

b2 +/dx PolyLog [2, 1+

]

b?+/dx PolyLog[2, 1+




(1-1) (1+(-0) ¥4 V/x) ]

ib2+/dx Polylog[2, 1 - , 2b%+/dx Polylog[2, 1- —2—]|
1-i (-)Y4Vx

ib2+/dx Polylog|2, 1-
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2 (—c)l/“ (l—cl/“ W) }
(({)1/’47]-l cl//“) (1—1’1 (—c)l//“ \/?)

+

N
3(_C>3/4ﬂlx 3C3/4"/X

2 (—c)Y/4 (17c1/'4 \/?) }

2 _
b2~/dx PolyLog[2, 1 [Corac) (1o o ix]

2ib2+/dx Polylog[2, 1- —2—]

3 (-c)¥*/x
20/ [mhﬁ NFY
i ¢ 7c1/"] (171 cl/"ﬁ)

i b2A/dx PolyLog[Z, 1+

+

1-i 4%
3(—C)3/4“/X 3 ¢3/4+/x

1/ VT VX

2 C1/4

3¢3/44x

ib?~/dx Polylog|2, 1- , — 264 (1 (-0) V4 /x|
) [j Ve et (171 Cl/aﬁ) 165 Vdx Polylog [2, e (I'L (fc)l,/kcl/“) (1*1'1 cl/“\/?) }
+ +
3¢344/x 3c3/44/x
) 2 cl/4 (1+(—C)1//4 \/7) . "
ib?/dx Polylog[2, 1~ (i o Vace) (1m0 Ve x| | iw2 Vdx Polylog[2, 1- & 11. 21; Wﬁ | 2ib2+/dx Polylog|2, 1- ﬁ]
- - +

3 ¢3/4 &
2cY/4 [17\/47 Ney
[

3¢ /x

b?+/dx PolyLog[2, 1+

2b2+/dx Polylog[2, 1- —2—]| (1o Vx|

| b2+/dx Polylog|2, 1-

3¢ /x

1/ Ve VX
[\/ IV

2 c1/4

(1+C1//4 \/?)

1+C1//4\/7
3c3/4ﬂ/X 3C3/44/X

2 cl/4

2cl/4 [1—\/? W]

1+JTW]

3¢ /x

b?~/dx PolylLog|2, 1+ b?~/dx Polylog[2, 1-

iz o) ez

(e o) iz

2 cl/4 (17 (—c)V/4 W) ]
((7C)1//47C1/4) (1+c1/4 \/?)

b2~/dx PolylLog|2, 1+

3 c3/4 \/; 3 c3/4 \/?

2 cl/4 (1+(—c)1/“ \/7) }

3 c3/4 \/7

2 (—c)l//“ (1%1/4 \/7) ]

b2~/dx PolyLog|2, 1- ib2+/dx Polylog|2, 1-

( (_c)l/4+cl/4) (1+c1/4 \/7)

((—C)l/'4+]-l c1/4) (1_].1 (—c)l/“ﬁ)

+

3¢344/x 3 (-c)¥4+x

2 (-0)V* (14c4 VX)) }
( (-c) 1/4+cl/4) (1+ (-c)1/e \/?)

b2~/dx PolyLog|2, 1-
1-1 c1/’4 \/7

3 Lcl/a
ib2~/dx Polylog|2, 1- b (1)

]

3 (—c)3/4\/; 3C3/4\/;

Result (type 8, 22leaves, 0steps):

2

Unintegrable[v/dx (a+bArcTanh[cx?])*, x]
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Problem 91: Unable to integrate problem.

b ArcTanh[c x2])?
J(a+ rcTan [cx]) x

A\ dx
Optimal (type 4, 6177 leaves, 241 steps):
2a2x Zﬁab\/;Ar‘cTan[l—\/?cl/“\/Y] 2x/7abx/?Ar‘cTan[1+\/7c1/4\/;] anzx/—ArcTan[ 1/4\/—]

m cl/a m cl/a m (-c) 1/4 m
4a b\/?Ar‘cTan{cl/4 \/;} 21 bZ\/;Ar'cTan[cl/“\/Y} 2b2\/_Ar‘cTanh{ -c 1/4\/—] 4a b\/?Ar‘cTanh[cl/“\/?]
cl/a m " cl/a m (-c) 1/4 m cl/a m B
2b2/x ArcTanh[cl/4 \/;]2 4b2+/x ArcTanh[ (-c)¥/4+/x | Log[Tr] 4b2+/x ArcTan| (-c)¥*+/x | Log[ﬁ]
.

/4 /dx (—o)V4/dx (—o)V4/dx
e [ e W 2 (ot (1] € X

2b2\ﬁAr‘cTan[ 1“‘(] Log[ } ZbZ\FArcTan[ 1/4\/7} Log[

[n ~c —<—c>1/“] (1-i (-0 ¥4V | [1\/7\/? +(7c)1/“] (1-1 o ¥4 vx)
+
(-c)V4~/dx (—C)1/4“/dx
(1+1) (1-(-) Y4 /x
2b%~/x ArcTan[ (-¢)¥*+/x | Log [ 1—1‘1((—c)1/4\/7 )] 4b2/x ArcTan| (-c)¥*+/x | Log[m]
+
(_C)1/4de (_c)1/4A/dX
2% [(~c)v* /x| [- 2o [17 e W] ]
2b ArcTanh Log
4b2\ﬁAr‘cTanh[ 1/4\ﬁ] Log[ﬁ] [*/—F —(—c)l/“] ( o 1/4\ﬁ)
+ c) X
(-o) ¥4 [dx (—c) /4 +/d x

2 (-)¥/4 [m/ V=< Jx

2 ()4 [17 e W]

2b2+/x ArcTanh [ y1/4 \ﬁ] Log[ ] 2b2+/x ArcTanh [ )14 \ﬁ] Log[

]

[\/—MT +<—c>1/“] (1+ (-4 x| [ ~c —(—c)l/“] (1+ (-0 ¥4 )
+ +
(-o)¥4\dx (~o)¥4/dx

2 (o)t [1+\/T \/7]

NN +(—c)1/4] (1 (-0 ¥4 Vx| } ZbZ\ﬁAr‘cTan[ 1“‘(] Log[ G (1+(_c/)1/4ﬂ) ]
~ 1-1 (-)Y*Vx .

(—c)¥*dx (-c)V4~/dx

2 b2 \/—Ar‘cTanh[ y1/4 \/_] Log|




] 2b2\/—Ar'cTan[
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1/4 \/—] Log[ 2 (- )1/4 (1—c1//4 \/?) ]

4b2+/x ArcTanh[c**+/x | Log| cl/"r (o e 1 (0|
+ +
cl/4 \/d—x y1/4 \/—
2 (—)¥4 (1 cl/"‘\f)
2b?V/x ArcTanh[ (-¢)**+/x | Log| (-0 a-ca) (10 (-0 ¥ x| ] ap Vx ArcTan|[ct/4+/x | Log[m}
- +

1/4 \/—
c1/4

1- Jfr
[1‘1 ¢ -4

2b2\/?Ar‘cTan[c1/4 \/?} Log[— ]

(1_]-1 c1/4 W)

ZbZWAr‘cTan[cl/“\/?] Log[

c4[dx

C1/4

14/ v/ —c Vx
[J‘l ARV

(1-]1 c1/4 W)

4 fdx

./ g /.
2b2\/?Ar‘CTan{c1/4 \/?} Log[f 2c14(1 ( C)J,aﬁ) ]

(1'1 (—c)l//"—cl/") (17]-1 cl/4 \/7)

ZbZWArcTan[cl/“\/Y] Log[

SUNERS

24 (14 (-0) V4 /x )
(1‘1 (~c)Y44c 1/4) (1—]1(:1/4\/7) ]

+

+1 _c1/a
267 /% ArcTan[c4/x | Log[ 2]

1-i Y4 /x

4b2\/—Ar‘cTan[c1/4\/_} Log[

SUNEEY

4b2\/—Ar‘cTanh[c1/4\/—]L og|

C1/4r } ~ 1+C1/4r } .

cl/a m
2cY/4 [Lmﬁ
(\/?—cl/“] (1+c1/4ﬁ)

2b%+/x ArcTanh[c'/4+/x | Log|[-

] 2b%+/x ArcTanh[c'/4+/x | Log]|

4 ~dx c4Jdx
1 Ve VX

2 cl/4

(1+c1//4 \/Y)

+

e fdx
2cY/4 {14/ o x

( e 7c1/4] (1%1/4 \/7)

2b%+/x ArcTanh[c'/*+/x | Log[- ]

2b2+/x ArcTanh[c'/*+/x | Log|

SUNERY

2cl/4 [1+\/TW
Ve ] (e v

- +
X X
2cl/4 (1—(—c)1/4\ﬁ) 2 cY/4 (1+(—c)1/4ﬁ)
2 b2 ArcTanh|cl/4 L - 2 b? ArcTanh|cl/4 L
\/; rclan [C \/;] Og[ ((7c)1/4,c1/“) (1+Cl/“\/7) ] W retan [c W] og[ ((*C)l'/AJrCl/A) (1+le/a\/7) ]
+ +

RNEE
c) /4 (1+c1//4 \/?)

2b2\/7Ar‘cTan[ 1/4\/7] Log[ 29

( ()44 cl/‘) (171'1 (7c)1/"\/7)

RNETY
2 <7C)1/'4 (1+c1/4 ﬁ) ]

2 1/4
2b \ﬁAr-cTanh[ \/7} LOg[ ( c)l/’/‘ucl/“) (1+(7c)1//"\/7)

(—C)1/4”/dX

+ —

(—C)1/4“/dX
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2 b2 \/TAr*cTan[cl/4 \/7} Log[—(—uij) ne ]

1Ay V2 ab+/x Log[1-+/2 c¥*+/x +Vc x| V2 ab+/x Log[1++2 c¥*/x ++/c x|
/4 dx _ /4 /dx ’ c/4/dx .
2abeog[1—cx2} 2b2\ﬁAr‘cTan[ 1“‘(] Log[ —cxz] ZbZWAr‘cTan[cl/“\/;] Log[l—cxz]
2b%+/x ArcTanh| (-c)*+/x | Log[1-cx?|] 2b2+/x ArcTanh[c'/*+/x | Log[1 - c x?] bzxLog[l—cxz]2 2abxLlog[l+cx?
2b2\/;Ar‘cTan[(—c)1/4\/;] Log[1+cx2] ZbZWAr‘cTan[cl/“\/;] Log[1+cx2] bz\ﬁAr‘cTanh[ y1/4 \/7} [1+cx2]
(—o)Mdx _ 4V dx + (- >1/4m _
2b2+/x ArcTanh[c4+/x | Log[1+cx?] b>xLog[1l-cx?] Log[l+cx?] b?xLlog[l+cx?]’ 2b%/x Polylog[2, 1~ m]
EPNERS 7 Vax Y Coeax
ib2+/x PolylLog[2, 1+ 1“‘[ FF]
2ib?+/x Polylog[2, 1- ﬁ] [i Jf,<,c)1/4] (1-5 (-0) ¥/ )
() dx 7 (-e)¥dx 7
ib2+/x PolyLog[2, 1- il kI (1+4) (1- (-0 V4 Vx|
[j \/f+(,c)1,/a] (1-4 (-0 v ) i b?/x Polylog[2, 1- T ]
()4 dx + (o) dx )
2 (-0 (14 Ve VX
21ib?+/x Polylog[2, 1- —=2——] 2b2+/x Polylog[2, 1- —2 —] o x polyLog[2, 1+ [\/f—(—c)l/“] (1 wr)}
1+1 (-) Y4V . 1+ (-) Y4 x . .
(~o)Mdx (~o)Mdx (~o)M*dx

2 () [m/—ﬁ Vx 2 (-c)/4 [1-\/-W Vx
] bzﬁPolyLog[z, 1+
[\/f‘r(*c)l/“] ( “( 1/4r) [ﬂli\/* 1/4] ( o ( 1/4\/7)

(-c)¥4dx (-c)¥4/dx

}

b2+/x PolylLog (2, 1-

b2 /x PolyLog|[2, 1- A (1o VE)

1-i (-c)¥4~/x }

+ +

(- )1/4\/d—X (- )1/4\/d—X C1/4\/d—X

[ Ve ch)l/z:] (1 (-0 V8 /x| ] i b2+/x PolyLog[2, 1- 2b2+/x PolylLog[2, 1-

c1/4 \ﬁ } -




2 (—c)l//“ (1{1/4 \/7)

i b2 PolylLog|2, 1 -
1 \/; oly Og[ ((7c)1/'47]-1 51/4) (1,]-1 (,c)l/“\g)

b2 +/x PolylLog|2, 1-
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2 (- )1/4(1 c1/4r) ]

(Cor/ecs) (1o e/ 2ib%+/x PolylLog[2,1- —2—
+

< )1/4 \/d—X
20/ [mﬁﬁ NF
i /—F _C1/4] (1_]-1 c1/4 W)

ib2+/x PolyLog[2, 1+

]

ib2+/x Polylog[2, 1 -

(-c) 1/4 \/d—x cl/a \/d—x

2c1/4 [1+\/fﬁ
(J? /] (15 ¢4 Vx|

SUNEEY

2 cl/4 (17({)1/4\/7) ]
(J'l (—C)l/“—cl/“) (1_1'1 cl/“ﬁ)

ib2+/x PolylLog[2, 1+

ib2+/x Polylog[2, 1-

4 fdx

24 (14 () V4 VX ) ]
(1'1 (—c)1/4+c1/“) (1_1 cl/4 W)

C1/4A/dx

+

C1/4“/dX

1-i /% /x }

, (1+1) (1-c¥/*/x ) ,
i b2+/x PolyLog[2, 1- AT ] ) 2ib%+/x PolylLog|2, 1- m} ) 2b%+/x PolyLog[2, 1- c”“ﬁ] )
N aax
2cl/4 = 214 1+fo/7 214 Lﬁﬁ
b2 /x PolylLog|[2, 1+ [ | b2+/x PolyLog[2, 1- | b2+/x PolyLog[2, 1+ {
[ 1/4] (1ect/%vx) [\/ - +c1/") (144 /x| (\/ e {1/4] (142 /x|

cl/a \/d—X
2c1/ [hﬁ W]

b2+/x PolylLog [2, 1-

cl4~dx cV4[dx

] 2
[ — 1 1/a bs+/x PolylLog|2, 1 , -
[ -V +c J (1+c/ W/X) x Foly Og[ * ((701/4{1/4) (1%1/4 /—X)

2 cl/4 (17({)1/4 \/?) ] 2 cl/4 (1+(—c)1/4 \/?) }

b2 PolyL 2,1-
\/x Polylog|2, (o ac/e] (1oct Vi |

cl/a . /d X
2 (- )1/4 (1+c1/4 W)

i b2 PolyL 2, 1-
ib \/; oly Og[ > (( V4 cl/A) (17]-1 (7c)1/aﬁ)

b? \/;PolyLog[Z, 1

cl/4+/dx cl/4+/d x

2 (- )1/4 (1+c1/4 \/7) ]

- (( 6)1’4+C1/4) (1+(—C)1/4 W) i bz\/?PO].yLOg[Z, 1-
+

1-1ct/4/x

(1-1) [1+c¥/4/x

]

(-o)¥4dx

Result (type 8, 22 leaves, 0steps):
(a+bArcTanh|cx?| )2

Vdx

Unintegrable| , X|

Problem 92: Unable to integrate problem.

b ArcTanh[c x2])?
J(a+ rcTan [cx]) i

(d X)3/2

(-c)¥4~/dx /4 /dx



236 | 7 Inverse hyperbolic functions.nb

Optimal (type 4, 6334 leaves, 197 steps):
22 abcl/4 \/?Ar‘cTan[l -2 cl/“\/?} 2+/2 ab cl/“\/?ArcTan[l /2 c”“x/?]
- + +

ddx dvdx
2ib? (-c)¥4+/x ArcTan[ (-c)1/* \ﬁ} 21‘1b2 cl/“\/?Ar‘cTan[cl/“\g}2 2b2 (-c)¥4+/x ArcTanh[ (-c)/4 \/?}2
dVdx dVdx ) ddx ’
2 p2 c”‘H/;Ar‘cTanh[cl“‘ \/;}2 4b% (-c 1M\ﬁAI"CTanh[ y1/4 \/7} Log[ 1"‘W]
ddx 7 ddx

2 (-)¥/4 [17 VN

2b? (-c)¥4+/x ArcTan Y174 +/x | Log
4b? (-c)¥4~/x ArcTan| (-c)¥4~/x | Log[+ - } - [n N 7<—c>1/“] (11 (- ¥4
i (-c)Y/ W

+ +
d+dx d+dx
2 (-c)¥/* {1+ Ve x
2b% (-c 1/“\/—Ar'cTan[ 1/4\/_} Log[[ = ]( \F)
iV Ve +(-0)Y4| (1-1 (~c)V*/x
d+dx 7
2 Ly y1/4 (A+1) [1- (-0 X 2 (L4 )1/4 2
2b2 ( Vx ArcTan| (- Vx | Log| T ] +4b ( Vx ArcTan| (- Vx| Log{lﬂl i 1"‘W} )
d+dx d+dx
2 (-t 1y - VX
2b? (-c 1/“\/7Ar‘cTanh[ 1“‘(] Log[ ‘ [ — }

4b2 (-c 1/“V—Ar‘cTanh[ 1/4\/—] Log[ﬁ} [\/—V—_—<7c>1/"J(+ EANEY

+ +

d+vdx d+vdx

2 (~) V4 [1+\/f ﬁ]
[\/FM%W“J (1+ (-0 ¥4 Vx| ]

2b2 (-c 1/“\/—Ar'cTanh{ 1/4\/—] Log[

d+vdx

2 (~c)¥/4 [17 Vra W]
[\/T*(*C)l/“] (14 (-0 ¥4 V%)

2b% (-c)¥*+/x ArcTanh[ (-c)¥*+/x | Log|- ]

d+/dx
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2 (-3 [1+ Ve Vx

[\/fu—c)l/“] 1+ 1/4r)} 2b% (~c)¥*+/x ArcTan| (-c)¥/*+/x | Log[ e ( — mr)}
1.3 (-)¥V4/x

d+/dx d+dx

2b2 (-c 1/4V_Ar‘cTanh[ 1/4\/—] Log|

2 (-0)¥* (14 VX)) ]
( c)l/“—i cl/4) (17]-1 (—c)l//“ W)

4b2 ct*+/x ArcTanh[c?/*+/x | Log[1 - W] 2b? (-¢)*/x ArcTan[ (-¢)* /x| Log|
c/4

d~/dx d+dx

2(C)1/A( 1/4r)
2b% (-c)¥*+/x ArcTanh[ (-c)¥*+/x | Log| [Corvec] (1 oo vx] | ape c1/4 /X ArcTan[cV/4 \/x | Log[m}

d+dx d+vdx

zcw( J e vx

+

2 cl/4 (1+\/fﬁ
[j \/fml/“] (l—x‘L /4 \/7) }

+ +

d+vdx d+dx

2/ 1 (o) x| 2 1/4 1/4
(0 v an] (1iee x| | 2b2ct4+/x ArcTan|cl/*+/x | Log] i ({)1/4%1/4) (1—1:1’4r) ]
N _

d+dx d+dx

i _cl/a
2b2 cl/4+/x ArcTan [cl/“ \/;] Log[mlf—\ﬁL] 4 b2 cl/4 \/;Ar‘cTan[ 14 \ﬁ} Log[
1-i /4 /x N

d+vdx d+dx

2b% ct/+/x ArcTan[ct/*+/x | Log|- } 2b2ct/4+/x ArcTan[c'/*+/x | Log|

( / _c c1/4J 1 i cl/4 %

2 b2 cl/4 \/; ArcTan [C1/4 \/;] Log {_ 2 cl/4 ( L (-c)V/4 W)

1+i Clm\/_ ]

2c/4 [17\/ ¢ x
R

2b%c/4+/x ArcTanh[c?/4+/x | Log|-

]

4b2 cl/4 ﬂAr‘cTanh[ 1/4 \ﬁ} Log[l RN

T ix dvdx
1/ Ve Vx
[mew
e dVdx

1) e W]
] e i) |27 Arcranh 4] Log -

(1+c1//4 \/7)

2 cl/4

2 1/4 1-1 7\/* \/*
| 2b? c”“x/?Ar‘cTanh[cl/“\/?} Log |- - ( -

2 b2 c¥4+/x ArcTanh [cl/4 \/?} Log |
(1+c1/"\/?) [ o -/

(1rc¥e x|

2 Cl/4

2b% c/4+/x ArcTanh[c?/4+/x | Log| 24 (1-(-0) ¥4 /x ) ]

( (-¢) 1/4_C1/4) (1+c1/4 W)

d+dx d+vdx
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2 b2 c¥4+/x ArcTanh [cl/4 \/7} Log|

2c1/4(+ 1’4r) ] 2b% (—c 1/4\/—Ar‘CTan{ 1/4\/—] Log[

2 (-c )1/4 (1+c1/4 \/7)

( C)l/4+1 c/

o

]

2b? (-c)

( (-¢) 1/4+c1/4) (1%1,4 \/7)
+

d+/dx d+/dx

14 [ Ar'cTanh{ )1/4 /—] Log[ 2 (o) V4 (1 VX } _ P ) (1w
/ 2b2 ct4~/x ArcTan[ct/4+/x | Log| -
-1 C™/ X

( c)l/"+c1/4) ( +( 1/4\/7)

d+dx dvdx

\/Tabcl/“WLog[l—\/?cl/“x/YJr\/?x] \/Tabcl/4\/;Log[1+ﬁc1/4\/Y+\/?x}

2b?% (-c

d+vdx d+vdx
1/“\/7Ar‘cTan[ 1/4\/7} Log[ —cxz} 2b? (-c 1/4\FArcTanh[ 1/4\ﬁ] Log[ —cxz]

2bc1/4\/;Ar‘cTan[c1/4\/7] (Za—bLog[l—cxz]) 2bc1/4\/7Ar‘cTanh[c1/4\/7] (Za—bLog{l—cxz]) (2a—bLog[1—cx2})2

+ —

d+/dx d+/dx

+

d+vdx d+dx

2d+/dx

2ablog[1+cx?] 2b2 (-c)¥*+/x ArcTan| (-c)¥*+/x | Log[1+cx?] 2b%cl/4+/x ArcTan[c¥*+/x | Log[1+cx?]
N _ _

d+dx d+vdx d+vdx

2 b2 (—c)l/“\/?ArcTanh[(—c)l/“\g] Log[1+cx2] 2 b? c”“x/?Ar‘cTanh[cl/“\/?] Log[1+cx2]
+ +
d+vdx d~/dx
2 1/4 2
b2 Log[1-cx?] Log[1+cx?] b2Log[l+cx?]? 2b% (~c)¥*+/x Polylog(2, 1- 17({)1/4\5}
- - +
d+dx 2d+/dx d+dx
N [ 2 (—c) /4 (17 Ve VX
ib? (-c)¥4+/x PolylLog|2, 1+
2ib? (-c)t/* WPolyLog[Z, 1- —2—— i -V —(-c)l/“] (11 (-0 ¥4 Vx|
i (oYX ~
d+/dx d+/dx
N { 2 (-)V/* [1+ o x
ib? (-c)¥4+/x PolylLog|2, 1- i) (1o ey v/a
’ []'1 NN +(7c)1/"] (1-i (-0 ¥4 ) i b2 (—C)l/“\/;PolyLog[Z, 1o &Y [t c/) Vx| }
. 1-i (-c)¥*+/x
d+dx d+dx
. 2 2
21 b? (7C)1/4\/;P01yLOg[2, 1im} 2 b? (7C)1/4\/;P01y|_0g[2,1fm}

d+vdx d+vdx

+



2 (-c)V/4 [14/?%7

[Jf%—c)l/“] (1+ (-0) ¥4 x|

b2 (-c)¥/*+/x PolyLog[2, 1+

| b2 (-c)¥*+/x PolylLog[2, 1-
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2 (7c>1/a

1+\/fv7]
[wac)l/“] 1+ (=) V4 /) }

d+vdx

b2 (-c)¥*+/x PolylLog[2, 1+

| b2 (-c)¥*+/x Polylog[2, 1-

+

d+vdx

2 (—o)¥/a [1+ VT VX

]

[ N +(—c)1/4] (1+ ()4 v )

d+/dx

(1-1) (1+(-0) ¥4 V/x) ]

s 2 1/4
ib? (-c)¥4+/x Polylog[2, 1- T

2b% ¢4 +/x Polylog [2, 1-

+

d+/dx

e
1-cY/4/x

d+vdx d+vdx

2 (-4 [1-cV4 /X ) ]

f k2 1/4 PolvL 2.1-
ib (-¢) \/; oly Og[ 4 ((7':)1/’47151/4) (17]-1(7(:)1/4\/7)

b? (-c)¥/*+/x PolylLog[2, 1-

2 ()Y (1_C1/4 W) ]
((—c)l/“—cl/") (1+(—c)1/'4 W)

.
d+vdx

+

d+vdx

2cl/4 [1-\/f W]

ib2cl/4+/x PolyLog[2, 1+
2i b2 c¥4+/x Polylog[2, 1- 2

[11 \/ffcl/“] (17]'1 ci/4 W)

1-1 /4 /x

d+vdx d+vdx

2 cl/4 [1+\/fﬁ
[F] (1-1 ¢/ Vx|

i b2 c/4+/x Polylog[2, 1 -

} i b2 c/4+/x Polylog[2, 1+

2 cl/4 (17({)1/4 W)
(]‘L (fC)l//“—cl/“) (l—i /4 \/7)

]

d+vdx

2 cl/4 (1+(7C)1/’4 W) }

W2 ~1/4 _
1 b C '\/; POlyLOg [2: 1 (Ji (7c)1//4+C1/4) (17I‘LC1//4 \/7)

ib2cl/4/x PolyLog[Z, 1-

d+vdx

(1+1) (1-c¥/4+/x ]

1-1 V4 /x

+

d+vdx d+dx

2ib?c4+/x Polylog[2, 1- —2—] 2b2c¥*+/x Polylog[2, 1- —2

+

2c1/4 [17«/ Ve Vx

b? c'/4+/x PolylLog[2, 1+
(1+C1/4 \/?)

141 c/4/x 1+c/4/x .
d+vdx d+dx

d+dx
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2cl/4 (1+\/ —/-c \/7]

(\ -\ -C +c1/4J (1+c1/4ﬂ)

d+dx d+/dx

2t/ (1”/7\5 X

2cY/4 [1—\/? W]

e -] (e vy

b? c'/4~/x Polylog[2, 1- ] b2c¥%+/x PolylLog[2, 1+

b2 c1/4 +/x PolyLog [2, 1-

2 cl/4 (17({)1/4 W) ]

, 2 ~1/4
Ve ees] freevavic) - D7 EENX Polylog[2, 1+ (e Vo-ci) (e i)
+ +
d+vdx d~dx

251/4( o ( 1/4r) ]

2 (~c)Y/4 (1+c1,/4 \/7) }
((—C)l/hcl/“) [1ec¥/ Vx|

2 ~1/4 _ -
b* c \/?PolyLog[Z, 1 (( o)1/, MH) (171 (—c)l/“ﬁ)

i b? (—c)”“&PolyLog[Z, 1

- +
d+/dx d+/dx
b? (~c)¥/*+/x Polylog(2, 1- [Corvenct] (1 o ﬂ} i b2 /4 /X Polylog[2, 1- ;imwr ]
+
d+/dx d+/dx
Result (type 8, 22leaves, 0steps):
(a+bArcTanh|c xz])z
Unintegrable | » X]
(dx)*?
Problem 93: Unable to integrate problem.
b ArcTanh[c x2])?
J(a+ rcTanh|cx?]) x
(d X)S/Z
Optimal (type 4, 6520 leaves, 197 steps):
2\/?abc”“WAr‘cTan[l—\/?cl/“\/?} Zﬁabc3/4WAr‘cTan[1+\/7c1/4\/;]
3d2+/dx 3d2+/dx
21b2 (-c 3/“\/_Ar‘cTan[ 1/4\/_} 21’1b2 c”“x/?Ar‘cTan[cl/“\/?}z 2b2 (-c 3'“‘\/—Ar‘cTanh[ y1/4 \/_}
3d2+/dx 3d2+/dx 3d2+/dx

202 /4 /x ArcTanh[cl/4/x |2 4P (-¢ )34 +/x ArcTanh [ (-c)*+/x | Log| —
3d2\/dX 3d2"/dX

1/4\/7]
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e (1 V]

4 b2 (—c)”“x/?ArcTan[ (-c)l/4 \/?} Log[m} [1\/—\/? —(7c)1//4] (1-i (-0 ¥4 x|

3d2+/dx 3d2+/dx

2b2 (-c)¥*+/x ArcTan]| (-c)**+/x | Log|[-

2 (-)Y (1+ o Jx
[n\/—ﬁ +<—c>1/“] (1-1 (-0 ¥4 vx )

2b2 (-c 3/“\/—Ar‘cTan[ 1/4V_} Log|

N
3d2+/dx
2b% (-¢)*/*+/x ArcTan| (-c)¥*~/x | Log]| @) (17<7C)1/4W)} 402 (-c)3*~/x ArcTan[ (-¢)¥*+/x | Log[i}
1-i (- Y4 x - )Y % )
3d?+/dx 3d?+/dx
2 ()Yt 1) e X

2b2 (-c 3/“\/—Ar‘cTanh{ 1/4\/—] Log| -
[ fﬁfvcﬂ/“] (14 (=) V4 )

4b% (-c 3/4\FArcTanh[ 1“‘(] Log[il/‘w_
+ +
3d2+/dx 3d2+/dx
2 (co)¥/a [mLﬁ W]

[wa—c)l/“] (14 (-0 V)

2b2 (-c 3/“V_Ar'cTanh[ 1/4\/—] Log|

]

3d?+/dx

2 (-c)¥/4 [17 e W]

2b2 (-c)¥4+/x ArcTanh )1/4~/x | Log
[ ] [ [ yc 7({)1/4] ( o 1/4r)

]

3d?+/dx

2 (v [1+\/ Ve Vx

[\/fﬂ—c)l/"] ( L (mc) /e \/7) } 2 b2 (_ 3/4 \/_Ar‘cTan[ 1/4 \/_} LOg[ ’j)j(tic(;lc//ill%\/?)}

+ —

3d%?+/dx 3d?+/dx

2 (=04 (1= /X )
2b2 (- 3/4 ArcT 1/4 L
] b2 ( Vx ArcTan[ (- Vx | Log| (o) (11 o x] ]

2b% (-c 3/4\FArcTanh[ 1“‘(] Log[

4b2 ¢34 +/x ArcTanh[c¥4+/x | Log| 14W
1-c/

3d%2+/dx 3d2+/dx
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2 (- (1Y x|
2b% (-c)**+/x ArcTanh[ (-c)¥*+/x | Log| [Corvec] (1o x| | ape c3/4 /X ArcTan[cV/4 /x| Log[m}

+ —

3d2+/dx 3d%2+/dx

zcw( Jve X

2 cl/4 (1+\/fﬁ
[i F] (1-5 s Vx|

2b% 34 +/x ArcTan[ct/*+/x | Log|-

| 2b2c**+/x ArcTan[c¥*+/x | Log]

( ﬁ c1/4J 1 i Cl/“\/i
3d2+/dx 3d2+/dx

2 c1/4 (17 (-c) 1/4 W) 2 cl/4 ( +( 1/4 \/7) ]
(J‘L (—c)l//“—cl/“) (1—11 cl/“\/?) (jl (—c)l/“+c1/4) (171 c1/a r)
- +

3d?2+/dx 3d?2+/dx

i _cl/a
2b2 ¢3/4+/x ArcTan [cl/“ \/;] Log[mlf—wl] 4 b2 c3/4 \/;Ar‘cTan[ 14 \/7} Log[
1-i /4 /x B

3d2+/dx 3d2+/dx

2b% 34 +/x ArcTan[ct/*+/x | Log|- | 2b2c*4+/x ArcTan|cl/*+/x | Log]

1+ JLCI/A\/_]

2c/4 [17\/ ¢ x
s

2b2 34 +/x ArcTanh[c/4+/x | Log|-

4b2 ¢34 +/x ArcTanh[ct/4+/x | Log[1 = (1+c¥/ Vx|

3d2+/dx 3d2+/dx

14/ V¢ Vx 2¢/4 |14/ Vo VX
| 2b2c3e \/x ArcTanh [cl/4 \/?} Log |- (

[\/ - s/ (1+c1/4 \/7) [\/ o V4

3d2/dx 3d2/dx

1/ Ve W]
[\/f%m) (1ece /x| ) 2b2 c3/4+/x ArcTanh[c?/4+/x | Log|-

2 cl/4

2 b2 c3/4+/x ArcTanh [cl/4 \/?} Log |

(1rc¥e x|

2t/

2b%c3/4+/x ArcTanh[c?/4+/x | Log| 24 (1-(-0) ¥4 /x ) ]

( (-¢) 1/4_C1/’4) (1+c1/4 W)

3d?+/dx 3d?+/dx

2c1/4( +( 1,4\/7) ] 2 b2 (—c 3/4\/7Ar-cTan[ 1/4\/—] Log[ 2 (—c)V/* (1+c1/’4\/?) ]

2 ~3/4 1/4
2% ¢34 +/x ArcTanh [c*/4 /x| Log| (ove +cw) (1c/e Vx| [(coveae) (14 o ¥ V)

3d?+/dx 3d?+/dx

2b2 (_ 3/4\/—APCTanh[ 1/4 \/—] Log[ 2 (*C)l/'A (1+c1/4\/7) } 2 3a 1/a (1-1) 1+C1/4\/7
(-0 oect) (10 (-c) ¥4 ) 2b% ¢34 /x ArcTan[cl/4+/x ] Log[—(—llijl = ]

+ —

3d2‘\/dX 3d2‘/dX
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\/Tabce’/“\/;Log[l—\/?cl/“\/YJr\/?x] \/?abc3/4\/?Log{1+\/7c1/4\/7+\/?x}
+ +

3d2/dx 3d2+/dx
2b2 (-c 3/“\/—Ar‘cTan[ 1/4V_} Log[1-cx?] 2b% (-c 3/“\/—Ar'cTanh[ 1/4\/—] Log[1 - cx?]|
3d2+/dx + 3d2+/dx ’
2bc3/4\/?Ar‘cTan[c1/4&] (Za—bLog[l—cxz]) 2bc3/4WAr‘cTanh[c1/4\g] (Za—bLog[l—cxz]) (Za—bLog[l—cxzh2
3d2+/dx ’ 3d2/dx _ 6d>x\dx _
2ablog[l+cx?] 2b% (-c)**/x ArcTan[(-c)¥*~/x ] Log[1+cx?] 2b%c**+/x ArcTan[c¥*+/x | Log[1+cx?]
s xdx 3d2/dx ) 3d2/dx _
2b% (-c)¥*+/x ArcTanh| (-c)¥*+/x | Log[1+cx?| 2b2c>*+/x ArcTanh[c¥/*+/x | Log[1+cx?]
3d2+/dx ) 3d2+/dx +
b? Log[l—cxz} Log[1+cx2] b? Log[1+cx2]2 2b? (—c)”“x/?PolyLog[Z, 1- m}
3d?x/dx  edxvdx 3d?+/dx _

e (1 V]

ib? (-c)3*+/x Polylog[2, 1+

2ib? (-c)3*/x PolyLog[Z, 1- ——2 i v ,(,cp/a] (1-5 (o) V4 /x ) ]
1-i (-o)Y4/x . )
3d2\/dX 3d2‘/dX

2 (-c)Y/4 (1+ o x
iy Ac +(—c)1/4] (171 (- ¥4 Vx) i b? (—c)3/4\/7PolyLog[2, 1-

ib? (~c)3/4+/x PolylLog|2, 1- @) (1 CoreyE)

1-i (-o)¥Y*+/x }

3d2+/dx 3d2+/dx
© 2 3/4 -2 2 3/4 -2
21b? (-c)**+/x Polylog[2, 1- - «c)ww} ] 2b% (-c)3*+/x PolylLog|2, 1- lwc)l/nﬁ}
3d2+/dx 3d2+/dx

2 (-c)V/*4 [17\/ RN 2 (-c)1/4 [1+\/ = x
| b2 (-c)**+/x Polylog[2, 1-
[ﬂ/_\/j —(—c)l//“] ( +( 1/4r) [/—ﬁﬂ—c)l/"‘] ( +( 1/4\/7)

- +

3d?+/dx 3d?+/dx

2 (-c)i/4 [H/—F Vx 2 (-q)V/* [m/ Ve x
} b? (—c)”“x/?PolyLog[Z, 1-
[ Ve —(—c)l/‘) 1+ (-0) ¥4 /x| [\/4? +(7c)1/‘] (1+ (-0 ¥4 x|

3d?+/dx 3d?+/dx

b2 (-c)3*+/x PolylLog[2, 1+

b? (-c)*/*+/x PolyLog[2, 1+

J
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(1-1) (1+(-0)¥*V/x)
14 (- 1/4\/* -

3d?+/dx 3d?2+/dx

2 (-c)V/4 (17c1/“ \/Y) ]
((7c>1/4171 Cl/’a) (17]-1 (7c>1/'4\/7) ((7c)1/4 1/A) ( +( )1/41\/7)
+ —

3d2/dx d2+/dx

zcw[ Vv Vx

ib? (-c)3/4+/x PolylLog|2, 1-

| 2p?c¥*/x Polylog2, 1~ —F ]

2 (- )1/4(1 Cl/a\ﬁ) ]

ib? (-c)¥*+/x Polylog[2, 1- b2 (-¢)¥*+/x Polylog[2, 1-

i b? c¥#+/x Polylog[2, 1+ |
s B
21ib?c /4 \/; PolyLOg [21 1- 1-1 /4% . [

3d2\/dX 3d2A/dX

26/ [m/_ﬁ W] ( |
. 264 (1- (=) VX
[i\/f%m] 140/ i b2 c/4+/x Polylog[2, 1+ o] (11 ] ]

+ +

3d%2+/dx 3d2+/dx

2cY4 (14 (o) V4 x| . 1a
. bZ 3/4 / PolvL 2.1- X (1+1) [1-cv/* /X
1 ¢ X o y Og[ 4 (Ji (7C)1f/4+c1//4) (17]1 cl/d W) } 1 b2 C3/4 \V X POlyLOg [2, 1- 11 cl,//4 . ]

3d2+/dx 3d2+/dx

V< - 1/4] (1-3 ¢4 )

+

ib2c3/4/x PolyLog[2, 1-

26/ [1_\/_ﬁ NF
b2 c3/4+/x PolylLog (2, 1+
21ib?c¥%+/x Polylog[2, 1- —2—] 2b2c¥*+/x Polylog[2, 1- —2—]| [ INE

}

(1+C1/4 \/?)

141 c/4/x B 1+c¥4 % N
3d%2+/dx 3d?+/dx 3d?+/dx

2cl/4 [1+Jf W] 2cY/4 [1—\/? W]
Ve ) (e e
3d2+/dx 3d2dx

21/ [hﬁ X

: 2c4 (1- (o) V4 Vx ) ]
(Ve e (o] (e )

+
3d2+/dx 3d2+/dx
251/4( “( 1/4() )
b2 (-c)3/4+/x Polylog[2, 1- , ,
] 1 ( ) y g[ ((7C)1//4+]'1C1/4) (1—11 (~c)V/4 \/7)

_ (<—c)1/4+C1/4) (1+Cl/4 \/7)
+ +

3d?+/dx 3d?+/dx

b2 c3/4+/x Polylog[2, 1- ] b2c¥4+/x Polylog[2, 1+

]

2 3/ -
b? c*/*+/x Polylog|2, 1 b2 c3/4+/x PolylLog|2, 1+

(1+c1/4 \/?)

+

_e) /4 [14c1/4
b2 c3/4+/x Polylog|2, 1 2 o [1ret Vx| ]
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2 (o) (1ot x| - [ree)
(o et (1 (o1 x | ] ) i b2 c/4+/x Polylog[2, 1 - T ]

3d2+/dx 3d2+/dx
Result (type 8, 22 leaves, 0steps):

b2 (-c)**+/x PolyLog[2, 1-

(a+ b ArcTanh|[c x?| )2
(dX) 5/2

Unintegrable| , X]

Problem 96: Result optimal but 1 more steps used.

J(d x)" (a+bArcTanh|cx?]) dx

Optimal (type 5, 74 leaves, 2 steps):

(dx)*" (a+bArcTanh[cx?]) 2 bc (dx)> ™ Hypergeometric2F1[1, >, 7, 2 x4]

d(1+m) d3<1+m> (3+m)

Result (type 5, 74 leaves, 3 steps):

(dx)™" (a+bArcTanh[cx?]) 2bc (d x) ™ Hypergeometric2F1[1, M, 70 2 x4]

d(1+m) d® (1+m) (3+m)

Problem 116: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Jxll (a+bArcTanh [cx?] )2 dx

Optimal (type 3, 125leaves, 12 steps):

abx3 . b2 x6 . b? x> ArcTanh [ c x?]| X bx° (a+bArcTanh|cx?]) i (a+bArcTanh[cx?])? RN (a+bArcTanh[cxd])?+ b? Log[1 - c2x?|
6c®  36c? 6 c? 18 ¢ 12 ¢4 12 9c*

Result (type 4, 636 leaves, 62 steps):
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abx? 23b2x3 b2x5 7b2x® b2x2 bz(l—cx3)2 bz(l—cx3’)3 bz(l—cx3)4 5b2 Log[1-cx?]

12 ¢3 " 288 c3 " 192 c? ) 864 c 384 ' 16 c* ) 54 c* ' 384 c* 288 ¢
2
b? (1-cx?) Log[1-cx?] +bZLog[l—cxﬂ _bx5 (2a-blog[1-cx]) +bx9 (2a-blog[1-cx]) —belz (2a-blog[1-cx’]) +
24 c* 48 c* 48 c? 72 ¢ 96
48 (1-cx3) 36 (1-cx3)® 16 (1-cx3)® 3 (1-cx3)* 12Llog[1-cx3
Lx12(2a—bLog[1—cx3])2—ib(2a—bLog[1—cx3]) ( CX)— (1-cxX) + (2-cx) - (1-cx) - og[1-cx] _
48 288 ct c* ct c* ct

b(2a—bLog[1—cx3”Log[%(1+CX3H b2Log[1+cx?| b2x°Log[l+cx®] b2 (1+cx?) Log[l+cx?] b2Log[%(1—cx3HLog[1+cx3}
+ + + +

+

24 c* 36 c* 36¢C 12 ¢4 24 c4
b2 Log[1 312 b2 PolyLog[2, ¥ (1-cx3 b2 PolyLog[2, X (1+cx3
belz(Zabeog[lfcxﬂ)Log[1+cx3}f og[1rcx’] +ib2x12Log[1+cx3} + [12( ”+ [,2( )]
24 48 c* 48 24 c* 24 c*

Problem 117: Result valid but suboptimal antiderivative.

st (a+bArcTanh[cx?] )2d1x

Optimal (type 4, 146 leaves, 10 steps):

b2x3 b2ArcTanh|[cx?] bx® (a+bAr‘cTanh[cx3]) (a+bAr‘cTanh[cx3])2
- +

9c? 9c3 9c¢ : 9c3 '

2b (a+bArcTanh|cx3|) Log[ —2 b2 Polylog[2, 1- —2
lx9 (a+bAr~cTanh[cx3])2, ( [ ]) [1—cx3] - 2, 1_cx3}
9 9c3 9c3

Result (type 4, 536 leaves, 53 steps):

abx3 19b2x3 5b2x6 b2x° b2<1—cx3’)2 bz(l—cx3>3 b2Log[1-cx?| b2 (1-cx3) Log[1-cx?]
. _

S92 : 1082 216c 162 : 24 c3 - 162 c3 108 3 18 ¢3
b2Log[1-cx?]®> bx® (2a-blog[l-cx?

og[1-cxX’] Lo 22 og[1-cx’]] —ibx9 (2a—bLog[1—cx3])+ix9 (2a—bLog[1—cx3])2—

36 ¢3 36cC 54 36

18 (1-c x3 9(1-cx3)2 2(1-cx?3)® 6logl1-cx3 b(2a-blog[1-cx3|) Log[L (1+cx3

ib(za*bLOg[17CX3]> ( CX>7 ( CX) 4 ( CX> _ Og[ CX] + < [ }> [2( >]
108 c3 c3 c3 c3 18 ¢3
b2 Loz (1 3] p2x6 Logl1 3] b2Log|® (1-cx3)] Log[1+cx3

il +CX}+ x° Log| +CX}+ [2< )] [ ]+ibx9(Zabeog[17cx3])Log[1+cx3}+

18 c3 18 ¢ 18 c3 18

2 312 b2 Polylog[2, L (1-cx3 b2 Polylog[2, L (1+cx3
b Log[1+cx} +lb2x9Log[1+cx3] B {12< )]+ [ ’2( + H
36 c3 36 18 3 18 3
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Problem 118: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

st (a + bAr‘cTanh[c x3] )Zdlx

Optimal (type 3, 91 leaves, 7 steps):

2

abx? b? x3Ar‘cTanh[cx3] (a+bAr‘cTanh[c xﬂ) b2 Log[l—czxﬂ
+ _

+ lx6 (a+bAr‘cTanh[cx3])2+
3c 3¢ 6 c? 6 6 c?

Result (type 4, 524 leaves, 44 steps):

abx? b2x6 b?(1-cx})® b%(1+cx?)® blog[l-cx’|] b2 (1-cx®)Llog[l-cx®| 1
_ . _

+ + - —bx®(2a-blog[1-cx’])+
2¢ 24 48 c? 48 c? 24 c? 4c? 24
b(1-cx})?(2a-bLlog[1-cx?]) i (1-cx?) <2a—bLog[1—cx3”2+ (1-cx3)? (2a—bLog{1—cx3])2_
24 c? 12 c? 24 c?
b(2a—bLog[1—cx3”Log[i(1+CX3H b2 Log[1 + ¢ x?] b? (1+cx?) Log[1+cx?]

1
+ —b>x®Log[1+cx®] + -
12 c? 24 c? 24 4 c?

b2 (1 3)2 Log 1 31 b2Llog(t (1-cx3)] Log[1+cx3
(1+cx) Log[1+ cxX’] + [2( )] [ }+ibx5 (2a-blog[1-cx’|) Log[1+cx®] -

24 c? 12 c? 12
b? (1+cx3) Log[lJrcxﬂ2 b2 (1+cx3>2Log[1+cx3]2 b2 Polylog|2, % (1-cx?)| b?PolyLog|2, i (1+cx?)]
+ + +
12 c? 24 c? 12 c? 12 c?

Problem 119: Result valid but suboptimal antiderivative.

sz (a+ b ArcTanh|[c x?| )Zdlx

Optimal (type 4, 96 leaves, 6 steps):

+ = x3 (a+bAr‘cTanh[cx3])2— 1-ex? - 1-cx’

3c 3 3cC 3c

(a+bAr‘cTanh[cx3})2 1 2b (a+bArcTanh[cx?|) Log[ —*—| b?Polylog|2, 1- —2]

Result (type 4, 207 leaves, 28 steps):

) (1-cx}) (2a-blog[1-cx])? ) b (2a-blog[1-cx?]) Log{% (1+cx?) ] ) b2Log[% (1-cx®)] Log[1+cx?] )
12 c 6cC 6cC

b2 (1 3) Logl1 312 b2Polylog|2,  (1-cx3 b2 PolylLog|2, L (1+cx3
lbx3’<2a—bLog[1—cx3”Log[1+cx3]+ (1+cx) Log[1rcx’] - {,2< H+ [,2( )]
6 12 c 6cC 6cC
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Problem 121: Result valid but suboptimal antiderivative.

2

dx

J(a +bArcTanh[cx?])

X

Optimal (type 4, 90 leaves, 5 steps):

bArcTanh[cx3])?
1c(a+bAr‘cTanh[cx3])2— (2 +bArcTanh[c ©]) +Ebc(a+bAr‘cTanh[cx3})Log[Z— 2 }—lbcholyLog[Z,—1+
3 3x3 3 1+cx3 3 1+cx3

Result (type 4, 237 leaves, 24 steps):

1-cx3) (2a-blogl[1-cx3])?

( CX)( a Og[ CX]) —le<28*bL0g[17CX3])Log[1(1+cx3>],

12 x3 6 5

(1—cx3” LOg[1+cx3} _b (za’bLOg[1*CX3]) L°8[1+CX3} ) b2 (1+cx3) Log[1+cx3}2_
6 12 x3

2abclog[x] -

lbchog[
6

N |

lbcholyLog[Z, —ex?] + 1bcholyLog[Z, cx®| + lbcholyLog[Z, : (1-cx®)] - 1bcholyLog[Z, 1 (1+cx)]
3 3 6 2 6 2

Problem 122: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

dx

J(a + bAr‘cTanh[c x3] )2
7

X

Optimal (type 3, 88 leaves, 9steps):
b b ArcTanh[c x3 bArcTanh[cx3])?
- ¢ (a+bArcTan [CX”+1c2(a+bAr‘cTanh[cx3})27<a+ rcTanh|cx’)) +b2c2Log[x]71b2c2Log[17c2x6}
3x3 6 6 x° 6

Result (type 4, 360 leaves, 46 steps):
bc(2a-blog[1-cx®]) bc(1-cx?) (2a-blog[1-cx?])

1
b c? Log[x] - — b*c? Log[1 - cx?] - +
12

12 x3 12 x3
1, 3712 (2a—bLog[1—cx3])2 1 2 3 1 3
— 2a-blL 1- - —b 2a-blL 1- L — (1 -
24c (2a og[1-cx?]) . +12 c’(2a og[1-cx?]) og[z( +cx?) ]
b2cL 1 3 b(2a-blL 1- 3 L 1 3
lb2c2Log[1+cx3}— ¢ Log| +CX]—ibzchog[l(l—cx3)]Log[1+cx3]— 22 og[1-cx]) Log| +CX]+
6 6 x3 12 2 12 x®

2
1 b2 Log|1 + c x® 1
—b2c? Log[1+cx3]2— [ } - —b?c?Polylog|2,
24 24 x® 12

1 1
(1-cx®)] - Ebz c?PolyLog|2, N (1+cx®)]

N |
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Problem 123: Result valid but suboptimal antiderivative.

2

dx

(a+bArcTanh [c x3] )
J 10

X

Optimal (type 4, 144 leaves, 9steps):

) 2 b b ArcTanh|c x3
be +3b2c3ArcTanh[cx3} befavbarcTamhiex]) +=c® (a+bArcTanh[cx’])” -
9X3 9 9X6 9
b ArcTanh[c x3])?
(a+bArcTanh[cx’]) I (a+bArcTanh[cx?]) Log|2- 2 }—lb2C3P01yL08[2:—1+
922 9 1+cx3 9 1+cx3

Result (type 4, 420 leaves, 59 steps):

szcz+zabc3Log[x] be (2a-blog[1-cx]) +bc2 (2a-blog[1-cx]) 7bc2 (1-cx®) (2a-blog[1-cx?])
9x3 3 18 x° 18 x3 18 x3
2a-blog[1-cx3])?
ic3 (2a—bLog{1—cx3])2—( 2 og[1-cx’]] —ibc3 <2a—bLog[1—cx3”Log[l(1+cx3)]+ib2c3Log[1+cx3}—
36 36 x° 18 2 18
b(2a-blog[1-cx’]) Log[1+cx?] 7ib2c3Log[1+cx3]27

18 x° 36

+

b?cLog[1+cx?| 7ib2c3Log[
18 x8 18

b? Log[1 + cx3]2

(1—cx3” Log[1+cx®] -

N |

1 b% c® Polylog |2, -cx?] + 1 b? c® Polylog |2, ¢ X®| + = b% c® Polylog|2, 1 (1-cx®)] - = b% c® Polylog|2, : (1+cx?)]
36 x° 9 9 18 2 18 2

Problem 124: Result valid but suboptimal antiderivative.

st (a+ b ArcTanh[c x? | )3 dx

Optimal (type 4, 231 leaves, 13 steps):

ab2?x3 . b® x> ArcTanh [c x* | i b (a+bAr‘cTanh[c x3])2 X b x6 (a+bAr‘cTanh[c x3])2 X <a+bAr‘cTanh[c x3])3 Ll (a+bAr‘cTanh[cx3})3f

3 ¢? 3 ¢? 6c3 6c 9c3 9
b (a+bArcTanh|c x3])2Log[1j—X3] ) b® Log[1 - c? x°] ) b? (a+bArcTanh[c x*]) PolyLog[2, 1 - 175)(3} ) b*PolyLog|[3, 1 - 175)(3]

3¢3 6 c3 3¢3 6c3

Result (type 4, 1421 leaves, 239 steps):
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2ab2x® 7b3x3 23bx6 bPx® b3 (1-cx)? b3 (1+cx3)? b3 (1+cx3)’ bPlog[1-cx®] b (1-cx}) Log[l-cx?]

- + + + - + -

3¢? ) 216 c? 432 ¢ 324 48 3 24 ¢3 324 ¢3 24 ¢3 3¢3
b3’Log[1—cx3}2 b2x® (2a-blog[1-cx}]) b2 (1-cx*)?(2a-blog[1-cx}]) b2 (1-cx})’®(2a-bLlog[1-cx?])
_ N _ _
72¢3 24c 12 ¢3 108 c3

1, (Zabeog[lfcxﬂ)sz<1_CX3> <2a—bLog[1—cx3})2+b<1—cx3)2(2a—bLog[1—cx3])27b(1—cx3)3 (Za—bLog[l—cxﬂ)zi
72 8 c3 12 ¢3 72 ¢3
(1-cx?) <2a—bLog[1—cx3”3 (1—cx3>2(2a—bLog[1—cx3])3 (1—cx3)3(Za—bLog[l—cx:“])3

+ - +

24 c3 24 c3 72 c3

8 (1-cx3 9(1-cx3'2 2 (1-cx3)3 _cx3 b2 (2a-bLlog[1-cx3]|) Log[2 (1+cx®
ibz(Zabeog[lfcxﬂ) 18 (1 CX), (1-cx?) . (1-cx3) 76Log[1 cx?] . ( [ ]) [2< )]+
216 c3 c3 c3 c3 12 ¢3

1163 (1 3 1 3
- ——b*x% Log[1+cx?] + (1+cx’) Log| +CX}_

b (2abeog[17cx3”2Log[§ (1+cx?)] 7b>Log[1+cx®] b3x®Llog[1+cx?]
- +

12 ¢3 108 3 18 ¢ 108 36c3
b3 <1+cx3)2Log[1+cx3] b3 (1+cx3)3Log[1+cx3] b3Log[%(1—cx3)]Log[1+cx3] b2 x& (2a—bLog[17cx3})Log[1+cx3]
+ + + -
12 ¢3 108 c3 12 ¢3 12 c
b(2a-blogl1l-cx3])?Log|1 3 b3 Log[1 312
22 og[1-<cx])” Log| +CX]+ibx9 (2a—bLog{1—cx3])ZLog[1+cx3]+ og[1+cx’] +ib3x9Log[1+cx3]2—
24 c3 24 72 ¢c3 72

b* (1+cx3) Log[1+cx3]® b3 (1+cx3)2Log[1+cx3]2 b3 (1+cx3)3Log[1+cx3]2 b3Log[§(17cx3)]Log[1+cx3]2
+ - +
8c? 12¢? 72¢3 12¢3
b? (2a-blog[1-cx?]) Log[1+cx3]2

+

b* (1+cx?) Log[1+cx?]’
Jribzx9 (2a—bLog[1—cx3”Log{1+cx3]2+ (1+cx) Log[1+cx’] _

24 c3 24 24 c3
b (1+cx)2Log[1+cx?]’ b* (1+cx?)’Log[1+cx3]® b’Polylog[2, > (1-cx*)| b?(2a-blog[1-cx*])Polylog[2, ; (1-cx?)]
. _
24 ¢3 : 72 ¢c3 12 ¢3 6c3 ’

b® PolyLog|2, % (1+cx?)] ) b® Log[1+cx?] PolyLog|2, i (1+cx3)] ) b® PolyLog|3, % (1-cx?)] ) b® PolyLog|3, i (1+cx3)]

12 ¢3 6c3 6c3 6c3

Problem 125: Result valid but suboptimal antiderivative.

JXS (a + bAr‘cTanh[c x3] )3 dx

Optimal (type 4, 139 leaves, 9steps):
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2 3

b (a+bAr‘cTanh{cx3}) b x3 (aerAr‘cTanh[cxﬂ)2 (a+bAr‘cTanh[cx3})

2¢? ' 2cC B 6 c? *
b2 (a+bArcTanh[cx3]) Log|[—2 b3 PolyLog[2, 1- —2
lx6 (a+bAr‘cTanh[cx3])3_ ( [ ]> [17cx3] ~ [ ’ 17cx3}
6 c? 2¢?

Result (type 4, 479 leaves, 155 steps):
b (1-cx3) (Za—bLog[l—cxﬂ)2 (1-cx3) <2a—bLog[1—cx3”3

+

8 c? 24 c?
(1-cx?)? (2a-blog[1-cx?])? b2 (2a—bLog[1—cx3])Log[%(1+cx3)] b3Log[%(1—cx3>]Log[1+cx3}
48 c? : 4 c? ’ 4 c? :

b2 x3 _b B 3 3 b _b _ 37)2 3
x> (2a-blog|1 cx])Log[1+cx}7 (2a-blog[1-cx?]) LOg[lJrCX}+lbx5(Zabeog[lfcx3])2Log[1+cx3]+
4c 16 c2 16

b3 (1 3) Log[1 31 p2(2a-blog[1-cx3]) Log[1 312
(1+cx*) Log[1rcx] - 22 og[1-cx]) Log[1+cx’] Jribzx6 (Zabeog[l—cxﬂ)Log[1+cx3}2—

8c? 16 c2 16
b* (1+cx3) Log[1+cx3}3 X b3 (1+cx3)2Log[1+cx3]3 i b Polylog|2, i (1-cx?)] . b® PolyLog|2, i (1+cx?)]
24 c? 48 c? 4c? 4c?

Problem 126: Result valid but suboptimal antiderivative.

sz (a+ b ArcTanh|[c x?| )3 dx

Optimal (type 4, 130leaves, 6 steps):

bArcTanh[c x?])?
(a+ rcTan [CX” VE (a+bArcTanh[CX3])3*
3c 3

b (a+bArcTanh|c x3])2Log[ 2] b2 (a+bArcTanh[cx?]) Polylog[2, 1- —2] b*Polylog|[3, 1- —2]

1-cx? 1-cx 1-cx?

- +
C C 2c¢C

Result (type 4, 390 leaves, 82 steps):
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(1-cx?) (2a—bLog[1—cx3”3 b (Za—bLog[l—cxﬂ)zLog[i (1+cx®)] b (2a—bLog[1—cx3])2Log[1+cx3}

- +

+

24 c 4 c 8 c
b*Log[L (1-cx3) ] Log[1+cx®]? 12 (2a-bLog[1-cx®]) Log[1 3]2
lbx3 <2a—bLog[1—cx3})ZLog[1+cx3}+ [2( )] [ ] . (22 og[1-cx’]) Log[1+cx?] N
8 4c 8¢

b3 (1 3) Logl1 313 b2 (2a-blog[1-cx3]) PolyLog[2,  (1-cx3
lb2x3 (2a—bLog[1—cx3])Log[1+cx3}2+ 1+ cx’) Log[1+cxX’] - ( [ D (2 2( )]

8 24 c 2c¢C
b® Log[1 + ¢ x*| PolyLog|2, i (1+cx®)] b*PolyLog|3, i (1-cx®)] b*PolyLog|3, i (1+cx?)]

+

2c¢C 2c¢C 2c¢C

Problem 128: Unable to integrate problem.

dx
4

J(a +b ArcTanh|c x| )3

X

Optimal (type 4, 120leaves, 6 steps):

bArcTanh[c x3])?
1c <a+bAr‘cTanh[cx3})3— (2 +bArcTanh[c ©]) +bc (a+bAr‘cTanh[cx3])2Log[2— 2 -
3 3x3 1+cx3
b’ c (a+bArcTanh|[cx?]) PolylLog[2, -1+ |- 1b3cP01yLog[3, -1+

1+cx3 2 1+cx?
Result (type 8, 284 leaves, 16 steps):
1-cx3) (2a-blog[1-cx3])?

1bcLog[cx3] (2a—bLog[1—cx3])2—( cx’) (22 oglt-cx]] +
8 24 x3

b® (1+cx?) Log[1+cx?]’?
lb3’cLog[7cx3] Log[1+cx3]27 (LrexX) o3g[ rex] 71b2c(2abeog[17cx3])PolyLog[Z,17cx3}+
8 24 x 4

lb3c Log[1+cx’| PolyLog[2, 1+cx?] - 1b3cPolyLog[3, 1-cx?] - lb3cPolyLog[3, 1+cx?] +
4 4 4

(—2a+bLog[1—cx3}>2Log[1+cx3]

-2 bL 1- 3 L 1 312
4 :X]*inUnintegrable[( at og[ CX]) Og[ +cx}

3
—b Unintegr‘able[
8 X 8 x4

, x]

Problem 129: Unable to integrate problem.

dx

J (a+ b ArcTanh|[c x3| )3
7

X

Optimal (type 4, 136 leaves, 8steps):
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2

b b ArcTanh 3
lbc2 (a+bAr‘cTanh[cx3”2— ¢ (a+bhrcTan [CX” +lc2 (a+bAr‘cTanh[cx3])3—
2 2 %3 6
bArcTanh[cx3])?
(2 +bArcTanh|cx*]) +b?c? (a+bArcTanh|[cx’]) Log[2 - 2 }—lb3c2PolyLog[2, -1+ 2
6 x° 1+cx3 2 1+cx3

Result (type 8, 437 leaves, 29 steps):

bc(1-cx3) (2a-blogl[1-cx3])?
c(1-cx) (22 og[1-<x]) +ibc2Log[cx3] (2a—bLog[1—cx3])2+ic2(2a—bLog[1—cx3])3—

16 x3 16 48

2a-blog[1-cx3])® b3c (1+cx) Log[l+cxd]?

22 og[1-cx]) - ¢ (1rcx) Log[1+cx] —ib3c2Log[—cx3] Log[1+cx3]2+Lb3c2Log[1+cx3}3—
48 x° 16 x3 16 48

b3Log[1+cx3]3

3
—ab?c?Log[x] -
4

- lb:" c?Polylog |2, -cx?] + 1b3 c?Polylog[2, cX*| - lb2 c? (2a-blog[1-cx?]) PolyLog[2, 1-cx?] -
48 x° 8 8 8

lb3 c?Log[1+cx?| Polylog[2, 1+cx?] - 1b3 c?Polylog[3, 1-cx?] + 1b3 c?Polylog[3, 1+cx?] +
8 8 8

(72a+bLog[17cx3})ZLog[1+cx3]

7

(-2a+blog[1-cx?]) Log[1+cx3}2

7

3 . 3 .
= b Unintegrable| » X] - . b? Unintegrable | » X]
8

X X

Problem 132: Result optimal but 1 more steps used.

J(d x)" (a+ b ArcTanh|c x3]) dx

Optimal (type 5, 74 leaves, 2 steps):

(d x) Lem (a + b ArcTanh [c Xs} ) 3bc (d x)4”" Hypergeometric2F1 [1, %", lﬁT”", c? X6]

d(1+m) d4(1+m) (4 +m)
Result (type 5, 74 leaves, 3 steps):

(dx)¥™ (a+bArcTanh[cx?]) 3 bc (dx) *" Hypergeometric2F1[1, 4?’", %T”", 2 x°]

d(1+m) d* (1+m) (4+m)

Problem 143: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J*

Optimal (type 3, 123 leaves, 14 steps):

2

C
- dx

a+bArcTanh|—]
X
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1 1
—b%2c?x*+ —bc3x

a+bAr‘cCoth[§]) Jrlbcx3

X
a+bAr‘cCoth[f}] -

12 2 C 6 C

1 x,y2 1 x.\2 1 2, 2

=t a+bArcCoth[—}] + x4 (a+bAr‘cCoth[—}) +=b?c*Log[1- —] + = b?c* Log[x]
4 C 4 e 3 x? 3

Result (type 4, 812leaves, 88 steps):
1 1 1 1 5 C 1 C 1 C
~abc®x-—abc?x?+ —b*c?x*+ —abcx’+ —b>c*Log[1- —| - b xlog[l- ]|+ —b2c?x?Log[l- —] -

4 8 12 12 48 X 8 X 16 X
lbzcx3’Log[1—£]+1bc3[l—c)x(Za—bLog[l—E] +ib<:2x2 Za—bLog[l—E] Jribcx3 2a—bLog[1—£}
24 X 8 X X 16 X 24 X
Lc4 2a—bLog[1—£}]2+ix4 2a—bLog[1—£] 2+lb2c3xLog[1+£}+Lb2c2x2Log[1+£}+ib2cx3Log[1+£}+
X

16 16 X 8 X 16 X 24 X

1 C 1 C C 5 1 C 1
—abx*Log[1+—] - =b*x*Log[1- —]|Log[1+~]|+ —b*c*Log[c-x] +—b*c*Log[1+ —]| Log[c-x]+~abc*Log[x] +
4 X 8 X X 48 8 X 4

1 1 X 1 5 1 C
——b%c*Log[x] + —b?c*Log[c-x] Log[~] - ~abc*Log[c+x] + —b?c*Log[c+x] + —b?c*Log[1- —] Log[c+X] -
24 8 C 4 48 8 X

lbzc“Log[c_X] Log[c + X] +1b2c4Log[7§] Log[c + X] —lbzc“Log[cfx} Log[c+x] +Eb2c4Log[c+X} +lb2c3xLog[c+X] -
8 2c 8 C 8 2c 48 X 8 X
lbzczszog[CJrX] +Lb2cx3Log[c+X] —lb2c4Log[c+X}2+lb2x4Log[c+X}2—lbzc“PolyLog[Z, C7X] -

16 X 24 X 16 X 16 X 8 C

C+X

1 b% c* Polylog|2, - E] ! b% c* Polylog|2, E} ! b? c* Polylog|2, |+ : b? c* Polylog|2, 1- 5} Lt b? c* Polylog|2, 1+ 5}
8 X 8 X 8 2c¢C 8 C 8 C

Problem 144: Result valid but suboptimal antiderivative.

Cc 2
sz (a +b ArcTanh| —| ] dx
X
Optimal (type 4, 142leaves, 9steps):
lbzczx— Eb2c3Ar‘cCo‘ch[§] + lbcx2
3 3 C 3

X 1 X o\ 2
a+bAr‘cCo‘ch[f])—7c3 (a+bAr‘cCoth[f}) +
C 3 C

1
- | + =b?c3Polylog|2, -1+
1+ = 3 1+ ¢

X X

1 X,\2 2 X
= x3 a+bAr‘cCoth[—}] -=bc? (a+bAr‘cCoth[—}) Log[2 -
3 C 3 C

Result (type 4, 695 leaves, 73 steps):
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1 1 1 1 C 1 C 1 C
-—abc?x+ -b*c?x+ —abcx?+ —b?cLog[1- —]+ ~b*c?xLlog[1- —| - —b?cx’Log[l- |+

3 3 6 12 X 6 X 12 X

1 c c 1 c 1 c 1 c,\2

=bc? (1—— x[2a-blog[l-—]|+ - —bcx*|2a-blog[1-—]|-—¢ [Za—bLog[l——] +— X3 2a—bLog[1——]] +

6 X X 12 X 12 X 12 X

1 C 1 C 1 C 1 C C 1
~b?c?xlog[l+—|+-—b’cx?Llog[l+ —]+~-abx’Log[l+ —|-=b?>x’Log[1- —] Log[1+—]-—b’>c®Log[c-x] +

6 X 12 X 3 X 6 X X 12

1.3 c 1 3 1.3 x; 1 3 1.5

~b2c?Log[1+ —] Log[c-x] + —abc®Log[x] + —b?c?Log[c-x] Log[~]|+ ~abc’Log[c+x] + —b?c?Log[c+X] -

6 X 3 6 C 3 12

1., 5 C 1,5 c-X 1,3 X 1., 5 c+X

—bc Log[l—f] Log[c+x] + —b“c Log[ ]Log[c+x] -—b°c Log[—f} Log[c+x] - —b“c’ Log[c - x] Log[ }—

6 X 6 2c 6 C 6 2c

1 C+X 1 C+X 1 C+X 1 C+X 1 C+X 1 c-X
= b2 c?Log| . | - =b2c?xLog]| : | + —b*cx?Log| : | + —b*c®Log]| : ]2+—b2x3Log[ : ]2——b2c3PolyLog[2, — ]+
4 X 6 X 12 X 12 X 12 X 6 C

1 c, 1 c, 1 c+x, 1 x, 1 X
= b? c Polylog[2, - —| - = b?c?Polylog[2, —| + = b?c?Polylog|2, ’ | + =b*c?Polylog[2, 1- =] - = b*c®Polylog|2, 1+ |
6 X 6 X 6 2c 6 c 6 c

Problem 145: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

jx

Optimal (type 3, 83 leaves, 9steps):

C 2
a+bArcTanh[—]| dx

X

X 1 X,\2 1
a+bAr‘cCoth[—])f—c2 (a+bAr‘cCoth[—}) + = x2
C 2 C 2

x,v2 1 c?
a+bAr~cCoth[—]J + = b2c? Log[lf—z] +b%c? Log[X]
C 2 X

bcx

Result (type 4, 574 leaves, 58 steps):

1 1, c, 1 c ¢y 1, cz o1, c,\2
“abcx-—b chog[l——]+—bc(1—— X 2a—bLog[1——])——c (Za—bLog[l——} +=x*|2a-blog[1- || +
2 4 X 4 X X 8 X 8 X

1 C 1 C 1 C C 1 1 C

~b?cxlog[l+ ]+ =abx’Log[l+—|- ~b*x*Log[1- —]| Log[1+—]+ =b’>c?Log[c-x]+~b?c?Log[l+ —] Log[c-x] +

4 X 2 X 4 X X 4 4 X

1 1 1 X 1 1 1 C

—abc?Log[x] + —b?c?Log[x] + —b*c?Log[c-x] Log[~] - —abc?Log[c+x] + —b?c?Log[c+x] + —b?c?Log[1- —] Log[c+X] -

2 2 4 C 2 4 4 X

1., ., c-X 1,, X 1., C+X 1.,, C+X

—bc Log[ ]Log[c+x] +—b°c Log[—f] Log[c+x] - —b“c”Log[c - X] Log[ ]+fb d Log[ ]+

4 2c 4 C 4 2c 4 X

1, C+X 1.,, c+Xq.2 1 ., c+x,2 1 ., c-X 1.,, C

~b?cxLog| | - =b2c?Log| |"+ = b*x? Log]| |"- = b*c?PolylLog|2, | - =b?c?Polylog|2, - —| -

4 X 8 X 8 X 4 2c 4 X

1.,, c, 1., cexy 1, X, 1., X

= b? c?Polylog[2, —] - = b?c?Polylog|2, | + =b*c?Polylog[2, 1- =] + = b*c?Polylog|[2, 1+ —|

4 X 4 2c¢C 4 C 4 C
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Problem 146: Result valid but suboptimal antiderivative.

C 2
J(a+bAr‘cTanh[f]) dx
X

Optimal (type 4, 74 leaves, 6 steps):

cC+X
]

Log| 2¢ | -b?cPolylog|2, -
c-X c-X

X )2 X
a+bAr‘cCoth[f}] —2bc(a+bAr‘cCoth[f]
C C

X 2
C [a+bAr‘cCoth[f}] + X
C

Result (type 4, 370leaves, 31 steps):

azx—abeog[l—E]—lb2 (c-x) Log[1—£}2+abeog[1+£]—lbzxLog[l—S] Log[1+£]+1b2 (C+X) Log[1+£]2—

X 4 X X 2 X X 4 X
1 c 1 c-x, 1 X
~b?clog[l-—|Log[-c-x]+abcloglc-x]+=b?clog[-c-x] Log| | - =b*clog[-c-x] Log[-~] +
2 X 2 2c 2 C
1, C 1, X 1, C+X 1, c-X
~b?clog[l+ ] Log[-c+x]+—b?clog[~]|Log[-c+x]+abclog[c+x]-=b?cLog[-c+x] Log| | - =b?cPolyLog[2, —] +
2 X 2 C 2 2c 2 2c

1 [« 1 C 1 c+X 1 X 1 X

~b?cPolylog[2, - —| - = b?cPolylog[2, —| + = b? c PolyLog|2, | + =b?cPolylog[2, 1- ~| - = b*cPolylog|2, 1+ —|

2 X 2 X 2 2c 2 C 2 C

Problem 148: Result valid but suboptimal antiderivative.
J (a +bArcTanh| €| )2
X dx
X2
Optimal (type 4, 87 leaves, 6 steps):
(a+bAr‘cCoth[f])2 (aerAr‘cCio‘ch[f])2 2b (a+bAr‘cCoth[f” Log[ﬁ] b2 PolyLog[2, 1 - 1,25]
- - + +

C X C C

Result (type 4, 205 leaves, 28 steps):
(1—i) (Za—bLog[l—i])2 b(Za—bLog[l—i])Log[%] b(2a—bLog[1—i])Log[%]
) - 2Xx

4c 2c
b2 Log[—%} Log[C;X] b2 (1+ i) Log[%}z b? Polylog|2, —%} b? Polylog|2, CZ*:]
_ N _

2c¢C 4c 2c¢C 2c¢C
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Problem 149: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

2
J(a+bAr‘cTanh[i]) o

x3

Optimal (type 3, 87 leaves, 7 steps):

ab bZAr‘cCoth[f] (aerAr‘cCo‘ch[f])2 (a+bAr‘cCoth{ﬂ)2 b2Log[1ff(—z}
- - +

C X cx 2¢? 2 x? 2¢?
Result (type 4, 707 leaves, 66 steps):
_bz (1—5)2_b2 (1+§)2+£+i_3ab+b2mg[1—i] _3b2 (1-¢) Log[1- €] _szog[l—i] _b(l—i)z (2a-bLog[1- <] )

16 c? 16 c? 4x> 8x% 2cx 8 c? 4 c? 8 x2 8 c?
(1-¢) [2a-bLog[1-<]) ) (1-¢)° [2a-bLog[1-<])° ) b? Log[1- ] Log[1+£] b7Log[1+ ¢]Loglcx] b Logic-x] Log[*]

4c? 8 c? 4 x2 4c? 4c?
b2 Log[l—i] Log[c + X] ) b2 Log[%] Log[c + X] ) b2 Log[—f} Log[c + X] ) b2 Log[c - X] Log[‘z*c"] ) abLog[%] ) b2 Log[%] _
4 c? 4 c? 4 c? 4 c? 2c? 8c?
3b? (1+i) Log[ <] +b2 (1+i 2Log[%] 7abLog[%} ) b2 Log[ <* | +b2 (1+§) Log[ifx}zibz (1+)‘()2Log[%]2 )
4c? 8 c? 2 x? 8 x? 4 c? 8 c?

b? Polylog|2, %] ) b? Polylog|2, —i} ) b? Polylog|2, i} ) b? Polylog|2, %] ) b? Polylog|2, 1 - f} ) b? Polylog|2, 1+ f]

4 c? 4 c? 4 c? 4 c? 4 c? 4 c?

Problem 150: Unable to integrate problem.

C 3
JX3 (a+bAr‘cTanh[f}) dx
X

Optimal (type 4, 203 leaves, 17 steps):

1

1 X
“b3c3x- = b3 c*ArcCoth [

]+lb2c2x2

a+bAr‘cCoth[i}] -bc* [a+bAr‘cCoth[£]]2+

4 4 ¢’ a4 c c

3 3 X.,\y2 1 3 X,\y2 1 4 Xq)\3
“bcx a+bAr‘cCoth[—]) +~bcx (a+bAr‘cCoth[—]) - Zc (a+bAr‘cCoth[—}) +
4 C 4 C 4 C

lx4 [a+bAr‘cCo‘ch[£]]3—2b2 c* (a+bAr‘cCoth[i}] Log[2 - | +b*c*PolyLog[2, -1+
4 C C 1+ ¢ 1+ ¢

X X

]
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Result (type 8, 1398 leaves, 139 steps):

3 5 1 3 3 1 3 C2 C
“a’bcdx- —ab?Px+ —bPcEx- —a’bc?x?+ —ab?c?x?+ —a’bcx’ + — b’ CannotIntegrate|[x® Log[1- —| Log[1+ —|, x] -
8 16 16 16 16 8 8 X X

3 C C 1 C 3 C 3 C

= b® CannotIntegrate[x* Log[1- —| Log[1 + 7]2, x| + —b>c*Log[1- —] - ~ab?’cxlog[l- —|+ —ab’c?x?*Log[l- —] -

8 X X 32 X 8 X 16 X

1 @ 5 C C 1 C 5 c,)\2
—ab’cx®Llog[1- —]+ —b2c? (17— x[2a-blog[1-—]||+—b2c?x*|[2a-blog[1-—||-—bc* [Zabeog[lf—] +
8 X 32 X X 32 X 64 X

3 C c,\2 3 c,\2 1 c,\2 1 c,)\3
—bc3 (1—— x[Za—bLog[l——] + —bc?x? [Za—bLog[l——] +—bcx? (Za—bLog[l——] - =t (Za—bLog[l——} +
32 X X 64 X 32 X 32 X
1 c,\3 3 C 3 C 1 C 3 C

— x4 2a—bLog{1—f}] +—ab?’cxlog[l+—|+—ab?c?x*Log[1+ |+ =—ab’cx®Llog|[l+—]+=a’bx*Log[l+—]| -

32 X 8 X 16 X 8 X 8 X

3 > 4 C C 5 ) 4 3 ) 4 C 3 4 C,)2 C
—abx Log[l—f} Log[1+f]+fabc Log[c-x] + —ab“c Log[1+f] Log[c-x] - —bc (Za—bLog[l—f} Log[f}Jr
8 X X 16 8 X 32 X X

2 -4 3 2 4 X 3 2 4 > 2 4 3 2 4 c
~~ab?*c*Log[x] + —ab’c*Log[c-x] Log[~| - ~a’bc*Log[c+x] + —ab?c*Log[c+x]+ —ab’®c*Log[1- —| Loglc+x] -
8 C 8 16 8 X
c-X 3 X 3 C+X 11 C+X
~ab?c*Log| | Loglc+x] + =ab?*c*Log[-~] Log[c+x] - —ab?c*Log[c-x] Log| : | + = ab>c*Log| : ] -
2c 8 C 8 2c 16
X 3 C+X 5 C C+X 3 C+X 1 C+X

— b®c* Log| | + =ab?c xLog| : |-—b’c? (1+*)xLog[ : | - —ab*c*x* Log| : | + —b3c?x? Log] : |+
32 X 8 X 32 X X 16 X 32 X

1 C+X 3 C+X 5 C+X 3 C C+X 3 C+X
~ab?cx®Log]| : | - —ab?c*Log| ! }2+fb3c4Log[ ’ }2+fb3’c3 (1+f x Log| : }fob3c2x2Log[ : ]2+
8 X 16 X 64 X 32 X X 64 X

1 cC+X 3 C+X 3 C C+X 1 C+X 1 C+X

—b® cx® Log| : ]2+—ab2x4Log[ i ]2+—b3c4Log[f—] Log| : }27—b3c4Log[ : }3+—b3x4Log[ : }3+
32 X 16 X 32 X X 32 X 32 X

c-X

PolyLog[z, 1- E] _ iabZ 4 PolyLog[Z, } _ iabz c4 PolyLog[z, _E} .
X 8 2c 8 X
C+X

ib2c4 (Za—bLog[l—E]
16 X

| o

|+ 2 b3 c* Log[u} Polylog|2, X
2c 16 X
]

|+

11 C 11
—b®c*Polylog|2, - —] - = b? c* PolylLog|2,
32

3
| - =ab?c*Polylog|2,
X 32 8

x

3 X 3 X 3 C 3 C+X
~ab?c*Polylog(2, 1- =| + =ab?c*Polylog[2, 1+ —| + — b’ c* PolyLog[3, 1- —| - — b®c* PolylLog|3, £tz
8 C 8 C 16 X 16 X

Problem 151: Unable to integrate problem.

J=

Optimal (type 4, 217 leaves, 15 steps):

c
a+bArcTanh| ]
X

3
dx
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X 1 x,\2 1 X ;)2
b2 c? x aerAr'cCoth[f})—fbc3 (a+bAr‘cCoth[f]) +—bcx? a+bAr‘cCoth[f]) -
C 2 C i C
1 Xx,)3 1 Xq)3 X )2 2
=3 (a+bAr‘cCoth[—}] + = x3 a+bAr‘cCoth[—}) -bc3 (a+bAr‘cCoth[—}] Log[2 - |+
3 C 3 C C 1+<
X
1 c? X 2 1 2
= b3 Log[1- —| +b?c®Log[x] +b? 3 (a+bAr‘cCoth[ﬂ) Polylog|[2, -1+ | + =b*c®Polylog|3, -1+ ]
2 x? C 1+ ¢ 2 1+ ¢
X X
Result (type 8, 1152 leaves, 103 steps):
1 3 1 3
——azbc2x+—ab2c2x+—a2bcx2+—b3CannotIntegr‘ate[x2Log[l—E}ZLog[1+E},x}—
2 4 4 8 X x
3 1 1
= b® CannotIntegrate[x? Log|[1 - E] Log[1+ 5]2, x| + —ab?c?*x Log|1- S] - ~ab’cx?Log[1l- E] +
8 X X 2 X 4 X
1 1 2 1 2 1 2
szcz(l—E X 2a—bLog[1—£} -—bc? [Za—bLog[l—E] +—=bc? [1—5 X 2a—bLog[1—£} + —bcx? 2a—bLog[1—£] -
8 X X 16 X 8 X X 16 X
1 31 31 1 1
-3 (Za—bLog[l—E} +—x3 2a—bLog[1—£] +—ab2c2xLog[1+£}+—ab2cx2Log[1+£]+—a2bx3Log[1+£]—
24 X 24 X 2 X 4 X 2 X

labzx3 Log[l—i} Log[1+£] —labzc3 Log[c - x] +lab2c3 Log[1+£} Log[c - x] —lbc3 [Za—bLog[l—E])zLog[E] +
2 X X 4 2 X 8 X X

1 1 X 1 1 1 C
~b3>c?Log[x] + —ab?c®Log[c-x] Log[~] + ~a?bc®Loglc+x] + —ab?c?Log[c+x] - —ab?c®Log[1- —| Log[c+x] +
4 2 [« 2 4 2 X

lab2c3 Log[cfx} Log[c + X] flab2c3Log[75] Log[c + X] flabzcg’Log[c,X] Log[CJrX} féab2c3Log[c+X} B

2 2c¢C 2 C 2 2cC 4 X
labzczxLog[CH(} g [1+E xLog[CH(] +1ab2cx2Log[c+X] +lab2c3Log[c+X}2_ibBCBLOg[CJrX}Z_

2 X 8 X X 4 X 4 X 16 X

lb3c2 (1+EJ xLog[CJrX]2+ib3cx2Log[c+X}2+lab2x3Log[c+X]2—£b3c3 Log[—i} Log[c+x]2+lb3c3Log[c+X]3+
8 X X 16 X 4 X 8 X X 24 X
e Log[C+X]3+lb2c3 (Za—bLog[l_S}) Polylog[2, 1- ] —lab2c3PolyLog[2, €-x +lab2c3PolyLog[2, 9
24 X 4 X X 2 2c¢C 2 X
Eb3 c? PolyLog[Z, 75] - ib3 3 PolyLog[Z, E} Jrlab2 c? PolyLog[Z, C+X} 71b3 c3 Log[c+x] PolyLog[Z, C+X] +

8 X 8 X 2 2c 4 X X

lab2 C3 POlyLOg[Z, 1- i] _ labz C3 POlyLOg[Z, 1+ i} + 1b3 C3 POlyLOg[B, 1- E} N 1b3 C3 POlyLOg[B, C+X}

2 ¢ 2 ¢ 4 x4 X

Problem 152: Unable to integrate problem.

C 3
Jx (a+bAr‘cTanh[—}) dx
X

Optimal (type 4, 135leaves, 8steps):
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3 X,\2 3 Xx,\2 1 X.\3
-=bc? [a+bAr‘cCoth[f]] +—bcx a+bArcCoth[f}) - =c? (a+bAr‘cCoth[f]) +
2 C 2 C 2 C
1 X4)\3 X 3
= x? a+bAr‘cCoth[—}] -3b%c? [a+bAr‘cCoth[—}] Log[2 - | + =b®c?Polylog|2, -1+
2 C C 1+¢ 2

X

Result (type 8, 897 leaves, 75 steps):

3 a’bcx+ 3 b® CannotIntegrate|x Log[1 - E]Z Log[1+ E] » X - 3 b® CannotIntegrate|x Log[1- —| Log|[1+ 5}2, x| - 3 ab?cxLlog|1l-
4

4 8 X X 8
3
—bc
16

C 3
1- —
X

c
X (Za—bLog{l——}

2—ic2 [Za—bLog[l—E]
X

16 X

3Jrix2 (Za—bLog{l—E]
16 X

3 C C 3 3 C 3
~ab*x*Log[1- —|Log[1+—]+ =ab?c?loglc-x]+ ~ab’c?log[l+ —]| Log[c-x]--—bc?
4 X X 4 4 X 16

1+¢

+

(Za—bLog{l—i]]zLog[;] +

C
X
3
4

]

X

X

abzchog[1+£] +ia2bx2Log[1+
X 4
c

3 3 X 3 3 3 c
~ab?c?Log[x] + ~ab?c?log[c-x] Log[~]| - ~a’bc?Log[c+x] + ~ab®c?Loglc+x] + ~ab?c?Log[l- —] Log[c+x] -
2 4 4 4 4

C

c-X + X

3 3 X 3 C
~ab?c?Log| | Log[c+x] + =ab®c?Log|[- =] Log[c+x] - ~ab?c?Log[c - x] Log|
4 2c 4 C 4 2c
C+X.2 3 @ C+X C+X
} +—b C(1+—
X 16 X
C+X

C

]2+iab2x2Log[

3
~ab?c?Log|
8 X 8 X 16

x Log|

ib3x2Log[ ]3+ib2c2(2a—bLog[1—
16 X 8

3 c 3
= b?c?Polylog[2, - —] - = b> c? PolyLog|2,
8

}) Polylog|2, 1- E} - iab2 c?Polylog|2, ¢
X 4 2c
|- 3 a2 PolyLog|2, ﬂ} RESEPE Log[c+

8 X 4 2c¢C 8 X

X |a X |0

3
4

o)
IN

C 8

Problem 153: Unable to integrate problem.

C 3
J(a+bAr‘cTanh{—]) dx
X

Optimal (type 4, 108 leaves, 6 steps):

X ,\3 X )3 X 4\ 2 2c
c[a+bAr‘cCoth[f}] +X a+bAr‘cCoth[f}] —3bc(a+bAr‘cCoth[f]) Log| |-
C c C c-X
X 2cC 3 2c
3b%c [a+bArcCoth[—}] PolyLog[2, 1 - | + =b>cPolyLog|[3, 1- ]
C C-X 2 c-X

Result (type 8, 642 leaves, 43 steps):

- X

X

}Jriabzchog[

4

}2+ib3c2Log[—X} Log|

| - 3 ab? c? Polylog[2, -

3 X X 3 C 3 C
~ab?c?Polylog(2, 1- =| + =ab?*c?Polylog[2, 1+ —| + = b?c?PolyLog[3, 1- —| - = b?c?*PolyLog[3, ——
X 8

] PolyLog[Z, X

X

cC+X C+X

}Jriabzchog[
X 4 X

Cc+X +X-3
"+

]2—ib3c2 Log[c
16 X

]+

X |0

4
+X

] +

X

]

+ X

X
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adx+ 3 b® CannotIntegrate[Log[1 - 5]2 Log[1+ E], x| - 3 b® CannotIntegrate[Log[1 - E] Log[1+ E]z, x| - 3 a’bxlogl[l-—]| -

8 X X 8 X X 2 X
Eab2< x) Log|[1 —E] +lb3 (c-x) Log[1—£}3+ia2beog[1+£]—iabzxLog[l—E] Log[1+£}+iab2 (c+x) Log[1+ E] +
4 X 8 X 2 X 2 X X 4 X
lb3 (c+x) Log[1+ E} iabchog{l—E] Log[—c—x]+ia2bcLog[c—x]+iab2cLog[—c—x] Log| - ] —b3cLog[1—E} [E]—
8 X 2 X 2 2 2c X X
3 X 3 C 3 3
~ab?clog[-c-x] Log[-~]|+ ~ab?clog[1+—]| Log[- c+x]+—ab2cLog[ | Log[-c+x] + =a*bclog[c+x] -

2 C 2 X 2 C 2

iabchog[—Cer} Log[c+x] - b3cLog[—£] Log[c+x}2—ib3cLog[1—£} PolyLog|2, 1—5] —EabcholyLog[Z, C7X] +
2 2c 8 X X 4 X X 2 2c
3abcholyLog[Z, —E] —iabcholyLog[Z, E] + 3abcholyLog[Z, ;X] - Eb3cLog[C+X] PolyLog|2, +X} +

2 X 2 X 2 2c 4 X X

3 X 3 X 3 C 3 C+X

~ab?cPolylog[2, 1- =] - ~ab’cPolylLog[2, 1+ =] + = b’ cPolyLog|3, 1- —] + = b®c PolylLog|3, ]

2 c 2 C 4 X 4 X

Problem 155: Result valid but suboptimal antiderivative.

J‘ (a + bAr‘cTanh[i} )3
dx

XZ

Optimal (type 4, 126 leaves, 6 steps):

(a+bAr‘cCoth[f])3 (aerAr‘cCoth[f])3 3b (a+bAr‘cCoth[f”2Log[l%]

- - + +
C X C

3 b2 (a+bAr‘cCoth[ﬂ) PolyLog[Z, 1- %] 3 p3 PolyLog[B, 1_ %}

X x

C 2c
Result (type 4, 387 leaves, 82 steps):

(1-¢) (Za—bLog[l—i]f73b(2a—bLog[1— ]) Log[<*] 3b(2a-blog[1-<]) Log[<*] 3b(2a-blog[1-

+ —

8c 4c 8c 8 x
3b2(2a—bLog[1—i])Log[“"]2 3b2(2a—bLog[1—i})Log[c”‘}2 3b3Log[ ]Log[c*x}z b3(1+i)Log[c+X}3

: )" os ]

8¢ 8 X 4c 8¢
3b2 (2a-blog[1- ¢]) PolyLog[2, - <*] 3bLog[*] PolyLog[2, <] ) 3b% Polylog (3, - <] ) 3b% Polylog(3, <]

2c 2c 2c 2c
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Problem 156: Unable to integrate problem.

3

J (a + bAr‘cTanh{i} ) o

x3

Optimal (type 4, 139 leaves, 9steps):

_3b (a+bAr‘cCoth{§])2 ) 3b (a+bAr‘cCoth[f”2 (a+bAr‘cCoth[f])3

+ —

2¢? 2cx 2¢?
(a+barccoth[*]|? 3b2 (a+bArcCoth[*]] Log[ %] 3b*Polylog[2, 1- %
2x? . c? : 2¢?

Result (type 8, 1098 leaves, 81 steps):

3p3 (1-<)® 3ab2(1+¢)® 3p3(1+¢)° 2 2 2 3 Log[1-<]%Log[1+ €
- ( X) - ( X) + ( X) +3a b+3ab _3a’b 30 +ib3CannotIntegr‘ate[ [ X] { X],x]—
64 c? 16 c? 64 c? 8 x? 8 x? 4cx 2cx 8 x3
Log[1- €] Log[1+<]? 3ab?log|l- < 3ab? (1- %] Log|1-¢ 3b3 (1-%) Log|1- ¢
ib3 CannotIntegrate| [ X} [ X} , X] + { X] - ( X) [ X] - ( X) [ X} -
8 x3 8 2 4 c? 4c?
3ab2Log[1—i} _3b2 (1—5)2 (Za—bLog[l—i}) +3b(1—i) (Za—bLog[l—i])Z_Bb(l—i)2 (2a—bLog[1—§”2+
8 x? 32¢? 8 c? 32¢?
(1-¢) (2a7bLog[17§})37 (1-¢)° (Za—bLog[l—ﬂV+3ab2Log[1—ﬂ Log[1+ £] 3abLog[1+ <] Loglc-x]
8 c? 16 c? 4 x? 4c?
3ab?Loglc-x] Log[f} ) 3ab2Log[1—i} Log[cC + X] +3ab2Log[%] Log[c + X] ) 3ab2Log[—f} Log[c + X] )
4 c? 4 c? 4 c? 4 c?
3ab?Log[c-x] Log[%] ) 3a2bLog[%} ) 3ab2Log[%] _9ab2 (1+i) Log[%] +3b3 (1+i) Log[%] )
4 c? 4 c? 8 c? 4 c? 4 c?
3ab? (1+i)2Log[%} ) 3b3 (1+§)2Log[%] ) 3a2bLog[%} ) 3ab2Log[%] +3ab2 (1+i) Log[%]2 ) 3 b3 (1+i) Log[%]2 )
8c? 32 ¢? 4 x? 8 x2 4c? 8 2
3ab? (1+§)2Log[%}2 ) 3 b3 (1+§)2Log[%]2 ) b3 (1+i Log[%]3 i b3 1+§ 2Log[%]3 ) 3ab?Polylog|2, CZ’CX] )
8 c? 32¢? 8 c? 16 ¢ 4 c?
3ab?Polylog|2, —i} 3ab?Polylog|2, i] 3ab?PolyLog|2, c;:} ) 3ab?Polylog|2, l—ﬂ ) 3ab?Polylog|2, 1+f]

+ +
4 c? 4 c? 4 c? 4 c? 4 c?
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Problem 171: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J*

Optimal (type 3, 94 leaves, 9steps):

[ 2
a+bArcTanh|[—]| dx

x2

x2.\2 1 c?
a+bAr‘cCoth[]J + = b?c?Llog[1- —] +b?c? Log[X]
c 4 x4

1
“bcx?
2

x2 1, x2 2 1 4
a+bAr'cCoth[f] - —cC a+bAr‘cCoth[f} + — X
C 4 C 4

Result (type 4, 599 leaves, 59 steps):

1 2
+— x4 +

16

1 1 C 1
~abcx?- ~b?cx?Llog[l- —|+=bc (17—
4 8 x? 8 x?

C 1 C 2
NG (Zabeog[lf—Z}) - —c? (Zabeog[lf—z]

2a-blog|l i]
X 16 X g 2

X

1 1 1 1
gbzchog[1+%} +Zb2cx2Log[1+%] +—abx4Log[1+%] - = b?x* Log[1- ¢

] Log[1+i} —ibzchog[1+i}2+
X

X 4 X 8 ; x? 16 x2
ib2x4 Log[1+i]2+ labc2 Log[x] + lbzc2 Log[Xx] + lb2 c? Log|c - x?] +1b2c2 Log[1 + i] Log[c - x?] +
16 x2 2 2 8 8 x2
2 2
lb2 c? Log[x—] Log[c - x?] —labc2 Log[c +x?] + lbzc2 Log[c +x?] + lb2 c?Log(1- i} Log[c +x?] + lb2c2 Log[—x—] Log[c +x?] -
8 d 4 8 8 x? 8 d

~x2 2
lb2 c? Log[C X | Log[c+x?] - 1b2 c? Log[c - x?| Log[CJrX |- 1b2 c?Polylog|2, —i} - 1b2 c?Polylog|2, i} -
8 2c 8 2c 8 x? 8 x2
2 2 2 2
lb2 c?Polylog|2, c-x |- lb2 c? Polylog|2, crx |+ lb2 c? Polylog|2, crx ]+ lb2 c?Polylog|2, 1 - X—]
8 2c 8 2c 8 c 8 c

Problem 172: Result valid but suboptimal antiderivative.
Jx

Optimal (type 4, 94 leaves, 5steps):

d 2
a + b ArcTanh [ 7} dx

XZ

x2.\2 x?
a+bAr‘cCoth[—}) -bc [a+bAr~cCoth[—] Log[2 -
c

1 X2\ 1,
-=c|a+bArcCoth| —]| + =x
2 C 2

1 2
| + =b?cPolylLog[2, -1+
c 1+5 2 1+5

x2 x?

Result (type 4, 404 leaves, 34 steps):
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é(l—:fz x? 2a—bLog[1—X%] 2+§abx2Log[1+X%}—ibzszog[l—:fz] Log[1+:f2]+§b2 (1+:72 szog[1+X%}2+abcLog[x]—
1 c 1 x? 1 - x? 1 c
~b?clog[l- —] Log[-c-x?] - =b?clog|[- ] Log[-c-x?]| + = b?clLog|-c-x?] Log| | + =b?clog|[1+ —] Log[-c+x?| +

x2 4 C 4 2c 4 x2

2 2
lbchog[X—] Log[-c+x?] + labcLog{c+x2] —lbchog[—c+x2] Log{c+x |+ lbcholyLog[Z, —i] -
4 C 2 4 2c¢C 4 x2
2 2 2 2

lbcholyLog[Z, i} —lbcholyLog[Z, l} +1b2cPolyLog[2, X }—lbcholyLog[Z, X }+1b2cPolyLog[2, 1- Xf}
4 x2 4 2c 4 2c 4 C 4 c

Problem 174: Result valid but suboptimal antiderivative.

2

J (a + bAr‘cTanh[X%]) .

X3
Optimal (type 4, 99 leaves, 6 steps):

(aerAr‘cCoth[Xc—z})2 (aerAr‘cCoth[Xc—ZH2 b (a+bAPCC°th[X§” Log{lizi] b?Polylog[2, 1 - l,zc ]

x2 x?

+ +
2c 2 x2 C 2c

Result (type 4, 207 leaves, 28 steps):
(1— X%) (Za—bLog[l— X%])Z b (Za—bLog[l— ;7]) Log[% (1+ X%H b2 Log[i (1— X%)] Log[1+ Xﬂ
8¢ 4c 4c
b (Za—bLog[l— %]) Log[1+ XC—Z] b2 (1+ Xc—z) Log[1+ :—2}2 b2 Polylog|2, % (1— XC—Z)] b? PolyLog|2, % (1+ Xi)]

X
- +

4 x? 8c 4 c 4 c

Problem 175: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

2
J‘ (a +bArcTanh[ < ]) .

XS

Optimal (type 3, 97 leaves, 7 steps):

_ab bZAr‘cCoth[)‘c—z] ) (a+bArcCoth{"c—2])2_ (aerAr‘cCo‘ch["c—z])2 ) b2Log[17§—j]
2cx? 2cx? 4c? 4 x4 4c?

Result (type 4, 770 leaves, 67 steps):
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2 2
_bz(l—xc—z) _b2(1+x%) ab w2 _3ab+b2Log[1-X‘—2]_3b2(1-;—2)Log[1_:—2}_bZLog[l_:—z]_
32 ¢c? 32 ¢c? 8x* 16x* 4cx? 16 ¢? 8c? 16 x*
b (1—:—2>2 (Za—bLog[l—Xc—Z]) ) (1—;—2) (Za—bLog[l—;—z])zi (1—:—2)2 (Za—bLog{l—:—Z”Zib2 (1+XC—Z) Log{1+xc—2] )
16 ¢? 8 c? 16 ¢? 4c?
b2 (1 LZL 1+ < b2 L 1- <] L 1+ < b2 (1+ <)L 1 <12 b2 (1 L2|_ 1 <12
( +x2) Og[ +x2] N Og[ _XZ} Og[ +x2] N ( +x2) Og[ +x2} 3 ( +x2) Og[ +x2} B
16 ¢? 8 x* 8 c? 16 ¢?
b? Log[1 + Xc—z] Log[c - x?] 7 b2 Log[xc—z] Log|c - x2] ) b? Log[1 - Xc—z] Log[c +x?] 7 b2 Log[—xci] Log[c + x2] ) b2 Log[%] Log[c + x?] )
8 c? 8 c? 8 c? 8 c? 8 c?
b? Log|c - x?] Log{%} ) abLog[C;—f} ) bZLog[c;—;‘z} ) b2 (1+ XCT) Log[c;—;‘z} _abLog[c;—;‘z} ) b2Log[‘;—;‘z] )
8c? 4c? 16 c2 8c? 4 x4 16 x*

C

b?PolylLog[2, - <] b?PolylLog[2, 5| b2PolyLog[2, ﬂ} b? PolylLog|2, ﬁ} b? Polylog|2, ﬁ} b? PolyLog[2, 1 - ﬁ]
X X 2c N 2c _ [« _

+ +
8 c? 8 c? 8 c? 8 c? 8 c? 8 c?

Problem 184: Result optimal but 1 more steps used.

[ (ax)"

Optimal (type 5, 75leaves, 3 steps):

c
a+bArcTanh[—| | dx

x2

(dx)*™ (a+bArcTanh[ S]] 2bcd (dx) " Hypergeometric2Fi[1, 1m, =1, <
X - X

d(1+m> 1_m2

Result (type 5, 75leaves, 4 steps):

(dx>1+m (a . bArcTanh[x“—z]) 2bcd (d x)*l*’“ Hypergeometric2Fi[1, 10, >0 <

d<1+m> 1_m2

Problem 195: Unable to integrate problem.
Jx3 (a +bArcTanh[c V/x | )2 dx

Optimal (type 3, 211 leaves, 22 steps):
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ab/x 71bix 3b2x? b2x* b2+/x ArcTanh[c+/x | b x3/2 (a+bAr‘cTanh[c \/?]) b x5/2 (a+bAr‘cTanh[c \/Y”
+ + + + + + +
2¢’ 420c® 70c* 84c? 2¢’ 6c’ 10 c3

bx7/2 (a+bArcTanh|c/x a+bArcTanh|c/x 2
( . [ ])—( ' [ ” +lx4(a+bAr‘cTanh[cx/Y”
14 ¢ 4c8 4

, 44b? Log[l—c2 x}
.

105 c?®
Result (type 8, 20leaves, 0steps):

Unintegrable|x? (a +bArcTanh|[c \/;] )2, x|

Problem 196: Unable to integrate problem.
sz (a +bArcTanh[c/x | )zdlx

Optimal (type 3, 173 leaves, 17 steps):

2abyx  8b2x b2x? ZbZ\KArcTanh[cW] 2bx3/2 (a+bArcTanh[cﬂ”
+ + + + +

3c¢® 45 c*  30c? 3¢ 9c3
2bx5/2(a+bAr‘cTaNh[CW}) (a+bAr‘cTanh[c&])2 1

- = x3 (a+bAr‘cTanh[cx/T])2+
15c 3¢cb 3

23 b? Log[l— c? x}

45 cb
Result (type 8, 20 leaves, 0steps):

Unintegrable|x? (a +bArcTanh|c/x | ) 2 x|
Problem 197: Unable to integrate problem.

Jx (a+bAr‘cTanh[c \/Y])zdlx

Optimal (type 3, 129 leaves, 12 steps):
aby/x  b?x bzx/YAr‘cTanh[C\/Y] b x3/2 (a+bAr‘cTanh[C\/;}) (a+bAr‘cTanh[C\/7])2

+

2b%Llog|1-c?
+ + + - +1x2 (a+bArcTanh[C\/Y])2 og[ c X]

c3 6 c? c3 3¢ 2ct 2 3¢t

Result (type 8, 18leaves, 0steps):

2

Unintegrable|x (a +b ArcTanh | c \/;] ) » X]
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Problem 198: Unable to integrate problem.
J(a + b ArcTanh [c \/;] )2 dx

Optimal (type 3, 85leaves, 7 steps):

2 b2 ArcTanh a+bArcTanh[c+/x ’
2aby/x  2b?Vx ArcTanh[c /x| - ( : [« ¥x]) #x (a+bArcTanh[c x|}
C c ¢

b? Log[1 - ¢ x|
i3 St

c2

Result (type 8, 16 leaves, 0steps):

Unintegrable| (a +bArcTanh|c/x | )2, q

Problem 200: Unable to integrate problem.

J (a + bAr‘cTanh[c \/?] )2
dx
XZ
Optimal (type 3, 85leaves, 9steps):
2bc [a+bArcTanh C\/T a + b ArcTanh C\/? 2
_ ( [ ])+c2 (a+bAr‘cTanh[cx/7])2—( [ }) +b?c? Log[x] - b?c? Log[1 - c? x|
Vx x
Result (type 8, 20leaves, 0steps):
(a +b ArcTanh | c \/?])2

Unintegrable | ; » X]
X

Problem 201: Unable to integrate problem.
J <a+bAr‘cTanh[c \/;] )2

dx

x3

Optimal (type 3, 133 leaves, 14 steps):
p2c2 bec (a +bArcTanh|c \/?]) bc3 (a +bArcTanh|c \/?])

6 X 3 x3/2 VX
a+bAr‘cTanh[C\g])2

+

1, 2 (
S ¢ (a+bAr‘cTanh[cx/?” -

2 2
+ = b?c*Log[x] - — b*c*Log[1-c?x]
2 x2 3 3
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Result (type 8, 20 leaves, 0steps):
(a + bAr‘cTanh[c \/;] )2

3

Unintegrable| » X]

X

Problem 202: Unable to integrate problem.
in‘ (a +bArcTanh[c/x | )3d1x

Optimal (type 4, 374 leaves, 54 steps):

47b3+/x  23b3x3/2 b3x52 47b3ArcTanh [c \/7] 71 b2 x (a + b ArcTanh [c \/?] )
+

70 c’ 420 c® : 140 c3 : 70 c8 : 140 c* :

9 b2 x2 (a+bAr‘cTanh[c \/;}) . b2 x3 (a+bAr‘cTanh[c&]) ) 44 b (a+bAr‘cTanh[c \/;])2 . 3b/x (a+bAr‘cTanh[c \/;])2 .
70 c* 28 c? 35¢8 4.c’

b x3/2 (a+bAr‘cTanh[C\/?])2 3 b x5/2 (a+bAr‘cTanh[cx/?])2 3bx7/2 (a+bAr‘cTanh[cx/?”2 (aerAr‘cTanh[C\/?”3

+ + - +

4c5 20 c3 28 ¢ 4 c8

1, (a+ o AvcTanh ¢ ¥ )3_ 88 b? (a+bAr‘cTanh[c ;/Y]) Log[liczﬁ] ) 44 b3 PolyLog[Z; 1- 1763?]

4 35c 35¢c

Result (type 8, 20 leaves, 0steps):

3

Unintegrable|x (a +bArcTanh|c \/7]) » X]

Problem 203: Unable to integrate problem.
sz (a +bArcTanh[cV/x | )3d1x

Optimal (type 4, 304 leaves, 34 steps):
19b3+/x b3x3¥2 19b3 Ar‘cTanh[c \/T] 8 b2 x (a+bAr‘cTanh[c \/;H b2 x? (a+bAr‘cTanh[c &])
+ -

30 c® 30 ¢ 30 ¢ : 15 ¢ : 10 c? :
23b(a+bAr‘cTanh[cx/?])2 b\/?(a+bAr‘cTanh[cx/;])2 b x3/2 (aerAr'cTanh[c:\/Y”2 b x5/2 (a+bAr‘cTanh[C\/;])2
+ + + -
15 ¢c® c® 3¢3 5c
(a+bAr‘cTanh[c VX ] )3 1 , 46 b2 (a +bArcTanh|c W]) Log[liczﬁ} 23 b Polylog|2, 1 - 1{27]

NS (a+bAr‘cTanh[cx/;}) -

3¢* 3 15 c® 15 c®
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Result (type 8, 20 leaves, 0steps):

3

Unintegrable|x? (a +bArcTanh|c/x | ) » X]

Problem 204: Unable to integrate problem.
Jx (a+bAr‘cTanh[c \/7]>3le

Optimal (type 4, 234 leaves, 19 steps):

b3\/? b3 Ar‘cTanh[c \/7] bZ x (a+bAr'cTanh[c \/?}) 2b (a+bAr‘cTanh[c \/?])2

2¢3 2 ¢t ' 2 c? ' ct :
3b+x (a+bAr~cTanh[cﬂ”2 b x3/2 (a+bAr‘cTanh[c \/?])2 (a+bAr~cTanh[c \/?])3
2¢3 : 2c ) 2ct '
4b2 (a+bArcTanh[c/x || Log| —2—=]| 2b*Polylog|2, 1- —*—|
lx2 (a+bAr‘cTanh[cx/?”3— ( ) 1cx © 1cV/x
2 c c
Result (type 8, 18 leaves, 0steps):
Unintegrable|x (a +bArcTanh|c \/Y] )3, x|
Problem 205: Unable to integrate problem.
J(a +bArcTanh|c \/7] )3 dx
Optimal (type 4, 142leaves, 9 steps):
3b (a+bAr‘cTanh[c \/;])2 3b/x (a+bAr‘cTanh[c \/;])2 (a+bAr‘cTanh[c \/7])3
c? ' C . c? '
2 2
6 b2 (a+bAr‘cTanh[c \/7]) Log[licﬁ} ) 3 b3 Polylog[2, 1- 1—CW}

X (a+bAr‘cTanh[c \/7])3—

2 2

C C

Result (type 8, 16 leaves, 0steps):

Unintegr‘able[ (a + b ArcTanh [c &] )3, x]



270 | 7 Inverse hyperbolic functions.nb

Problem 207: Unable to integrate problem.
J\ (a+bAr‘cTanh[c Vx| )3

2

dx
X

Optimal (type 4, 142leaves, 8 steps):
3bc (a+bAr‘cTanh[c W])Z

3bc? (a+bAr‘cTanh[cx/?])27 +c? (a+bArcTanh[cW})37

Vx
(a+bAr‘cTanh[C\/?})3 2 2
+6b%c? (a +bArcTanh|c W” Log[2 - ————] -3b°c?Polylog[2, -1+ ——|
X 1+cﬂ 1+C\/?
Result (type 8, 20 leaves, 0steps):
(a+bAr‘cTanh[c \/?])3
Unintegrable| » X]
XZ
Problem 208: Unable to integrate problem.
J (a+bAr‘cTanh[c \/;] )3
dx
3
Optimal (type 4, 234 leaves, 17 steps):
3.3 b2c? [a+bArcTanh[c/x
_bc +lb3c4Ar‘cTanh[cW]— ( [ ”+2bc4(a+bAr‘cTanh[C\/Y])2_
2 X 2 2%
bc(aerAr'cTanh[cx/Y”2 3bc? (a+bAr‘cTanh[C\/?])2 1 R
- + =t (a+bAr‘cTanh[C\/;]) -
2 x3/2 2& 2
(a+bAr‘cTanh[cx/?})3 2 2
+4b2c* (a +bArcTanh|c \/?” Log[2- ————] -2b>c*Polylog[2, -1+ ———|
2x2 1+C\/7 1+C\/;

Result (type 8, 20leaves, 0steps):
(a +bArcTanh[c/x | )3

Unintegrable [ ; » X]
X



7 Inverse hyperbolic functions.nb | 271

Problem 221: Unable to integrate problem.

sz (a+ b ArcTanh[c x*/?] )zdlx

Optimal (type 3, 101 leaves, 7 steps):

2
2abx> + 2% XB/ZAPCTanh[CXNZ] - (a+bAr‘cTanh[cx3/2” + = x3 (a+bAr‘cTanh[c x3/2])2+
3¢ 3¢ 3¢? 3

b2 Log[l - c? xﬂ

3¢?

Result (type 8, 20 leaves, 0steps):

Unintegrable [x? (a+bArcTanh[cx*?])?, x|

Problem 223: Unable to integrate problem.

b ArcTanh[c x3/2])?
J(a+ rcTanh|c x ]) i

x4

Optimal (type 3, 96 leaves, 9 steps):
2be (a+bArcTanh|[cx*/2]) L2 (s barcTann[cx¥2])2- (a+bArcTanh[cx?/?])?

3 x3/2 3 3 x3

1
+b?c?Log[x] - —b?c? Log[1 - c? x?]
3

Result (type 8, 20 leaves, 0steps):

(a+ b ArcTanh|c x3/2] )2

Unintegrable| , X]

x4

Test results for the 49 problemsin "7.3.3 (d+e x)"m (a+b arctanh(c x*n))*p.m

Problem 23: Result valid but suboptimal antiderivative.

J(d +ex)3 (a+bArcTanh[cx?]) dx

Optimal (type 3, 182leaves, 13 steps):
2bde2x be3x? bd (c dz—ez) Ar‘cTan[\Ex] bd (c d2+e2) Ar‘cTanh[\/?x}
.

+ - +
c 4 c c3/2 C3/2

(d+ex)* (a+bArcTanh[cx?]) b (c?d*+6cd?e?+e?) Log[1-cx?] b (c2d*-6cd®e?+e*) Log[l+cx?]
N _
4e 8cle 8c’e
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Result (type 3, 220 leaves, 19 steps):

2bde2x be3x2 a (dJrex)4 bd3Ar‘cTan[\/?x} bdeZArcTan[\/?x} bd3Ar‘cTanh[\/?x] bdeZAr‘cTanh[\Ex] be3Ar‘cTanh[c XZ]
+ +

+ — —

- +
c 4c 4e N c3/2 Ve c3/2 4 c?

3bd?el 1-c2x*
bd3xAr‘cTanh[c x2] + gbdzeszr‘cTanh[c XZ] +bde? x3Ar‘cTanh[c xz} + 1be3 x4Ar‘cTanh[c x2] + ¢ og[ X ]
2 4 4 c

Problem 24: Result optimal but 1 more steps used.

J(d +ex)2 (a+bArcTanh[cx?]) dx

Optimal (type 3, 158 leaves, 11 steps):
2be?x b (3cd?-e?) ArcTan[+/c x| b (3cd?+e?) ArcTanh[/c x]
3¢ i 3c3/2 h 3C3/2
(d+ex)® (a+bArcTanh[cx?]) bd(cd?+3e?) Log[1-cx?| bd (cd?-3e?) Log[l+cx?]

N
3e 6ce 6ce

+

Result (type 3, 158 leaves, 12 steps):
2be?x b (3cd?-e?) ArcTan[+/c x| b (3cd?+e?) ArcTanh[/c x]
3cC * 3c3/2 h 3c3/2
(d+ex)® (a+bArcTanh[cx?]) bd (cd?+3e?) Log[1-cx?] bd (cd?-3e?) Log[l+cx?]

4
3e 6ce 6ce

+

Problem 26: Unable to integrate problem.

Ja +b ArcTanh | c x?] 4
X

d+ex
Optimal (type 4, 325leaves, 19 steps):

V¢ x /¢ x -V x
(a+bArcTanh[cx?] ) Log[d + e x] bLog[ﬂl—cl]Log[d+ex] bLog[—ﬂl—cl]Log[dJrex] bLog[e1 ‘ | Log[d +ex]

A/ -c d+e ~ v -c d-e . Vo d+e .
e 2e 2e 2e
e (1+1/c x - . N - N +
bLog|- . | Logld+ex] bPolyLog|2, %:%:L} b PolyLog|2, LJ(?:%:L] b PolyLog|2, %dﬁ:ﬂ b PolyLog|2, %:%:L
_ N _
2e 2e 2e 2e 2e

Result (type 8, 30 leaves, 2steps):
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ArcTanh[c x2] alog[d+ex]
b CannotIntegrate| ———————, x| + —

d+ex e

Problem 27: Result optimal but 1 more steps used.

Ja +b ArcTanh|[c x?]
(d +e x) 2

dx

Optimal (type 3, 166 leaves, 9 steps):

b\/?Ar'cTan[\/?x] b\/?Ar‘cTanh[\/?x] a+bArcTanh[cx?| 2bcdelog[d+ex] bcdLlog[l-cx?| bcdLog[l+cx?]
- - + - +
cd?+e? cd?-e? e(d+ex) c2d4 - et 2e<cd2—e2) 2e(cd2+e2)

Result (type 3, 166 leaves, 10 steps):
b+c ArcTan[+/c x| b+/c ArcTanh[+/c x| a+bArcTanh[cx?] 2bcdelog{d+ex] bcdLlog[l-cx?] bcdLog[l+cx?]
- N _

cd?+e? cd?-e? e<d+ex) c2d4 - et 2e<cd27e2) : 2e(cd2+e2)

Problem 28: Unable to integrate problem.

Ja + b ArcTanh [c xz} ;
X

(d+ex)3

Optimal (type 3, 226 leaves, 9 steps):
bcde bc>2dArcTan[+/c x| bc*2dArcTanh[+c x|

(c2d4—e4) (d+ex)+ (cd2+e2)2 <cd2_e2>2

a+bArcTanh[cx?] bce (3c2d*+e*) Log(d+ex] bc(cd?+e?)log[l-cx?|] bc(cd?-e?) Log[l+cx?]
+ - +

2e(d+ex)2 (czd“—e“>2 4e(cd2—e2)2 4e(cd2+e2)2

Result (type 8, 34 leaves, 2 steps):

a ArcTanh [c XZ]
- ————— +bCannotIntegrate| ——————

2e<d+ex)2 (d+ex)3

x]

Problem 29: Result valid but suboptimal antiderivative.

J(d +ex) (a+bArcTanh|cx?| >2d]x

Optimal (type 4, 1085 leaves, 77 steps):
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2abdAr‘cTan[\/?x] JindAr‘cTan[\/c_x}2 2abdAr‘cTanh[\/?x] bZdAr'cTanh[V?x}2

a2dx+ + "
Ve Ve N Ve
b ArcTanh [ x2])2 2b%dArcTanh[v/c x| Log[ —2—]| 2b2dArcTan[Vc x| Log| —*—|
e (a+bArcTanh[cx*)) e (a+bArcTanh[cx?])?+ Lvex _ 1-ivc x
2c¢C 2 \/? \/?
+1 -
bZdAr‘cTan[\/?x] Log[ “ 1:13?1 X ] ) 2b2dAr‘cTan[\Ex] Log[lﬂlzc X] 7 2b2dAr‘cTanh[\/?x] Log[hjc_x}
Ve Ve Ve
2 _ zﬁ(l’ - X) 2 Z\E(l*ﬁx) (1-1) (1++/c
b dAr‘cTanh[\E x] Log[ (J—_—F) (1+\/c_x)] b dAr‘cTanh[\/? x} Log[ (VTN?) (1+\/?x)} bZdAr‘cTan[\/?x] Log[ HHE:( X ]
+ + -
Ve Ve Ve
be (a+bAr‘cTanh[c XZ]) Log[lsz] abdxLog[1-cx?] - bszr‘cTan[\/?x] Log[1-cx?| X bZdAr‘cTanh[\/?x] Log[1 - cx?]| X
: Ve Ve
b2d 2 b2 d h 2

lbzdxLog[lfcxz}erabdxLog[1+cx2}+ ArcTan[+/c x| Log[1+cx?] i ArcTanh[+/c x| Log[1+cx?] )

s Ve Ve

b?dPolyLog[2, 1- —2—]| ib?dPolylLog[2, 1- —*—]

lbzdeog[l—cxz} Log[1+cx2]+1b2deog[1+cx2}2+ e x|, 11 Ve

2 4 N Ve

) (1+1) (1-+/¢ x , ) 2vc [1-v=c x|
ib2dPolylLog[2, 1- = ] ) ib2dPolylog|2, 1- M?C_x} ) b? d PolyLog[2, 1 - ﬁ] ) b?d Polylog[2, 1+ e (Ve ] ]

2+/c Ve Ve 2+/c

b? d PolyLog[2, 1 -

2V/c (1+/=¢ ¥ i) [1e ]
] JibzdPolyLog[Z, 1o 2P0 Ve x ]

(ﬁJﬂ/?) (1+\E X) - 1_].1\/?)( -
2+/c 2+/c 2¢c
Result (type 4, 1216 leaves, 104 steps):

b? e Polylog[2, 1- 2]

1-cx?
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a? (d+ex)2 2abdAr‘cTan[\/?x] Jibszr‘cTan[\/?x]2 2abdAr‘cTanh[\/?x} bZdAr'cTanh[V?x}2
+ + - - +2abdxAr‘cTanh[cx2] +

2e Ve Ve Ve Ve

+1 7\/c7x
2b%dArcTanh [/ c x] Log]| ] 2b*dArcTan[v/c x| Log[—2—] b2dArcTan[+c x| Log| i) 1 ]
abex?ArcTanh[cx?] + Ve x” ivex® | 1iq/c x

a3 a3 a3

2\/c (1= ¥ ]
e o] (e

2b?dArcTan[+c x| Log| | 2b*dArcTanh[+/c x| Log[ —2—]| b>d ArcTanh[+/c x] Log|-

N 1+\/C7X +

Ve Ve Ve
2V (1v/¢ x] (1-1) {144/ x

(V=c+Vc ) (1+vc x| } b d ArcTan [+/c x] Log| 1ive x ] b2 d ArcTan[+c x| Log[1 - ¢ x?]

.
Ve Ve Ve
b2 d ArcTanh[+/c x| Log[1 - c x?] +lb2deog[1—cx2}2_ b2e (1-cx?) Log[1- cx?]? ) b2 e Log[1 - c x?] Log[i (1+cx?) ]
\E 4 8¢ 4c
bZdAr‘cTan[\/?x] Log[1 + ¢ x?] bZdAr‘cTanh[\/?x} Log[1 + ¢ x?] b2eLog[§ (1-cx?)] Log[1+cx?]

+ —

s s 4c

1+iv/c X

+

bZdAr‘cTanh[\/? x| Log|

+

+

b2e (1+cx?) Log[1+cx?]?
lbzdeog[l—cxz} Log[1+cx2]—lbzeszog[l—cxz] Log[1+cx2]+1b2deog[1+cx2]2+ e [1rcx)Log[1rcx’] +
2 4 4

8¢

abelog1-c2x* b? e PolyLog|2, i (1—cx2)] b? e PolyLog|2, i (1+cx2>] b2 d PolyLog[2, 1 - 1—\/2C_X}

+ +

2c¢C 4 c 4c \E

. 2 ) (1+1) (1-+/c x . 2 2
ﬂbzdPolyLog[Z, 1- 17].1%?)(] JledPolyLog[Z, 1- v x } ) ﬂbzdPolyLog[Z, 1- ] bzdPolyLog[Z, 1- ]

Je ) 2 Je ' NS

Zﬁ(l—ﬁx) 2vc (1+ﬁx) B
b2 d PolylLog|2, 1 - . (1-i) (1+vc x
e e PAPetesle 1 R s avetyiog[2, 1 S

2+/c 2+/c 2+/c

1+i+vc X 1+ c x

b?d PolyLog[2, 1+

Problem 30: Result valid but suboptimal antiderivative.

b ArcTanh[c x2])?
J(a+ rcTan [cx]) x

d+ex

Optimal (type 8, 22 leaves, 0steps):
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(a+ bAr‘cTanh[c xz} )2

Unintegrable [ » X]
d+ex
Result (type 8, 56 leaves, 2 steps):
ArcTanh|[c x2| ArcTanh|c xz}z aZlog[d+ex]
2 abCannotIntegrate| ——————, x| + b? CannotIntegrate| ———————, x| + ——————
d+ex d+ex e

Problem 31: Result valid but suboptimal antiderivative.

b ArcTanh[c x2])?
J(a+ rcTan [cx]) x

(d+ex)2

Optimal (type 8, 22 leaves, 0 steps):
2

(a+bArcTanh|cx?])
Unintegrable [

(d+ex)2 > x]

Result (type 8, 202 leaves, 12 steps):
a2 2ab\/?Ar‘cTan[\/?x} 2ab\EAr‘cTanh[\/?x} 2abAr‘cTanh[c xz]

_e(d+ex>+ cd?+e? cd?-e? e(d+ex)

+

Ar‘cTanh[ch]2 ] 4abcdelog[d+ex] abcdlog[l-cx?] abcdlog[l+cx?|
—_— x| + -

b? CannotIntegrate| +
(d+ex)? c?d* - e* e (cd?-e?) e (cd?+e?)

Problem 32: Result valid but suboptimal antiderivative.

J(d+ex)2 (a+bArcTanh[cx?]) dx

Optimal (type 3, 336 leaves, 24 steps):

1 2 1/3 1 2 1/3 1+2 2/3 42
\/?bdeAr‘cTan{E—%] \/?bdeAr‘cTan{EJr%] \/?bdzAr‘cTan[—\CgX ]

— + + —
2c2/3 2C2/3 2C1/3

bdeArcTanh[c?3x| (d+ex)? (a+bArcTanh[cx}]) bd?Log[1-c?3x?| bdelog[l-c3x+c??x?]
+ + +

c?/3 3e 2ct/3 4.c?/3

bdelog[l+c?3x+c?3x?| b (cd®+e?) Log[1-cx}] b (cd®-e®) Log[l+cx?®] bd?Llog[1l+c?/?x?+c%3x4]

+
4 c2/3 6ce 6ce 4 cl/3

Result (type 3, 332leaves, 25 steps):
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ks /3 42 c2/3 52
a(dJrex)3 ﬁbdeA"CTan[%—M} \/?bdeAr'cTan[éJ,“ix} \/?bdzAr‘cTan{lzc?"}

. Y Y 3 )
3e 2C2/3 2C2/3 2c1/3
bdeArcTanh|cl/3 x 1 bd? Log|1 - c?/3 x?
[ ] +bd2xAr‘cTanh[c xﬂ +bdex2Ar‘cTanh[c x3} +—be? x3Ar‘cTanh[c x3] + [ } +
c?/3 3 2 c1/3

bdeLog[l—c1/3x+c2/3x2] bdeLog[1+c1/3x+c2/3x2] bdZLog[1+c2/3x2+c4/3x4] bezLog[l—czxs]
+

4c2/3 4C2/3 4C1/3 6C

Problem 33: Result optimal but 1 more steps used.

J(d +ex) (a+bArcTanh[cx’]) dx

Optimal (type 3, 285 leaves, 22 steps):

\/?beAr‘cTan[%—%] \/?beArcTan[§+%} \EbdArcTan[%} beArcTanh[c1>x]  bd? ArcTanh[c x*]

- + + - +
4c2/3 4C2/3 2C1/3 2c2/3 2e

(d+ex)? (a+bArcTanh[cx®]) bdlog[1-c?3x?] belog[l-c¥3x+c??>x?] belog[l+ct3x+c?3x2| bdlog[l+c?/?x2+c?? x4
+ +

2e 2c1/3 8C2/3 8c2/3 4C1/3

Result (type 3, 285leaves, 23 steps):

\/?beAr‘cTan[%f@] \/?beArcTan[é+@} \EbdAr‘cTan[hzj_#} beAr‘cTanh[cl/3x] bdzArcTanh[cx3]

N3 V3
- + + +
4CZ/3 4c2/3 2C1/3 2c2/3 2e
(d+ex)® (a+bArcTanh[cx®]) bdlog[1-c?3x?] belog[1-c¥3x+c23x?] belog[l+c3x+c?3x2] bdLlog[l+c?3x2+c*3x]
2e - 2 c1/3 - 8 c2/3 - 8 c2/3 h 4c1/3

Problem 34: Unable to integrate problem.

Ja +bArcTanh|[c x?] ;
X

d+ex

Optimal (type 4, 523 leaves, 25 steps):
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bLog| e [rcx) | Logld+ex] blog|- e [tretx)

(a+bArcTanh[cx?]) Log[d+eX] e i ae ] Log(d +ex]
e : 2e ) 2e '
b Log|[- : 1(/71)1/3%1/:3)( | Log[d+ex] bLog|- : </,1>2/3+c1/3x | Log[d+ex] bLog] (71)2/3? (h(fl)l,h %) | Log[d +ex]
c?d-(-1)e c¥/3d-(-1)e c/3dy(-1)22e
2e ) 2e : 2e )

(-1 [1+(-1) 2 3 x]

b Log| NPT | Log[d+ex] bPolylog|2, ST | bPolylog|2, R ]
- + +
2e 2e 2e

b PolyLog|2, —€f (drex) | bPolyLog|2, _Cf (drex) | bPolylog|2, <P dvex) | bPolyLog|2, P drex) ]

cl/34- (-1)¥3e c1/3dy (-1) 13 e cl/34- (-1) 2/3 ¢ cl/3dy (-1) 2/3 ¢

2e 2e 2e 2e

Result (type 8, 30leaves, 2 steps):

» X+

d+ex e

ArcTanh[c x3] alog[d+ex]

b CannotIntegrate|

Problem 35: Result optimal but 1 more steps used.

Ja +b ArcTanh|[c x?] 4
X

(d+ex)2

Optimal (type 3, 414 leaves, 19 steps):

V3 bcl/3 Ar‘cTan[%] V3 bct? (cV3d+e) Ar‘cTan[%] a+ b ArcTanh[c %]
- 2 (23 d2 4 ci3dee?) - 2 (cd®+e?) B e(d+ex)
bcl/3 (cV3d-e) Log[1- /3 x] X bct/? (c*3d+e) Log|[1+c3x] ) 3bcd?e?log[d+ex] )
2 (cd®+e?) 2 (cd®-e?) c2df - eb

bcl/? (ct3d+e) Log[1-ct3x+c?3x2] bl (cM3d-e) Log[1+cl2x+c?3x?] bcd?log[l-cx}] bcd?Llog|[l+cx?]
- +

4(cd37e3> 4(cd3+e3) 2e(cd3+e3) 2e(cd37e3)

Result (type 3, 414 leaves, 20 steps):
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\/?bcl/-”ArcTan[%] A3 bcl/3 (c*3d+e) Ar‘cTan[il*ZC\/;/BX] a+bArcTanh|

2 (c23d2+c13de+e?) 2 (cd®+e?) e(d+ex)

cx3]

bct/? (c*3d-e) Log[1-c*3x] bc¥? (c3d+e) Llog[1+c*3x] 3bcd?e?Llogld+ex]
N - _

2 (cd®+e?) 2 (cd®-e?) c2d° - e®

bcl/? (ct3d+e) Log[1-ct3x+c?3x2] bcl/? (cM3d-e) Log[1+cl2x+c?3x?] bcd?log[l-cx}] bcd?Llog|[l+cx?]
- +

4(cd37e3) 4(cd3+e3) 2e(cd3+e3) 2e(cd37e3)

Test results for the 538 problems in "7.3.4 u (a+b arctanh(c x))*p.m"

Problem 528: Result valid but suboptimal antiderivative.

J(a+bAr'cTanh[c x]) (d+elog[1-c?x?])

dx
XZ
Optimal (type 4, 105leaves, 6 steps):
b ArcTanh 2 b ArcTanh d+elogf1l-c2x?
_ce<a+ relan [CXH _(a+ re’an [CX]>( e og[ cX])Jrlbc(dJreLog[l—c:zxzﬂLog[l— ! ]—lbcePolyLog[Z;
b X 2 1-c?x? 2

Result (type 4, 94 leaves, 8steps):

ce (a+bArcTanh[cx])?
- +bcdLog[x] -
b X 4e

(a+bArcTanh[cx]) (d+elog[1-c*x?|) bc (dJreLog[l—czxz})2

1 b cePolyLog[2, c? x?]
2

Problem 530: Result valid but suboptimal antiderivative.

J(a+ bArcTanh[cx]) (d+elog[1-c?x?]) i

x4

Optimal (type 4, 197 leaves, 15 steps):
2c?e (a+bArcTanh[cx]) i ce (a+bArcTanh[cx])? bcteLogx] + lbc3eLog[17c2x2] bc (1-c2x?) (d+elog[1-c2x?]) )
3x 3b 3 6 x2

b ArcTanh d L 1-c¢c?2x?
(2 +bArcTanh[cx]) (d +eLog[1-c?x’]) Jrlbc3 (d+eLlog[1-c*x?]) Log[1- ! —lbc3ePolyLog[2, !
3x3 6 1-c?2x? 6 1-c?x?

Result (type 4, 191 leaves, 17 steps):

1

1—c2x2]
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2c?e (a+bArcTanh[cx]) c?e (a+bArcTanh[cx])?

1 1
- +=bc*dLlog[x] -bcelog[x] + ~bc®elog[l-c?x?] -
3 X 3b 3 3

bc(1-c?x?) (d+elog[l-c?x?|) (a+bArcTanh[cx]) (d+elog[1-c2x?|) bc (d+eLog[1—c2x2])2

1
- = bc®ePolylog|2, ¢ x?]
6 x? 3x3 12e 6

Problem 532: Result valid but suboptimal antiderivative.

J(a+ bArcTanh[cx]) (d+elog[1-c?x?]) ix

X6

Optimal (type 4, 256 leaves, 24 steps):

7bc3e 2c?e (a+bArcTanhcx]) 2c*e (a+bArcTanh[cx]) c5e(a+bAr'cTanh[cx})2

60 x° ' 15 x3 : 5 x ) 5b )
bc (d Log|1l-c2x? be3 (1-c2x?) (d Log |1 - c2x2
5bc5eLog[X}+Ebc5eLog[1—c2x2}—  (dretog| CX]>_ @ (1-¢*x?) [drelog] CX])_
6 60 20 x4 10 x?
b ArcTanh d+elog|l-c?x?
(a+bArcTanh[cx]) (d+eLog|1-c?x’)) inbc5 (d+eLog[1-c*x?]) Log[1- ! }—ibCSePolyLog[z, ! ]
5x° 10 1-c?2x* 10 1-c?x?

Result (type 4, 250 leaves, 26 steps):

7bc*e 2c?e (a+bArcTanh[cx]) 2c*e (a+bArcTanh[cx]) c®e (a+bArcTanh[c x])2 1
+ + - +—bc’dLog[x] -
5

60 x?2 15 x3 5 X 5b

bc(d+elog|l-c?x? bc3 (1-c?x?) (d+elog|l-c?x?
5bc5eLog[XJ+Ebc5eLog[1—c2x2}—  (dretog| CX]>_ @ (1-¢*x?) [drelog] CX])_
6 60 20 x4 10 x?

(a+bArcTanh[cx]) (d+elog[l-c?x?]) . b c® (dJreLog[l—czxz])2 —lbcsePolyLog[z, ¢
5 x° 20e 10

Test results for the 62 problemsin "7.3.5 u (a+b arctanh(c+d x))*p.m"

Test results for the 1378 problems in "7.3.6 Exponentials of inverse hyperbolic tangent
functions.m"

Problem 620: Result unnecessarily involves higher level functions.

JenAr‘cTanh[ax] (C _ i] 2 dx
aX
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Optimal (type 5, 130 leaves, 5steps):

4 c? (1—ax>"‘/2 (1+ax>"/2 Hypergeometric2Fi|2, '21, 2n | rax] ) 2n/2 2 (1—ax)z’%Hyper‘geometr‘iCZFl[l— %, 2- g, 3- 2, i (1—ax”

an a(4-n)

Result (type 6, 71 leaves, 3 steps):

252 (1+ax)22_"Appe11F1[2;", i (-4+n), 2, 4;“, i (1+ax), 1+ax]

a (2+n)

Problem 621: Result valid but suboptimal antiderivative.

C
Jen ArcTanh[a x] (C _
aX

Optimal (type 5, 187 leaves, 6 steps):

dx

27 1-ax

a(2-n) a(2-n)

c (1,ax>2*§ (1+ax)2’<’2*”> 2c (1—ax)1’% (1+ax)§<’2+n) Hypergeometric2F1[1, % (-2+n), o, 22X]

2"2c¢ (1-n) (1—ax)2’%Hyper‘geometr‘ic2F1[2’T", 2- g, 3- %, i (1-ax)]

a(2-n) (4-n)

Result (type 5, 184 leaves, 7 steps):

2c (1-ax)™? (1+ax)"?Hypergeometric2F1|[1, TR Lax]

27 1+ax

an

2 ¢ (1—ax)l’%Hyper‘geometriCZFl[l— 3, —g, 2- 3, i (1-ax)] e (1—ax)"‘/2 Hyper‘geometr‘icZFl[—g, —i, 1-2, > (1-ax)]
+

a(2-n) an

Problem 791: Result unnecessarily involves higher level functions.

h c )2
JenAr‘cTan [ax] (C _ ) dx
a? x?

Optimal (type 5, 331 leaves, 10 steps):
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1 n 1 n 1

4c2(1—ax)3’%(1+ax)z(’4+n) cz(l—ax>3’?(1+ax)z(’4m) c2(10+n> (1—ax)3’§(1+ax)z<’4+n)

a(4-n) 3a*x3 6 a3 x?

n 1

2 (14+5n+n2) (1-ax)>z (1rax)z "+ c2n (10-n?) (1-ax)®: (1+ax)§<’4+”) Hypergeometric2F1[1, % (-4+n), % (-2+n), 22X

6a%x 3a (4-n)

> c2n (1_ax)3’%Hyper‘geometr‘ic2F1[4;n, 3--,4- 2: % (1‘3)‘)]

n
2

2
a (24—10n+n2)

Result (type 6, 71 leaves, 3 steps):

6+n
2

222 (1+ax) + AppellF1[®2, L (~a.n), 4, =2, 1 (1 ax), 1+ax]

2

a(6+n)

Problem 792: Result unnecessarily involves higher level functions.

C
JenArcTanh[ax] (c7 ) dx
a2 x2

Optimal (type 5, 137 leaves, 5steps):

4c (1fax)1';_ (1+ax)§('2+n> Hypergeometric2F1[2, 1 - g, 21, 22X 2V ¢ (17ax)l'z_HypergeometriczFl[l7 3, 7§, 2- %, i (1-ax)]

2”7 1+ax

a(2-n) a(2-n)

Result (type 6, 70 leaves, 3 steps):

2-

2

e (1+ax)%nAppe11F1[4;”, i (-2+n), 2, 6;”, i (1+ax), 1+ax]

a(4+n)

Problem 795: Result unnecessarily involves higher level functions.

ArcTanh c 3/2
J\en rcTanh[ax] (C _ ) dx
a? x?

Optimal (type 5, 430 leaves, 9steps):
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1

(c - azc)(z)s/zx (1*aX> ? <1+ax>§(73+n) a (4+n) (C7 azcxz)3/2 X2 (17ax>5% (1+aX>§(73+n) 3a2 (C - azcx2)3/2 X3 (17ax) 5;7” <1+aX) 2 (=3+n)
B 2 (1762X2)3/2 - 2 <1732X2>3/2 - (37[1) (1782X2)3/2 -
: a’ (3—n2) (C‘ : 3/2X3 (1—ax)37n (1+ax)§<*3+n) Hyper‘geometr‘icZFl[l, : (—3+n>, 1 (—1+n>, 1+ax] n
(3-n) (1—a2x2)3/2 a? x? 5 5 1 ax
Sy (1m) 2 (o e )32 3 (1—ax)?H eicopq[3n 5n zm L (g
( azxz) ypergeometric2F1| o, e, el (1-ax)]

3-n) (5-n) (1-a2x2)%?
(3-n) ( )

Result (type 6, 103 leaves, 3 steps):

20727 (¢ =5 )7%0 (1eax) T AppellF[=2, 1 (1340}, 3, 22, L (1 ax), 1+ax]

a2 x2 2 2

(5+n) <1—a2x2)3/2

Problem 796: Result valid but suboptimal antiderivative.

C
JenAr‘cTanh[a X] Cc- dx
a? x?

Optimal (type 5, 272 leaves, 6 steps):

5 (1+ax)§<’1+n) 2 [c- azcxz x (1-ax) o (1+ax>§(’1+") Hypergeometric2Fi[1, % (-1+n), 1;”, ﬁ}

c- 5 x(1-ax)

- +
(1—n) 1-a2x? (1—n) 1-a2x?

250 Je- = x (1—ax)STnHyper‘geometr‘iCZFl[l’T", 3?”, 5?”, % (1-ax)]

(3—4n+n2> 1-a2x?

Result (type 5, 302 leaves, 7 steps):
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2 [c- == x(l—ax)§(’1’") (1+ax)%n

a? x?

Hypergeometric2F1[1, i (-1-n), B, =2

(1+n) V1-2a2x?

22 |c-— x (1—ax)§(’1’") Hyper‘geometr‘icZFl[% (-1-n), % (-1-n), =", 2 (1-ax)]

2 XZ

(1+n) V1-a2x?

3+n 1-n
2

27 [c- 25 x(1-ax)

Hyper‘geometr‘icZFl[i (-1-n), £8, 3?”, i (1-ax)]

(1-n) VI @i

Problem 1316: Result valid but suboptimal antiderivative.

nArcTanh[a x]

e
J—dlx
e (cfazcxz)

Optimal (type 5, 90leaves, 3 steps):
_ 2, n2 2 (1-ax) ™? (1+ax)"?Hypergeometric2Fi[1, 2,
(1-ax) (1+ax) 5

2+n 1+ax]
2’ 1-ax

cn cn

Result (type 5, 100 leaves, 3 steps):

n

(1-ax) ™2 (1+ax)"2 2 (1-ax)'z (1+ax>§(’2+") Hypergeometric2F1[1, 1 -

cn c(2-n)

Problem 1317: Result valid but suboptimal antiderivative.

el ArcTanh[a x]
J— dx
X2 (c-a?cx?)

Optimal (type 5, 123 leaves, 5steps):

a(1+n) (1—ax)’"/2 <1+ax)”/2 (1—ax)’"/2 (1+ax>"/2 2a <1—ax)"‘/2 (1+ax>n/2 Hypergeometric2F1[1, ;

cn cX C

Result (type 5, 137 leaves, 5 steps):



7 Inverse hyperbolic functions.nb | 285

(1+ax)™ (1-ax) ™2 (1+ax)V? 2an (1—ax)1’% (1+ax>§(’2+n) Hypergeometric2F1(1, 1 - 20270, ﬁ]

a(l+n) (1-ax)™"?

cn cX c(2—n)

Problem 1323: Result valid but suboptimal antiderivative.

enArcTanh[ax]
j— dx
x (c-a’c x2)2

Optimal (type 5, 190 leaves, 6 steps):

(1-ax) ™% (1+ax):

(Ao (1-ax)¥% (1+ax): )
c? (2+n) c2n (4—n2)

(-2+n) (-2+n)

(4+n) (1-ax)"? (1+ax)§(’2*") 2 (1-ax) ™2 (1+ax)"?Hypergeometric2Fl|1, > 2;", %}

c2n(2+n) c2n

Result (type 5, 200 leaves, 6 steps):

(1-ax) ™5 (14ax):

C(an-m) (1-ax)¥% (1rax):! )
c? (2+n) c2n (4—n2)

-2+n) -2+n)

1

(4+n) (1-ax)™? (1rax): 2" 2 (1—ax)1’% (1+ax)z"*"™ Hypergeometric2F1[1, 1 -

1
b n n l-ax
2 =, 2- = 7]
2° 2’ 1+ax

c?n (2+n) 2 (2-n)

Problem 1324: Result valid but suboptimal antiderivative.

enAr‘cTanh[a X]
J— dx
2
X2 (c-a?cx?)

Optimal (type 5, 239 leaves, 7 steps):

L (—24n) 1-
2

a(3+n) (1—ax)’1’% (1+ax) (

1
7 -2+n)

%(1+ax> (

(1-ax)" a(6+4n-n?-n3) (1—ax)1’2’(1+ax>§<’2*”)

c? (2+n) ) c2 x : c2n(4—n2) '

a(6+4n+n?) (1—ax)’”/2 (1+ax)§<’2+n) 2a (1—ax)’”/2 (1+ax)"/2 Hypergeometric2Fi|1, 3, 2;”, ﬁ]

c2n(2+n) c?

Result (type 5, 253 leaves, 7 steps):
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a(3+n) (1—ax)’1’;’ (1+ax)i’(’2*”) (1—ax>’1’2’ (1+ax>§(’2*") a(6+4n-n?-n3) <1—ax)1’% (1+ax)§<*2+n)
- - +
c? (2+n) c2x c2n (4—n2)
a (6+4n+n?) (1,ax>fn/2 (1+ax)§(’2*”) 2an (1—ax)1’? <1+ax)§(’2+n> Hypergeometric2F1[1, 1 - 2, 2 - 3, ﬁ]

c?n (2+n) c?(2-n)

Problem 1331: Result valid but suboptimal antiderivative.
J‘EnAr‘cTanh[a x] m

X

dx

Optimal (type 5, 269 leaves, 6 steps):

3-n 1

(1-ax)z (1+ax)§<’1*”) Ve-alcex® 2 (1-ax) B (1+ax)z """ +/c-a’cx? Hypergeometric2F1[1, % (-1+n), 20, 22X

3

2 1l-ax
- +
(1on) Vi-aix® (1-n)Vi-a'x®
25 n <1—ax)3%\/c—a2cx2 Hyper‘geometr‘iCZFl[l?", 3;—", 5?”, i (1-ax)]

(3-4n+n?) V1-a2x?
Result (type 5, 299 leaves, 7 steps):
2 (17ax)§_('1'”) (1+ax)1;_n\/cfa2cx2 Hypergeometric2Fi[1, i (-1-n), =0, 22X]

(1+n) V1-a2x?

(1+n) V1-a2x?
27 (1—ax>%n\/c—a2cx2 Hyper‘geometr‘icZFl[% (-1-n), £, =0 i (1-ax)]

(1—n)\/:lfa\72x2

Problem 1332: Result unnecessarily involves higher level functions.
JenAr‘cTanh[a x] m

2

dx
X

Optimal (type 5, 268 leaves, 6 steps):
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1
- 1-n 3-n 1-ax
]

(1—ax)LTn (1+ax)b7n“/c—a2cxz 2an (1fax>%n (1+ax>z(’1*") Ve-a?cx? Hyper‘geometr‘icZFl[l, PTTESP

xV1-a?x? (17n)\/17a2x2
1-n 3-n i(lfax)]

1n 1n
22 a(1-ax) 2 c-a?cx? Hypergeometric2F1| 1;—“, e

2

(1—n) 1-a%x

Result (type 6, 97 leaves, 3 steps):
2:77 a (1+ax)3%"\/cfa2cx2 Appe11F1[3;”, i (-1+n), 2, 5;”, i (1+ax), 1+ax]
(3+n) V1-a2x?

Problem 1345: Result valid but suboptimal antiderivative.

e ArcTanh[ax]
J dx
X (c—azcx2)3/2

Optimal (type 5, 243 leaves, 6 steps):

3 (-1m (1+ax)§<’1+n> 1-a%x? (2+n) (l—ax)%n

1
(1-ax): (1+ax)?<’1+n) 1-a2x?
2 c(l—nz) c-a’cx

+

c(1+n) c-a’cx 2

1+n l+ax }

2 (1fax)177n (1+ax>§('1+n) V1 -a2x? Hypergeometric2Fi[1, i (-1+n), 58, T2

c(l—n) Ve-a?cx?

Result (type 5, 247 leaves, 6 steps):

(1-ax): ™ (1hax): PV V12
c(1+n)Vec-aZcx? c(1-n?)vVec-atcx?
2 (lfax>3%‘ (1+ax>§(’3+”) V1 -a2x? Hypergeometric2F1[1, ", ", 2-2X]
2 2 l+ax

C (3—n) Ve -a?cx?

(2+n) (1-ax) 7 (1rax): P y1-a2%2

Problem 1346: Result valid but suboptimal antiderivative.
nArcTanh[a x]

e
J dx
x2 (c—azcx2)3/2

Optimal (type 5, 321 leaves, 7 steps):
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1 1

a(2+n) (1—ax)?(’1’n> <1+ax)§(’1+"> 1-a2x? (1—ax>?(’1’n) (1+ax>§(’1+n) 1-aZx?
¢ (1+n) Ve—aloxd _ cxve—alond _

a(2+2n+n?) (17ax)%" (1+ax)§<’1+m 1_aZx2 2an (l—ax)%n (1+ax)§<’1+n) V1 - a%x? Hypergeometric2F1[1, % (-1+n), 1;” iﬁ
¢ (1-n2) Ve aZex + c(1-n) Ve o

Result (type 5, 325leaves, 7 steps):

a (2+n) (1—ax)§(’1’n> (1+ax)§(’1+n> V1-a2x? (1—ax)?(717") (1+ax)§(71+") 1-a2x2

c(1+n)\/c—a2cx2 cxVec-aZcx?

1-n 1 1

a(2+2n+n?) (1-ax): (l+ax): (-1n) /1 _a2x2 2an (1—ax)3;_" (1+ax):z 1 -arx? Hypergeometric2Fi[1,

c(l—nz)\/c—azcx2 c<3—n)\/c—a2cx2

Problem 1347: Result valid but suboptimal antiderivative.

nArcTanh[a x]

e
J dx
x3 (c—azcx2)3/2

Optimal (type 5, 417 leaves, 8steps):

a2(3+2n+n2) (1—ax)§<’l’") (1+ax)§(’l+") 1-a2x? (1—ax)§(’1’n> (1+ax)§(’1+n> 1-a2x?
2c(1+n)\/c—a2cx2 2cx2vVc-a?cx?
1 1 1-n 1
an(l—ax)f(’l’n> (1+ax)?(’1+n) 1-a2x* a2 (6+5n+2n2+n?) (1—ax)7(1+ax)?<’1+n> 1-a2x?

- +
2cx/c-aZcx? 2c<1—n2)\/c—a2cx2

1

a’ (3+n?) (1fax)1;_n (1+ax): 1tk Hypergeometric2Fi|1, i (-1+n), 20, X

2 1-ax
C (1—n) Ve -a?cx?

Result (type 5, 422 leaves, 8 steps):
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1

a? (3+2n+n2) (1—ax)?(’

)(1+ax)§(’1+n) 1-a2x? (1—ax)§(’1’n) (1+ax>§ 1-a2x

2c(1+n)\/c7a2c:x2 2cx2v/c-a%2cx?

(-1-n)

1-n (-1+n) 2

an(l—ax)i 3 (-1em)

(1+ax) ( 1-a’x* a?(6+5n+2n?+n?) (1—ax)%n(1+ax)§<’1+n) 1-a2x?

2cxvVec-atcx? 2c<1—n2)\/c—a2cx2
a? (3+n?) (1—ax)%n (1+ax)§(’3+"> V1-a?x2 Hypergeometric2F1[1, >", >0, 1-2X]

2 2 l+ax
C (3—n) Vec-atcx?

Problem 1352: Result valid but suboptimal antiderivative.

e ArcTanh[a x]
J dx
2
X (c—azcx2>5/

Optimal (type 5, 417 leaves, 8steps):

1 1
= (-3-n) 7 -3+n)

(1-ax)2 (1+ax)§(’3+n> 1-a%x? (6 +n) (1fax)§<’1’n) (1+ax) ( 1-a2x?
+ _
c? (3+n) Vc-atcx? c?(1+n) (3+n)Vc-atcx?

1

(15+6n+n2> <1_ax>l%‘<1+ax>z(*3+n)

1-a2x? (18+7n—2n2—n3> (1—ax>3%‘(1+ax>§(’3+") 1-a2x?
+ +

c? (3+n) (1—n2) ve-a%cx? c? (9—10n2+n4) Vec-a?cx?
2 (1—ax)177n (1+ax>§(’1*n) V1 -a2x? Hypergeometric2Fi[1, i (-1+n), 2, X

2 1l-ax
c? (1—n) Ve-a2cx?

Result (type 5, 421 leaves, 8 steps):
(1-ax)§(’3’“> (1+ax)§*(’3*“> 1-a2x2  (6+n) (1—ax)§"1’"> (1+ax)§‘ 1-aZx?

c? (3+n) Vec-a2cx? c? (1+n> (3+n) Vec-acx?
(15+6n+n?) (1—ax)%ﬂ<1+ax)§(’3+") Vi-a?x*  (18+7n-2n%-n?) (1—ax)3%(1+ax)§(’3+n) V1-azx?

N _
c? (3+n) (1-n?) Vc-a?cx? c? (9-10n%+n*) Vc-a’cx?

1

2 (1—ax)%n (1+ax):2 (=3 mHyper‘geometr‘iCZFl[l, 3 oen LA

2 2 ° liax
c?(3-n)Vc-atcx?

-3+n)
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Problem 1353: Result valid but suboptimal antiderivative.
enAr‘cTanh[a X]
J dx
x? (c-a?cx?)®?

Optimal (type 5, 507 leaves, 9 steps):

1 1
2

a(4+n) (1-ax): 7" (1+ax):

c? (3+n) Vec-a?cx?

31 -arx?

(1-ax): ™ (1eax): PV VI-a2x  a(12+6n+n2) (1-ax): (P (1rax): Y I8k
cxc aloxd ) ¢ (1+n) (3+n) Ve-aTox _
a(24+15n+6n%+n?) (1-ax)1§*"(1+ax)§<’3*”> 1-a2x*> a(24+18n+7n>-2n®-n% (1-ax)?(1+ax)§(’3*”> 1-a2x2
¢ (3+n) (l—nz)m ' c? (9—10n2+n4)m ’

2an (1—ax)1;J (1+ax)§(’1+") V1 -a?x? Hypergeometric2Fi[1, i (-1+n), 2, X

2 1-ax
c? (1—n) Ve-a2cx?

Result (type 5, 511 leaves, 9steps):

a(4+n) (1-ax)z
c?(3+n) Vc-atcx?
(1-ax): ™ (1eax): PV VI-a2x  a(12+6n+n?) (1-ax): T (1rax): 3 Ioa7x

N _
c2xvVc-atcx? c2(1+n) (3+n)Vc-a?cx?

1-n 1

a (24+15n+6n2+n3) (1—ax)7 (1+ax)?(

1
-3-m (1+ax)?(’3+”) 1-a2x?

-3+n) % -3+n)

1-a2x? a(24+18n+7n2—2n3—n4) (1—ax)3%‘<1+ax) ( 1-a2x?
+ _

c? (3+n) (1—n2) Ve-a2cx? c? (9—10n2+n4> Vvec-acx?

1

2an (1-ax) 5 (1+ax): (=3+m) mHyper‘geometr‘iCZFl[l, n, n ) e

c? (3—n) Vec-atcx?

Problem 1354: Result valid but suboptimal antiderivative.

eh ArcTanh[a x]
J dx
2
X3 ) 5/

(c—azcx2




7 Inverse hyperbolic functions.nb | 291

Optimal (type 5, 623 leaves, 10 steps):

1

a? (5+4n+n2) (1—ax)z<’3’n) (1+ax)§(’3+") V1-a2x? (1—ax)§(73’"> (1+ax>§(73+n> 1-a2x?

2 c? (3+n)m 2c2x2/c-atcx®
an(1—ax)§(’3’”> (1+ax)§<’3*"> 1-a>x*>  a%(30+17n+6n*+n?) (1-ax)§<’1’”> (1+ax)§<’3*”> 1-a2x2
2c2x\/c-a?cx? + 2¢2 (1+n) (3+n)c-aZcx® 7
a? (75+54n+20n2+6n°+n*) (1—ax)1;_"(1+ax)§('3+n)m a? (99+59n+8n2+2n-2n*-n’) <1—ax)3;_n(1+ax)§('3+n)m
2c? (3+n) (1-n?) Vc-a?cx? ’ 2c? (9-10n?+n*) Vc-a?cx? +

a? (5+n?) (1—ax)17Tn <1+ax)§(’1+n> V1 -a?x? Hypergeometric2Fi[1, i (-1+n), 20, 2]

2 1-ax
c?(1-n)Vc-atcx?

Result (type 5, 628 leaves, 10 steps):

1 1

a? (5+4n+n2) (1—ax)z(’3’”) (1+ax)§(’3+") V1-a2x? (1—ax>§(73’"> (1+ax>?(73+"> 1-a2x?

2c2 (3+n) Ve-aZex? 2¢2x2\c-aZcx?
an(1-ax)§<’3’”> (1+ax)§(’3*”> 1-a2x2 +a2 (36+17n+6n%+n3) (1-ax)§<’1’”) (1+ax)§<’3*”) 1-a’x?
2c2x/c-atcx? 2¢2 (1+n) (3+n)Vc-a2cx®
a? (75+54n+20n2+6n%+n*) (1-ax)12_"(1+ax)§‘(‘3*“)m a? (99+59n+8n2+2n-2n*-n’) (1-ax)3é_"(1+ax)§<‘3*”’m
2c¢2(3+n) (1-n?)Vc-aZcx? ' 2c2(9-10n2+n*) Vc-atcx® 7

1

a? (5+n?) (1—ax)377n (1+ax): 3m 13t x? Hypergeometric2Fi[1, ", >0, 12x]

2 2 7 1iax
2 (3-n)Vc-atcx?

Test results for the 361 problems in "7.3.7 Inverse hyperbolic tangent functions.m"
Test results for the 300 problems in "7.4.1 Inverse hyperbolic cotangent functions.m"

Problem 76: Result valid but suboptimal antiderivative.

ArcCoth[a + b x]
J dx

c+dx?
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Optimal (type 4, 673 leaves, 15 steps):

L _labx] | 1 (b?c+a?d) (1-a-bx) L _labx] 1 (b?c+a?d) (1-a-bx)
Og[ a+bx } Og[ i (bzc—bﬁ\/if(l—a)ad) (a+bx)} og[ a+bx } og[ " (b2c+b\/7ﬁ—(1—a)ad) (a+bx)}
- +
4+/-c +Jd 4~/-¢c \Jd
L lrasbx ] | 1- (b?c+a?d) (1+a+bx) L liatbx ] | 1- (b c+a?d) (1+a+bx) PolvL 2, - (b? c+a?d) (1-a-bx)
Og[ a+b x ] Og[ (bz c-b~—c d +a (1+a) d) (a+bx) } Og[ a+b x ] Og[ (b2c+b\/T\/?+a (1+a) d) (a+b x) ] oy Og[ (bzc—bﬁﬁ—(lfa) ad) (a+b x) ]
_ + _
aN—c \d 4~-c Jd 4+ -c d
(b?c+a?d) (1-a-bx) (b2 c+a?d) (1+a+bx) (b? c+a?d) (1+a+bx)
PolylLog|2, - PolylLog|2, PolyLog|2,
oy og[ (bz c+b+/-c +/d -(1-a) ad) (a+b x) } oy og[ (bz c-b+/-c /d +a (1+a) d) (a+b x) } oy og[ (bz c+b~/—c /d +a (1+a) d) (a+b x) }
+ _
a“c Vd 4+ -c Vd 4+-c Vd
Result (type 4, 597 leaves, 37 steps):
d x l-a-bx
Ar‘cTan[l%} (Log[71+a+bx] 7L°g[7aiT] 7Log[a+bx]>
.
2+/c d
ArcTan| G ] (Log[a+bx] -Log[l+a+bx] +Log| L ]) ) Log[-1+a+bx] LOg[bF%lfa)ﬁ]
2+/c /d 4~/-c +Jd
b (Ve VT x b (VT +VT x b (Ve +Vd x
Log[l+a+bx] Log[bﬁ+(l+a)ﬁ} ) Log[-1+a+bx] Log[bﬁwl—a)\/?] ) Log[1l+a+bx] LOg[bF41+a>ﬁ] )
av=c Vd av/-c Vd 4v/-c Vd
~_nd (1-a-bx \/d (1-a-bx _ _nd (1+a+bx V/d (1+a+bx
PolyLog|2, bF-u-a)W] N PolyLog[2, b\/?»f(l—a)ﬁ} PolyLog|2, bﬁ-(ua)ﬁ] . PolyLog |2, bﬁ+<1+a>ﬁ}
PN PN PNErr) PN
Problem 275: Result valid but suboptimal antiderivative.
(a+bArcCoth[cx]) (d+elog[1-c?x?])
J 2 dx
Optimal (type 4, 105leaves, 6 steps):
ce (a+bArcCothicx])? a+bArcCoth[c x d+elog|l-c?2x? 1 1 1 1
- < [cx]) —< ex]) dl ])+fbc(d+eLog[1—c2x2”Log[l—i]—fbcePolyLog[z, —]
b X 2 1-c?x? 2 1-c?x?

Result (type 4, 94 leaves, 8 steps):

ce (a+bArcCoth[cx])?

b ArcCoth d+elog[l-c?x? bc (d+elogl[1l-c2x?])?
b +bchog[x]—(a+ rcCoth[cx]) (d+eLog| cx])_ c (d+elog[1-c?x?]) —lbcePolyLog[z,czxz]
X 4e 2
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Problem 276: Result valid but suboptimal antiderivative.

dx

J(a+ b ArcCoth[cx]) (d+elog[1-c?x?])
4

X

Optimal (type 4, 197 leaves, 15 steps):

2c?e (a+bArcCoth[cx]) c?e (a+bArcCoth[cx])? bc(1-c2x?) (d+elog[1l-c2x?])

1
-bc’elog[x] + ~bcelog[l-c?x?] -
3x 3b 3

(a+bArcCoth[cx]) (d+eLlog[l-c?x?])

6 x?2

- 3 22 1 l 3 1
i~ +6bc (d+elog[1-c*x’]) Log{l—l_CZXz]—sbc e Polylog|2, 1—c2x2}

Result (type 4, 191 leaves, 17 steps):
2c?e (a+bArcCoth[cx]) c*e (a+bArcCothlcx] )2

+1bc3dLog[x] -bc3elog[x] +£bc3eLog[1—c2x2} -
3 X 3b 3 3
bc(1-c2x?) (d+elog[1-c2x?]) (a+bArcCoth[cx]) (d+elog[l-c*x?]) bc? (d+eLog[1—c2x2])2

1
- - - =bc®ePolylog|2, c?x?|
6 x2 3x3 12e 6

Problem 277: Result valid but suboptimal antiderivative.

j(a+bAr~cCoth[c x]) (d+elog[1-c?x?]) i

X6
Optimal (type 4, 256 leaves, 24 steps):

7bc3e 2c?e (a+bArcCoth{cx]) 2c*e (a+bArcCoth[cx]) c5e(a+bAr‘cCo‘ch[cx])2

oxt 15 x3 : 5x . 5b )

bc (d+elog|l-c?x? bc? (1-c?x?) (d+elog|l-c?x?
EbCSeLOg[X}+EbC5eLog[1—c2X2}f C( +e Og{ c X]) -~ c ( c X)( +e Og[ c X])
6 60 20 x* 10 x?

(a+bArcCoth[cx]) (d+elog1-c*x?|) 1

I 5 2,2 1 i 5 1
o +10bc (d+eLog[1-c*x?]) Log[lil—czxz}ilebc e Polylog|2, o

Result (type 4, 250 leaves, 26 steps):
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7bc3e 2c?e (a+bArcCoth[cx]) 2c*e (a+bArcCoth{cx]) c>e (a+bArcCothlc x])2 1
+ + - +—bc’dLog[x] -
60 x2 15 x3 5 X 5b 5
bc (d+elogll-c2x? bc® (1-c2x2) (d+elog[1-c?x?
5bc5eLog[xJ+Ebc5eLog[1—c2x2}— ¢ (d-elog] CX]>— @ [1-c2x?) (drelog] CX])—
6 60 20 x4 10 x?
(a+bArcCoth[cx]) (d+elog[1-c?x?|) bc® (dAreLog[l—czxz])2

1
- —bc®ePolylog|2, c?x?]
5 x5 20e 10

Test results for the 935 problems in "7.4.2 Exponentials of inverse hyperbolic cotangent
functions.m"

Problem 542: Result unnecessarily involves higher level functions.

C
Jen ArcCoth[ax] (C _
aX

Optimal (type 5, 185leaves, 5steps):

dx

2¢ (1-n) (1-+ (L) Hypergeometric2Fi[1, %, 2%, —=|
ax ax 2

/2 1)1 : n L
2M2 ¢ (17 ax) * Hypergeometric2F1[1 - Sl-0,2-0, 2 ]

a(2-n)
Result (type 6, 81 leaves, 2 steps):

N n 1
_227c (1+i)zZ_AppellF1[2+T", % (-2+n), 2, &0, —x, 14 2]

a (2+n)

Problem 751: Result valid but suboptimal antiderivative.

e" ArcCoth[ax] x3
— dx

(c-a?cx?)??

Optimal (type 5, 359 leaves, 7 steps):
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(2+n) (1_ a21x2)3/2 (1_i>§<—17n> (1+i)§<71+n> X (2+2n+n?) (1_ 321)(2)3/2 (l_i)%” (1+;_X)§<71+n) 3
- + +
a(1+n) (c—azcxz)B/2 a(1-n) (1+n) (c—azcx2)3/2
3/2 L1 L (1in) an(1- ) (11 B 14+ 7 (e x3 Hyper mtr‘ic2F1[1 L 14n), ﬁ}
(l—i) (1—3%)2 (1+i)2 x4 ( 7a2x2) ( 7ax) +ax) ypergeome ’2(7 * )’ 2’3_1,
(c-a2cx?)?? a(1-n) (c-a?cx?)’?
Result (type 5, 363 leaves, 7 steps):
(24n) (17 azlxz)3/2 (17i>§(—1—n> (1+i)2—(—1+n> X (2:2n+m) (17 321)(2)3/2 (173%)12—“ (1+i)§<—1+n) 3
- + +
a(1+n) (c—azcx2)3/2 a(1-n) (1+n) (c—azcx2>3/2
3/2 3n 1 (Z34n) . ~ noas
(1_3217)3/2 (1_ i)i—(—l_m (1+ i)i—(—lm) (2N (1— azlxl) (l—i) 2 (1+ i)z x> Hypergeometric2F1[1, =, =%, a+J
+
(c—azcx2>3/2 a(3-n) (c—azcxz)g’/2
Problem 756: Result valid but suboptimal antiderivative.
enArcCoth[ax] X4
J— dx
(c—azcxz)s/2
Optimal (type 5, 463 leaves, 8steps):
) B vl K Ry K R ] Oy L o) R
- +
(3+n) (cfazcxz)s/2 (1+n) (3+n) (cfazcxz)s/2
(15+6n-n?) (1272 (10 1) 5 (10 1) s (1gh7n-2non) (1o 1) (10 ) (1a 1) e
1-n) (1+n) (3+n) (c-acx ) 9-10n°+n c-a‘cx
(1-n) (L+n) (3+n) (c-a?cx?)*? ( 2ent) (c-a?cx?)??
2 (17 3217)5/2 (17 i)%ﬂ (1+ i)%(—hn) x° Hypergeometric2F1|1, i (-1+n), 1;”, :—E]

X

(l—n) (c—azcx2>5/2

Result (type 5, 467 leaves, 8 steps):
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5/2 L(-3- 13,

vl I ) R ) R N RO N s
X

(3+n) (c—azcxz)s/2

1 = (-1-n) 1 = (-3+n) 5
-2 1+ 2 X
ax) ( aX) 4
(1+n) (3+n) (c-a2cx?)”?
1o (1) (1. 2] s (a8e7n-2non?) (1o )PP (1A (142 s
azxz) ( ax) ( ax) 3 ( ) ( azxz) ( ax) ( ax) N
(1-n) (1+n) (3+n) (c—azcxz)S/2 (9-10n?+n*) (c—azcxz)S/2
2 (1 321)(2)5/2 (1— i) B (1+ i)i(fsm) x° Hypergeometric2F1|1, 3?”, S’T”, :—E]
(3-n) (c-a?cx?)®?
Problem 928: Result unnecessarily involves higher level functions.
JenAr‘cCoth[ax] (C— c )le
a? x?
Optimal (type 5, 154 leaves, 4 steps):
1\13 a5 (2 ; n Ny " o al
4c (17 ;) (1+ X) Hypergeometric2F1|2, 1 - ) 2 - 52 a+£] 21 ¢ (1_ L) B Hyper‘geometriCZFl{l— U _3, 2 2) 2_:]
a(2-n) i a(2-n)
Result (type 6, 81 leaves, 2 steps):
7227%c 1+ i)%nAppellH[“;”, L(-2+n), 2, 0, %, 1+ 1]
a (4+n)
Problem 929: Result valid but suboptimal antiderivative.
enArcCoth[ax]
————dx

Optimal (type 5, 150 leaves, 5 steps):

(1+n) (17i)7n/2 (1+L)n/2 (17L)7n/2 (1+i)n/2x 2 (l_i)—n/z (1+ 1
} acn : C
Result (type 5, 164 leaves, 5 steps):

) 2Hyper‘geometr‘icZFl[l,

— X
27 5t
ac
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1
a-—

1\ 1-2 1\ = (-2+n) . n n
o (1 2] e 2 (a2 20 (e A e 2 wpersemeticara (13- 12 2]
ax ax . ax ax N ax ax ary
acn c ac(2-n)

Problem 930: Result valid but suboptimal antiderivative.

enAr‘cCoth[ax]
—dx
le-35%)

a? x?

Optimal (type 5, 289 leaves, 7 steps):

) (3+n) (1-i)’1’;’ (1+i);’(’2*"> ) (6+4n-n?-n3) (1_i)1’§ (1+i)§<*2*“> ) (6+4nn?) (Li)’”/z (1+i>§—<—z+n> +
ac? (2+n) ac?(2-n)n(2+n) ac?n (2+n)

(1_ L)—l—% (1+ L)%(—Zm) W 2 (1— _)m/z (1+ :_X)n/z HypergeometricZFl[l, 3, Zn —L}

c? ac2?

Result (type 5, 303 leaves, 7 steps):

(Ben) (127 (10 25 fewan-nzon) (1o 2)TE (10 2] (eanan) (1o 1)V (1s )00
) ac? (2+n) : ac? (2—n>n<2+n> ) ac2n<2+n> '

N 1" L (24n) . a-t
(17 L)’l’; (1+ L)%(—Zm) w 2n (1— L) 2 (1+ L) 2 Hyper‘geometr‘1c2F1[1, 1- 3, 2-0 4;]

27 gt
X

ac?(2-n)

Problem 931: Result unnecessarily involves higher level functions.

C
jenAr‘cCoth[ax] c- dx
a? x?

Optimal (type 5, 295 leaves, 6 steps):



298 | 7 Inverse hyperbolic functions.nb

c- =5 (1— i) e (1+ i)Tx 2n [c- =* (1— L) e <1+ Lx)i_(flm) Hypergeometric2F1[1, 1", 30 *x]

1- a(1-n) [1-+

a2 x?

‘ =

1+n in _
22 [c- 55 (17 L) : Hypergeometric2F1[ ", 1" 20 —=]
a® X ax a

a(1-n) [1-

a?x?

Result (type 6, 111 leaves, 3 steps):

3 n 3+n 1
£ c FR 30 1 5en 3 e
2272 |c (1+ax>2Appe11F1[2,2(—1+n),2, , , 1+ 2]

a?x? 2 2a ax

a(3+n) [1- 1

a?x

2

Test results for the 190 problems in "7.5.1 u (a+b arcsech(c x))*n.m"

Test results for the 100 problems in "7.5.2 Inverse hyperbolic secant functions.m"

Test results for the 178 problemsin "7.6.1 u (a+b arccsch(c x))*n.m"

Test results for the 71 problemsin "7.6.2 Inverse hyperbolic cosecant functions.m"
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Summary of Integration Test Results

6650 integration problems

A - 6193 optimal antiderivatives

B - 391 valid but suboptimal antiderivatives
C - 19 unnecessarily complex antiderivatives
D - 47 unable to integrate problems

E - 0 integration timeouts

F - O invalid antiderivatives



